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Useful conversion factors 



Physical quantity 


Symbol 


SI to English conversion 


English to SI conversion 


Length 


L 


1 m = 3.2808 ft 


1 ft = 0.3048 m 


Area 


A 


1 m 2 = 10.7639 ft 2 


1 ft 2 = 0.092903 m 2 


Volume 


V 


1 m 3 = 35.3134 ft 3 


1 ft 3 = 0.028317 m 3 


Velocity 


V 


1 m/s = 3.2808 ft/s 


1 ft/s = 0.3048 m/s 


Density 


p 


1 kg/m 3 = 0.06243 lb,„/ft 3 


1 lb,„/ft 3 = 16.018 kg/m 3 


Force 


F 


1 N = 0.2248 lb f 


1 lb/ = 4.4482 N 


Mass 


m 


1 kg = 2.20462 lb m 


1 lb„, = 0.45359237 kg 


Pressure 


p 


1 N/m 2 = 1.45038 x 10“ 4 lb /-/in 2 


1 lb //in 2 = 6894.76 N/m 2 


Energy, heat 


q 


1 kJ = 0.94783 Btu 


1 Btu = 1.05504 kJ 


Fleat flow 


q 


1W = 3.4121 Btu/h 


1 Btu/h = 0.29307 W 


Fleat flux per unit area 


q/A 


1 W/m 2 = 0.317 Btu/h- ft 2 


1 Btu/h -ft 2 = 3.154 W/m 2 


Fieat flux per unit length 


q/L 


1 W/m= 1.0403 Btu/h -ft 


1 Btu/h -ft = 0.9613 W/m 


Fieat generation per unit volume 


q 


1 W/m 3 = 0.096623 Btu/h • ft 3 


1 Btu/h • ft 3 = 10.35 W/m 3 


Energy per unit mass 


q/m 


1 kJ/kg = 0.4299 Btu/lb„, 


1 Btu/lb m = 2.326 kJ/kg 


Specific heat 


c 


1 kJ/kg • °C = 0.23884 Btu/lb m ■ °F 


1 Btu/lb m ■ °F = 4. 1 869 kJ/kg ■ °C 


Thermal conductivity 


k 


1 W/m • °C = 0.5778 Btu/h • ft ■ °F 


1 Btu/h • ft • °F = 1 .7307 W/m ■ °C 


Convection heat-transfer coefficient 


h 


1 W/m 2 -°C = 0.1761 Btu/h • ft 2 ■ °F 


1 Btu/h • ft 2 • °F = 5.6782 W/m 2 • °C 


Dynamic 




1 kg/m ■ s = 0.672 lb m /ft • s 




Viscosity 


M 


= 2419.2 lb,„ /ft -h 


1 lb,„/ft-s = 1.4881 kg/m -s 


Kinematic viscosity and thermal diffusivity 


v, a 


1 m 2 /s = 10.7639 ft 2 /s 


1 ft 2 /s = 0.092903 m 2 /s 



Important physical constants 



Avogadro’s number 


Nq = 6.022045 x 10 26 molecules/kg mol 


Universal gas constant 


7^ = 1545.35 ft • lbf/lbm • mol ■ °R 




= 8314.41 J/kgmol-K 
= 1.986 Btu/lbm- mol ■ °R 
= 1.986 kcal/kg mol -K 


Planck’s constant 


h = 6.626176 x 10“ 34 J-sec 


Boltzmann's constant 


k = 1.380662 x 10“ 23 J/molecule • K 




= 8.6173 x 10“ 5 eV/molecule • K 


Speed of light in vacuum 


c= 2.997925 x 10 8 m/s 


Standard gravitational acceleration 


g= 32.174 ft/s 2 




= 9.80665 m/s 2 


Electron mass 


m e = 9.1095 x 10“ 31 kg 


Charge on the electron 


e= 1.602189 x 10“ 19 C 


Stefan-Boltzmann constant 


ff= 0.1714 x 10“ 8 Btu/hr- ft 2 • R 4 




= 5.669 x 10“ 8 W/m 2 ■ K 4 


1 atm 


= 14.69595 lbf/in 2 = 760 mmHg at 32°F 
= 29.92 inHg at 32°F = 2116.21 lbf/ft 2 
= 1.01325 x 10 5 N/m 2 



Basic Heat-Transfer Relations 



Fourier’s law of heat conduction: 
dT 

q x = -kA— 
ox 

Characteristic thermal resistance for conduction = A x/kA 
Characteristic thermal resistance for convection = 1 /h A 
Overall heat transfer = A r overa ii/S ^thermal 
Convection heat transfer from a surface: 

q = hA( r sur face - 7f ree stream ) for exterior flows 

q = hA(T mrface - 7fl uid bulk) for flow in channels 

Forced convection: Nu = /(Re, Pr) 

Free convection: Nu = /( Gr, Pr) 

p 2 gf A7> 3 



(Chapters 5 and 6, Tables 5-2 and 6-8) 
(Chapter 7, Table 7-5) 



Re = 



pux 



Gr = 



Pr = 



Cp/X 



x = characteristic dimension 



General procedure for analysis of convection problems: Section 7-14, Figure 7-15, Inside 
back cover. 



Radiation heat transfer (Chapter 8) 

energy emitted by blackbody 4 

Blackbody emissive power, = crT 

area • time 

energy leaving surface 

Radiosity = 

area • time 

energy incident on surface 

Irradiation = 

area • time 

Radiation shape factor F mn = fraction of energy leaving surface m 

and arriving at surface n 
Reciprocity relation: A m F mn — A n F nm 

Radiation heat transfer from surface with area A i, emissivity ei, and temperature T\ ( K ) to 
large enclosure at temperature ? 2 {K)\ 

q = crA l e l (T*-T*) 

LMTD method for heat exchangers (Section 10-5): 
q— UAF A T m 

where F = factor for specific heat exchanger; A 7),, = LMTD for counterflow double-pipe 
heat exchanger with same inlet and exit temperatures 

Effectiveness-NTU method for heat exchangers (Section 10-6, Table 10-3): 

Temperaure difference for fluid with minimum value of me 
Largest temperature difference in heat exchanger 

NTU = e = /( NTU, C min /C max ) 

^min 

See List of Symbols on page xyiifor definitions of terms. 
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T his book presents an elementary treatment of the principles of heat transfer. As a 
text it contains more than enough material for a one-semester course that may be 
presented at the junior level, or higher, depending on individual course objectives. 
The course is normally required in chemical and mechanical engineering curricula but is 
recommended for electrical engineering students as well, because of the significance of 
cooling problems in various electronics applications. In the author’s experience, electrical 
engineering students do quite well in a heat-transfer course, even with no formal coursework 
background in thermodynamics or fluid mechanics. A background in ordinary differential 
equations is helpful for proper understanding of the material. 

Presentation of the subject follows classical lines of separate discussions for conduc- 
tion, convection, and radiation, although it is emphasized that the physical mechanism of 
convection heat transfer is one of conduction through the stationary fluid layer near the heat- 
transfer surface. Throughout the book emphasis has been placed on physical understanding 
while, at the same time, relying on meaningful experimental data in those circumstances 
that do not permit a simple analytical solution. 

Conduction is treated from both the analytical and the numerical viewpoint, so that 
the reader is afforded the insight that is gained from analytical solutions as well as the 
important tools of numerical analysis that must often be used in practice. A liberal number of 
numerical examples are given that include heat sources and radiation boundary conditions, 
non-uniform mesh size, and one example of a three-dimensional nodal system. A similar 
procedure is followed in the presentation of convection heat transfer. An integral analysis of 
both free- and forced-convection boundary layers is used to present a physical picture of the 
convection process. From this physical description, inferences may be drawn that naturally 
lead to the presentation of empirical and practical relations for calculating convection heat- 
transfer coefficients. Because it provides an easier instruction vehicle than other methods, 
the radiation-network method is used extensively in the introduction of analysis of radiation 
systems, while a more generalized formulation is given later. Systems of nonlinear equations 
requiring iterative solutions are also discussed in the conduction and radiation chapters but 
the details of solution are relegated to cited software references. The assumption is made 
that the well-disposed reader should select his or her own preferred vehicle for solution of 
systems of nonlinear equations. 

The log-mean-temperature-difference and effectiveness approaches are presented in 
heat-exchanger analysis since both are in wide use and each offers its own advantages 
to the designer. A brief introduction to diffusion and mass transfer is presented in order to 
acquaint the reader with these processes and to establish more firmly the important analogies 
between heat, mass, and momentum transfer. A new Chapter 12 has been added on summary 
and design information. Numerous calculation charts are offered in this chapter as an aid in 
preliminary design work where speed and utility may be more important than the accuracy 
that may be required in final design stages. Eleven new examples are presented in this 
chapter illustrating use of the charts. 

Problems are included at the end of each chapter. Some of these problems are of a 
routine nature to familiarize the student with the numerical manipulations and orders of 
magnitude of various parameters that occur in the subject of heat transfer. Other problems 
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extend the subject matter by requiring students to apply the basic principles to new situations 
and develop their own equations. Both types of problems are important. 

There is also a section at the end of each problem set designated as “Design-Oriented 
Problems.” The problems in these sections typically are open-ended and do not result in 
a unique answer. In some cases they are rather extended in length and require judgment 
decisions during the solution process. Over 100 such problems are included in the text. 

The subject of heat transfer is not static. New developments occur quite regularly, and 
better analytical solutions and empirical data are continuously made available to the pro- 
fessional in the field. Because of the huge amount of information that is available in the 
research literature, the beginning student could easily be overwhelmed if too many of the 
nuances of the subject were displayed and expanded. The book is designed to serve as an 
elementary text, so the author has assumed a role of interpreter of the literature with those 
findings and equations being presented that can be of immediate utility to the reader. It is 
hoped that the student’ s attention is called to more extensive works in a sufficient number of 
instances to emphasize the depth that is available on most of the subjects of heat transfer. For 
the serious student, then, the end-of-chapter references offer an open door to the literature 
of heat transfer that can pyramid upon further investigation. In several chapters the number 
of references offered is much larger than necessary, and older citations of historical interest 
have been retained freely. The author feels this is a luxury that will not be intrusive on the 
reader or detract from the utility of the text. 

A book in its tenth edition obviously reflects many compromises and evolutionary 
processes over the years. While the basic physical mechanisms of heat transfer have not 
changed, analytical techniques and experimental data have been revised and improved. In 
this edition some trimming of out-of-date material has been effected, new problems added, 
and old problems refreshed. Sixteen new worked examples have been added. All worked 
examples are now referenced by page number at the front of the book, just following the 
Table of Contents. The listing of such examples is still retained at the end of each chapter. 

A feature is the use of Microsoft Excel for solution of both steady-state and transient 
conduction heat-transfer problems. Excel is given a rather full discussion in a new Appendix 
D, which includes treatment of heat source and radiation boundary conditions, steady-state 
and transient conditions, and interfaces between composite materials. A special template is 
provided that automatically writes nodal equations for most common boundary conditions. 
Ten examples of the use of Excel for solution of problems are provided, including some 
modifications and expansions of examples that appear in Chapters 3 and 4. One exam- 
ple illustrates the progression of transient solution to yield the steady-state solution for 
sufficiently long-time duration. 

In addition to the summary tables of convection formulas provided at the conclusion 
of each of the main convection chapters (Chapters 5, 6, 7), an overall procedure is now 
offered for analysis of all convection problems, and is included in the inside book cover 
as well as in the body of the text. While one might interpret this as a cookbook approach, 
the true intent is to help heat-transfer practitioners avoid common and disarmingly simple 
pitfalls in the analysis and solution of convection problems. 

The SI (metric) system of units is the primary one for the text. Because the Btu-ft-pound 
system is still in wide use, answers and intermediate steps to examples are occasionally 
stated in these units. A few examples and problems are in English units. 

It is not possible to cover all the topics in this book in either a quarter- or semester-term 
course, but it is hoped that the variety of topics and problems will provide the necessary 
flexibility for many applications. 
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Introduction 



Heat transfer is the science that seeks to predict the energy transfer that may take place 
between material bodies as a result of a temperature difference. Thermodynamics teaches 
that this energy transfer is defined as heat. The science of heat transfer seeks not merely 
to explain how heat energy may be transferred, but also to predict the rate at which the 
exchange will take place under certain specified conditions. The fact that a heat-transfer 
rate is the desired objective of an analysis points out the difference between heat transfer 
and thermodynamics. Thermodynamics deals with systems in equilibrium; it may be used 
to predict the amount of energy required to change a system from one equilibrium state to 
another; it may not be used to predict how fast a change will take place since the system 
is not in equilibrium during the process. Heat transfer supplements the first and second 
principles of thermodynamics by providing additional experimental rules that may be used 
to establish energy-transfer rates. As in the science of thermodynamics, the experimental 
rules used as a basis of the subject of heat transfer are rather simple and easily expanded to 
encompass a variety of practical situations. 

As an example of the different kinds of problems that are treated by thermodynamics 
and heat transfer, consider the cooling of a hot steel bar that is placed in a pail of water. 
Thermodynamics may be used to predict the final equilibrium temperature of the steel 
bar-water combination. Thermodynamics will not tell us how long it takes to reach this 
equilibrium condition or what the temperature of the bar will be after a certain length of 
time before the equilibrium condition is attained. Heat transfer may be used to predict the 
temperature of both the bar and the water as a function of time. 

Most readers will be familiar with the terms used to denote the three modes of heat 
transfer: conduction, convection, and radiation. In this chapter we seek to explain the mech- 
anism of these modes qualitatively so that each may be considered in its proper perspective. 
Subsequent chapters treat the three types of heat transfer in detail. 



1-1 I CONDUCTION HEAT TRANSFER 

When a temperature gradient exists in a body, experience has shown that there is an energy 
transfer from the high-temperature region to the low-temperature region. We say that the 
energy is transferred by conduction and that the heat-transfer rate per unit area is proportional 
to the normal temperature gradient: 

q^^dT 
A dx 
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1-1 Conduction Heat Transfer 



Figure 1-1 I Sketch showing 
direction of heat flow. 

T Temperature 




When the proportionality constant is inserted, 

8T 

q x = -kA — [1-1] 

ox 

where q x is the heat-transfer rate and dT/dx is the temperature gradient in the direction of 
the heat flow. The positive constant k is called the thermal conductivity of the material, and 
the minus sign is inserted so that the second principle of thermodynamics will be satisfied; 
i.e., heat must flow downhill on the temperature scale, as indicated in the coordinate system 
of Figure 1-1. Equation (1-1) is called Fourier’s law of heat conduction after the French 
mathematical physicist Joseph Fourier, who made very significant contributions to the 
analytical treatment of conduction heat transfer. It is important to note that Equation (1-1) 
is the defining equation for the thermal conductivity and that k has the units of watts per 
meter per Celsius degree in a typical system of units in which the heat flow is expressed 
in watts. 

We now set ourselves the problem of determining the basic equation that governs the 
transfer of heat in a solid, using Equation (1-1) as a starting point. 

Consider the one-dimensional system shown in Figure 1-2. If the system is in a steady 
state, i.e., if the temperature does not change with time, then the problem is a simple one, 
and we need only integrate Equation (1-1) and substitute the appropriate values to solve for 
the desired quantity. However, if the temperature of the solid is changing with time, or if 
there are heat sources or sinks within the solid, the situation is more complex. We consider 
the general case where the temperature may be changing with time and heat sources may 
be present within the body. For the element of thickness dx , the following energy balance 
may be made: 

Energy conducted in left face + heat generated within element 

= change in internal energy + energy conducted out right face 

These energy quantities are given as follows: 

dT 

Energy in left face =q x = — kA — 

3x 

Energy generated within element = qA dx 



Figure 1-2 I Elemental volume for 
one-dimensional heat- 
conduction analysis. 
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dT 

Change in internal energy = pc A — dx 

dr 



dT' 



where 

q — energy generated per unit volume, W/m 3 
c = specific heat of material, J/kg • °C 
p = density, kg/m 3 

Combining the relations above gives 

dT dT 

—kA b c/Adx — pc A — dx — A 

dx 1 dr 
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This is the one-dimensional heat-conduction equation. To treat more than one-dimensional 
heat flow, we need consider only the heat conducted in and out of a unit volume in all three 
coordinate directions, as shown in Figure 1-3 a. The energy balance yields 

dE 

dx + + 'Zgen = q x +dx + Qy+dy + Qz+dz 

and the energy quantities are given by 

dT 

q x =-kdydz — 
dx 



qx+dx = ' 



r dT 
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1-1 Conduction Heat Transfer 



Figure 1-3 I Elemental volume for three-dimensional heat-conduction analysis: 

(a) cartesian coordinates; (b) cylindrical coordinates; (c) spherical coordinates. 





(c) 



so that the general three-dimensional heat-conduction equation is 



dx \ dx ) 3 y 




3 
3 z 




3 T 

+ q = p c -r- 

3r 



For constant thermal conductivity. Equation (1-3) is written 

3 2 T 3 2 T 3 2 T q _ 1 3 T 

dx 2 dy 2 + 3 z 2 + k a dr 



[1-3] 



[l-3a] 



where the quantity a = k/ pc is called the thermal diffusivity of the material. The larger the 
value of cr, the faster heat will diffuse through the material. This may be seen by examining 
the quantities that make up a. A high value of a could result either from a high value of 
thermal conductivity, which would indicate a rapid energy-transfer rate, or from a low value 
of the thermal heat capacity pc. A low value of the heat capacity would mean that less of the 
energy moving through the material would be absorbed and used to raise the temperature of 
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the material; thus more energy would be available for further transfer. Thermal diffusivity 
a has units of square meters per second. 

In the derivations above, the expression for the derivative at x + dx has been written in 
the form of a Taylor-series expansion with only the first two terms of the series employed 
for the development. 

Equation ( 1 -3a) may be transformed into either cylindrical or spherical coordinates by 
standard calculus techniques. The results are as follows: 

Cylindrical coordinates: 

d 2 T 1 3 T 1 3 2 T 3 2 T q _ 1 3 T 

dr 2 r dr + r 2 3 <p 2 + 3 z 2 k a dr 

Spherical coordinates: 

1 3 2 13/. 3 T\ 1 d 2 T q 1 3 T 

r dr 2 r 2 sin 0 30 \ 89 J r 2 sin 2 6 d(p 2 k a dr 

The coordinate systems for use with Equations (1-3 b) and (l-3c) are indicated in 
Figure 1-3 b and c, respectively. 

Many practical problems involve only special cases of the general equations listed 
above. As a guide to the developments in future chapters, it is worthwhile to show the 
reduced form of the general equations for several cases of practical interest. 



[1-3*] 



[l-3c] 



Steady-state one-dimensional heat flow (no heat generation): 



drT 

dx 2 



= 0 



Note that this equation is the same as Equation (1-1) when q — constant. 



[1-4] 



Steady-state one-dimensional heat flow in cylindrical coordinates (no heat 
generation): 



d 2 T 
dr 2 



1 dT 

-~r=o 

r dr 



Steady-state one-dimensional heat flow with heat sources: 

d 2 T 

dx 2 ' k 






Two-dimensional steady-state conduction without heat sources: 

3 2 T 3 2 T _ 

3^ 2 + 3v 2 



[1-5] 



[ 1 - 6 ] 



[1-7] 



1-2 I THERMAL CONDUCTIVITY 

Equation (1-1) is the defining equation for thermal conductivity. On the basis of this def- 
inition, experimental measurements may be made to determine the thermal conductivity 
of different materials. For gases at moderately low temperatures, analytical treatments in 
the kinetic theory of gases may be used to predict accurately the experimentally observed 
values. In some cases, theories are available for the prediction of thermal conductivities in 
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1-2 Thermal Conductivity 



liquids and solids, but in general, many open questions and concepts still need clarification 
where liquids and solids are concerned. 

The mechanism of thermal conduction in a gas is a simple one. We identify the kinetic 
energy of a molecule with its temperature; thus, in a high-temperature region, the molecules 
have higher velocities than in some lower-temperature region. The molecules are in contin- 
uous random motion, colliding with one another and exchanging energy and momentum. 
The molecules have this random motion whether or not a temperature gradient exists in the 
gas. If a molecule moves from a high-temperature region to a region of lower temperature, 
it transports kinetic energy to the lower-temperature part of the system and gives up this 
energy through collisions with lower-energy molecules. 

Table 1-1 lists typical values of the thermal conductivities for several materials to 
indicate the relative orders of magnitude to be expected in practice. More complete tabular 
information is given in Appendix A. In general, the thermal conductivity is strongly 
temperature-dependent. 



Table 1-1 I Thermal conductivity of various materials at 0°C. 



Material 


Thermal conductivity 
k 

W/m • °C Btu/h ■ ft • °F 


Metals: 


Silver (pure) 


410 


237 


Copper (pure) 


385 


223 


Aluminum (pure) 


202 


117 


Nickel (pure) 


93 


54 


Iron (pure) 


73 


42 


Carbon steel, 1% C 


43 


25 


Lead (pure) 


35 


20.3 


Chrome-nickel steel (18% Cr, 8% Ni) 


16.3 


9.4 


Nonmetallic solids: 


Diamond 


2300 


1329 


Quartz, parallel to axis 


41.6 


24 


Magnesite 


4.15 


2.4 


Marble 


2.08-2.94 


1 .2-1.7 


Sandstone 


1.83 


1.06 


Glass, window 


0.78 


0.45 


Maple or oak 


0.17 


0.096 


Hard rubber 


0.15 


0.087 


Polyvinyl chloride 


0.09 


0.052 


Styrofoam 


0.033 


0.019 


Sawdust 


0.059 


0.034 


Glass wool 


0.038 


0.022 


Ice 


2.22 


1.28 


Liquids: 


Mercury 


8.21 


4.74 


Water 


0.556 


0.327 


Ammonia 


0.540 


0.312 


Lubricating oil, SAE 50 


0.147 


0.085 


Freon 12, CCI 2 F 2 


0.073 


0.042 


Gases: 


Hydrogen 


0.175 


0.101 


Helium 


0.141 


0.081 


Air 


0.024 


0.0139 


Water vapor (saturated) 


0.0206 


0.0119 


Carbon dioxide 


0.0146 


0.00844 
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Figure 1-4 I Thermal conductivities of some typical gases 
[1 W/m-°C = 0.5779 Btu/h ■ ft- °F], 
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We noted that thermal conductivity has the units of watts per meter per Celsius degree 
when the heat flow is expressed in watts. Note that a heat rate is involved, and the numerical 
value of the thermal conductivity indicates how fast heat will flow in a given material. How 
is the rate of energy transfer taken into account in the molecular model discussed above? 
Clearly, the faster the molecules move, the faster they will transport energy. Therefore the 
thermal conductivity of a gas should be dependent on temperature. A simplified analytical 
treatment shows the thermal conductivity of a gas to vary with the square root of the absolute 
temperature. (It may be recalled that the velocity of sound in a gas varies with the square root 
of the absolute temperature; this velocity is approximately the mean speed of the molecules.) 
Thermal conductivities of some typical gases are shown in Figure 1-4. For most gases at 
moderate pressures the thermal conductivity is a function of temperature alone. This means 
that the gaseous data for 1 atmosphere (atm), as given in Appendix A, may be used for 
a rather wide range of pressures. When the pressure of the gas becomes of the order of 
its critical pressure or, more generally, when nonideal-gas behavior is encountered, other 
sources must be consulted for thermal-conductivity data. 
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1-2 Thermal Conductivity 



Figure 1-5 I Thermal conductivities of some typical liquids. 
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The physical mechanism of thermal-energy conduction in liquids is qualitatively the 
same as in gases; however, the situation is considerably more complex because the molecules 
are more closely spaced and molecular force fields exert a strong influence on the energy 
exchange in the collision process. Thermal conductivities of some typical liquids are shown 
in Figure 1-5. 

In the English system of units, heat flow is expressed in British thermal units per hour 
(Btu/h), area in square feet, and temperature in degrees Fahrenheit. Thermal conductivity 
will then have units of Btu /h - ft - °F. 

Thermal energy may be conducted in solids by two modes: lattice vibration and trans- 
port by free electrons. In good electrical conductors a rather large number of free electrons 
move about in the lattice structure of the material. Just as these electrons may transport 
electric charge, they may also carry thermal energy from a high-temperature region to 
a low-temperature region, as in the case of gases. In fact, these electrons are frequently 
referred to as the electron gas. Energy may also be transmitted as vibrational energy in 
the lattice structure of the material. In general, however, this latter mode of energy transfer 
is not as large as the electron transport, and for this reason good electrical conductors are 
almost always good heat conductors, namely, copper, aluminum, and silver, and electrical 
insulators are usually good heat insulators. A notable exception is diamond, which is an 
electrical insulator, but which can have a thermal conductivity five times as high as silver 
or copper. It is this fact that enables a jeweler to distinguish between genuine diamonds 
and fake stones. A small instrument is available that measures the response of the stones 
to a thermal heat pulse. A true diamond will exhibit a far more rapid response than the 
nongenuine stone. 

Thermal conductivities of some typical solids are shown in Figure 1-6. Other data are 
given in Appendix A. 
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Table 1-2 I Effective thermal conductivities of cryogenic insulating 
materials for use in range 15°C to — 195°C. Density 
range 30 to 80 kg/m 3 . 



Type of insulation 


Effective k, mW/m ■ °C 


1. Foams, powders, and fibers, unevacuated 


7-36 


2. Powders, evacuated 


0.9-6 


3. Glass fibers, evacuated 


0.6-3 


4. Opacified powders, evacuated 


0.3-1 


5. Multilayer insulations, evacuated 


0.015-0.06 



The thermal conductivities of various insulating materials are also given in Appendix A. 
Some typical values are 0.038 W/m • °C for glass wool and 0.78 W/m • °C for window glass. 
At high temperatures, the energy transfer through insulating materials may involve several 
modes: conduction through the fibrous or porous solid material; conduction through the air 
trapped in the void spaces; and, at sufficiently high temperatures, radiation. 

An important technical problem is the storage and transport of cryogenic liquids like 
liquid hydrogen over extended periods of time. Such applications have led to the development 
of superinsulations for use at these very low temperatures (down to about — 250°C). The 
most effective of these superinsulations consists of multiple layers of highly reflective 
materials separated by insulating spacers. The entire system is evacuated to minimize air 
conduction, and thermal conductivities as low as 0.3 m W/m ■ °C are possible. A conve- 
nient summary of the thermal conductivities of a few insulating materials at cryogenic 
temperatures is given in Table 1-2. Further information on multilayer insulation is given in 
References 2 and 3. 
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1-3 Convection Heat Transfer 



1-3 I CONVECTION HEAT TRANSFER 

It is well known that a hot plate of metal will cool faster when placed in front of a fan than 
when exposed to still air. We say that the heat is convected away, and we call the process 
convection heat transfer. The term convection provides the reader with an intuitive notion 
concerning the heat-transfer process; however, this intuitive notion must be expanded to 
enable one to arrive at anything like an adequate analytical treatment of the problem. For 
example, we know that the velocity at which the air blows over the hot plate obviously 
influences the heat-transfer rate. But does it influence the cooling in a linear way; i.e., if 
the velocity is doubled, will the heat-transfer rate double? We should suspect that the heat- 
transfer rate might be different if we cooled the plate with water instead of air, but, again, 
how much difference would there be? These questions may be answered with the aid of 
some rather basic analyses presented in later chapters. For now, we sketch the physical 
mechanism of convection heat transfer and show its relation to the conduction process. 

Consider the heated plate shown in Figure 1-7. The temperature of the plate is T w , and 
the temperature of the fluid is T 0 c . The velocity of the flow will appear as shown, being 
reduced to zero at the plate as a result of viscous action. Since the velocity of the fluid layer 
at the wall will be zero, the heat must be transferred only by conduction at that point. Thus 
we might compute the heat transfer, using Equation (1-1), with the thermal conductivity 
of the fluid and the fluid temperature gradient at the wall. Why, then, if the heat flows by 
conduction in this layer, do we speak of convection heat transfer and need to consider the 
velocity of the fluid? The answer is that the temperature gradient is dependent on the rate at 
which the fluid carries the heat away; a high velocity produces a large temperature gradient, 
and so on. Thus the temperature gradient at the wall depends on the flow field, and we must 
develop in our later analysis an expression relating the two quantities. Nevertheless, it must 
be remembered that the physical mechanism of heat transfer at the wall is a conduction 
process. 

To express the overall effect of convection, we use Newton’s law of cooling: 

q = hA(T w -T 00 ) [1-8] 

Here the heat-transfer rate is related to the overall temperature difference between the 
wall and fluid and the surface area A. The quantity h is called the convection heat-transfer 
coefficient, and Equation ( 1 -8) is the defining equation. An analytical calculation of h may be 
made for some systems. For complex situations it must be determined experimentally. The 
heat-transfer coefficient is sometimes called the film conductance because of its relation 
to the conduction process in the thin stationary layer of fluid at the wall surface. From 
Equation (1-8) we note that the units of li are in watts per square meter per Celsius degree 
when the heat flow is in watts. 

In view of the foregoing discussion, one may anticipate that convection heat transfer 
will have a dependence on the viscosity of the fluid in addition to its dependence on the 



Figure 1-7 I Convection heat Uansfer from a plate. 
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thermal properties of the fluid (thermal conductivity, specific heat, density). This is expected 
because viscosity influences the velocity profile and, correspondingly, the energy-transfer 
rate in the region near the wall. 

If a heated plate were exposed to ambient room air without an external source of motion, 
a movement of the air would be experienced as a result of the density gradients near the 
plate. We call this natural, or free, convection as opposed to forced convection, which 
is experienced in the case of the fan blowing air over a plate. Boiling and condensation 
phenomena are also grouped under the general subject of convection heat transfer. The 
approximate ranges of convection heat-transfer coefficients are indicated in Table 1-3. 



Convection Energy Balance on a Flow Channel 

The energy transfer expressed by Equation (1-8) is used for evaluating the convection loss 
for flow over an external surface. Of equal importance is the convection gain or loss resulting 
from a fluid flowing inside a channel or tube as shown in Figure 1-8. In this case, the heated 
wall at Ty, loses heat to the cooler fluid, which consequently rises in temperature as it flows 



Table 1-3 I Approximate values of convection heat- transfer coefficients. 





h 




Mode 


W/m 2 • °C 


Btu/h • ft 2 ■ °F 


Across 2.5-cm air gap evacuated to a pressure 
of 10 -6 atm and subjected 
to Ar=100°C-30°C 


0.087 


0.015 


Free convection, AT = 30°C 

Vertical plate 0.3 m [1 ft] high in air 


4.5 


0.79 


Horizontal cylinder, 5 -cm diameter, in air 


6.5 


1.14 


Horizontal cylinder, 2-cm diameter, 
in water 


890 


157 


Heat transfer across 1.5-cm vertical air 
gap with AT = 60° C 


2.64 


0.46 


Fine wire in air, d = 0.02 mm, AT = 55°C 


490 


86 


Forced convection 

Airflow at 2 m/s over 0.2-m square plate 


12 


2.1 


Airflow at 35 m/s over 0.75-m square plate 


75 


13.2 


Airflow at Mach number = 3, p = 1 /20 atm, 
Tqq = — 40°C, across 0.2-m square plate 


56 


9.9 


Air at 2 atm flowing in 2.5-cm-diameter 
tube at 10 m/s 


65 


11.4 


Water at 0.5 kg/s flowing in 2.5-cm-diameter 
tube 


3500 


616 


Airflow across 5-cm-diameter cylinder 
with velocity of 50 m/s 


180 


32 


Liquid bismuth at 4.5 kg/s and 420° C 
in 5.0-cm-diameter tube 


3410 


600 


Airflow at 50 m/s across fine wire, 
d = 0.04 mm 


3850 


678 


Boiling water 

In a pool or container 


2500-35,000 


440-6200 


Flowing in a tube 


5000-100,000 


880-17,600 


Condensation of water vapor, 1 atm 
Vertical surfaces 


4000-11,300 


700-2000 


Outside horizontal tubes 


9500-25,000 


1700-4400 


Dropwise condensation 


170,000-290,000 


30,000-50,000 
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1-4 Radiation Heat Transfer 



Figure 1-8 I Convection in a channel. 




from inlet conditions at T, to exit conditions at T e . Using the symbol i to designate enthalpy 
(to avoid confusion with h, the convection coefficient), the energy balance on the fluid is 

q = m(i e — ij) 

where m is the fluid mass flow rate. For many single-phase liquids and gases operating over 
reasonable temperature ranges A i = c p AT and we have 

q = mc p (T e — Tf) 

which may be equated to a convection relation like Equation (1-8) 

q = mc p (T e - T{) = hA(T w , avg - r fluidj avg ) [l-8a] 

In this case, the fluid temperatures T e , T, , and 7’n Lnc j are called bulk or energy average 
temperatures. A is the surface area of the flow channel in contact with the fluid. We shall 
have more to say about the notions of computing convection heat transfer for external and 
internal flows in Chapters 5 and 6. For now, we simply want to alert the reader to the 
distinction between the two types of flows. 

We must be careful to distinguish between the surface area for convection that is 
employed in convection Equation (1-8) and the cross-sectional area that is used to calculate 
the flow rate from 

m = pu mean A c 

where A c = ml 2 / 4 for flow in a circular tube. The surface area for convection in this case 
would be mlL , where L is the tube length. The surface area for convection is always the 
area of the heated surface in contact with the fluid. 



1-4 I RADIATION HEAT TRANSFER 

In contrast to the mechanisms of conduction and convection, where energy transfer through a 
material medium is involved, heat may also be transferred through regions where a perfect 
vacuum exists. The mechanism in this case is electromagnetic radiation. We shall limit 
our discussion to electromagnetic radiation that is propagated as a result of a temperature 
difference; this is called thermal radiation. 

Thermodynamic considerations show* that an ideal thermal radiator, or blackbody, will 
emit energy at a rate proportional to the fourth power of the absolute temperature of the 
body and directly proportional to its surface area. Thus 

Remitted — crAT 4 [1-9] 



+ See, for example, J. P. Holman, Thermodynamics. 4th ed. New York: McGraw-Hill, 1988, p. 705. 



CHAPTER 1 Introduction 



13 



where er is the proportionality constant and is called the Stefan-Boltzmann constant with 
the value of 5.669 x 10~ 8 W/m 2 • K 4 . Equation (1-9) is called the Stefan-Boltzmann law 
of thermal radiation, and it applies only to blackbodies. It is important to note that this 
equation is valid only for thermal radiation; other types of electromagnetic radiation may 
not be treated so simply. 

Equation (1-9) governs only radiation emitted by a blackbody. The net radiant exchange 
between two surfaces will be proportional to the difference in absolute temperatures to the 
fourth power; i.e., 



We have mentioned that a blackbody is a body that radiates energy according to the 
7' 4 law. We call such a body black because black surfaces, such as a piece of metal covered 
with carbon black, approximate this type of behavior. Other types of surfaces, such as a 
glossy painted surface or a polished metal plate, do not radiate as much energy as the 
blackbody; however, the total radiation emitted by these bodies still generally follows the 
7' 4 proportionality. To take account of the “gray” nature of such surfaces we introduce 
another factor into Equation (1-9), called the emissivity e, which relates the radiation of 
the “gray” surface to that of an ideal black surface. In addition, we must take into account 
the fact that not all the radiation leaving one surface will reach the other surface since 
electromagnetic radiation travels in straight lines and some will be lost to the surroundings. 
We therefore introduce two new factors in Equation ( 1 -9) to take into account both situations, 
so that 



where F € is the emissivity function, and Fq is the geometric “view factor” function. The 
determination of the form of these functions for specific configurations is the subject of a 
subsequent chapter. It is important to alert the reader at this time, however, to the fact that 
these functions usually are not independent of one another as indicated in Equation (1-11). 



Radiation in an Enclosure 

A simple radiation problem is encountered when we have a heat-transfer surface at temper- 
ature 7) completely enclosed by a much larger surface maintained at Ti. We will show in 
Chapter 8 that the net radiant exchange in this case can be calculated with 



Values of c are given in Appendix A. 

Radiation heat-transfer phenomena can be exceedingly complex, and the calculations 
are seldom as simple as implied by Equation (1-11). For now, we wish to emphasize the dif- 
ference in physical mechanism between radiation heat-transfer and conduction-convection 
systems. In Chapter 8 we examine radiation in detail. 



In this section we outline the systems of units that are used throughout the book. One must 
be careful not to confuse the meaning of the terms units and dimensions. A dimension is a 
physical variable used to specify the behavior or nature of a particular system. For example. 




[ 1 - 10 ] 



q — F € F g oA (7j 4 — T -4 ) 



[ 1 - 11 ] 



q = €\<jAi (7j 4 — T 4 ) 



[ 1 - 12 ] 
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1-5 Dimensions and Units 



the length of a rod is a dimension of the rod. In like manner, the temperature of a gas may 
be considered one of the thermodynamic dimensions of the gas. When we say the rod is 
so many meters long, or the gas has a temperature of so many degrees Celsius, we have 
given the units with which we choose to measure the dimension. In our development of 
heat transfer we use the dimensions 

L — length 
M — mass 
F = force 
r = time 
T — temperature 

All the physical quantities used in heat transfer may be expressed in terms of these funda- 
mental dimensions. The units to be used for certain dimensions are selected by somewhat 
arbitrary definitions that usually relate to a physical phenomenon or law. For example, 
Newton’s second law of motion may be written 

Force ~ time rate of change of momentum 

d(mv) 

F — k 

dr 

where k is the proportionality constant. If the mass is constant. 



F — km a 



[M3] 



where the acceleration is a = dv/dr. Equation (1-11) is usually written 

F — — met [1-14] 

8c 

with 1 / g c = k. Equation (1 - 14) is used to define our systems of units for mass, force, length, 
and time. Some typical systems of units are 

1. 1-pound force will accelerate a 1-lb mass 32.17 ft/s 2 . 

2. 1 -pound force will accelerate a 1-slug mass 1 ft/s 2 . 

3. 1-dyne force will accelerate a 1-g mass 1 cm/s 2 . 

4. 1 -newton force will accelerate a 1-kg mass 1 m/s 2 . 

5. 1-kilogram force will accelerate a 1-kg mass 9.806 m/s 2 . 

The 1-kg force is sometimes called a kilopond (kp). 

Since Equation (1-14) must be dimensionally homogeneous, we shall have a different 
value of the constant g c for each of the unit systems in items 1 to 5 above. These values are 

1. g c = 32.17 lb,„ • ft/lty • s 2 

2. g c = 1 slug • ft/lb f ■ s 2 

3. g c = 1 g • cm/dyn • s 2 

4. g c = 1 kg • m/N • s 2 

5. g c = 9.806 kg m • m/kg f • s 2 

It matters not which system of units is used so long as it is consistent with these definitions. 
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Work has the dimensions of a product of force times a distance. Energy has the same 
dimensions. The units for work and energy may be chosen from any of the systems used on 
the previous page, and would be 

1. lb/ -ft 

2. lb/ -ft 

3. dyn • cm = 1 erg 

4 . N • m = 1 joule (J) 

5. k g/ - m = 9.806 J 

In addition, we may use the units of energy that are based on thermal phenomena: 

1 Btu will raise 1 lb,„ of water 1°F at 68°F. 

1 cal will raise 1 g of water 1°C at 20°C. 

1 kcal will raise 1 kg of water 1°C at 20°C. 

Some conversion factors for the various units of work and energy are 

1 Btu =778. 16 lb/ -ft 
1 Btu = 1055 J 
1 kcal =4182 J 
1 lb/ - ft = 1.356 J 
1 Btu = 252 cal 

Other conversion factors are given in Appendix A. 

The weight of a body is defined as the force exerted on the body as a result of the 
acceleration of gravity. Thus 

W = —m [ 1 - 15 ] 

gc 

where W is the weight and g is the acceleration of gravity. Note that the weight of a body 
has the dimensions of a force. We now see why systems 1 and 5 were devised; 1 lb„, will 
weigh 1 lb/ at sea level, and 1 kg ;H will weigh 1 kg j. 

Temperature conversions are performed with the familiar formulas 

°F = §°C + 32 
°R =°F + 459.69 
K =°C + 273.16 
°R = jK 

Unfortunately, all of these unit systems are used in various places throughout the 
world. While the foot, pound force, pound mass, second, degree Fahrenheit, Btu system is 
still widely used in the United States, there is increasing impetus to institute the SI (Systeme 
International d’ Unites) units as a worldwide standard. In this system, the fundamental units 
are meter, newton, kilogram mass, second, and degree Celsius; a “thermal” energy unit is 
not used; i.e., the joule (newton-meter) becomes the energy unit used throughout. The watt 
(joules per second) is the unit of power in this system. In the SI system, the standard units 
for thermal conductivity would become 

k in W/m • °C 
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Dimensions and Units 



Table 1-4 I Multiplier factors for SI units. 



Multiplier 


Prefix 


Abbreviation 


10 12 


tera 


T 


10 9 


giga 


G 


10 6 


mega 


M 


10 3 


kilo 


k 


10 2 


hecto 


h 


itr 2 


centi 


c 


itr 3 


milli 


m 


itr 6 


micro 


n 


io - 9 


nano 


n 


itr 12 


pico 


p 


io -18 


atto 


a 



Table 1-5 I SI quantities used in heat transfer. 



Quantity 


Unit abbreviation 


Force 


N (newton) 


Mass 


kg (kilogram mass) 


Time 


s (second) 


Length 


m (meter) 


Temperature 


°C or K 


Energy 


J (joule) 


Power 


W (watt) 


Thermal conductivity 


W/m ■ °C 


Heat-transfer coefficient 


W/m 2 • °C 


Specific heat 


J/kg-°C 


Heat flux 


W/m 2 



and the convection heat-transfer coefficient would be expressed as 

h in W/m 2 ■ °C 



Because SI units are so straightforward we shall use them as the standard in this text, with 
intermediate steps and answers in examples also given parenthetically in the Btu-pound 
mass system. A worker in heat transfer must obtain a feel for the order of magnitudes in 
both systems. In the SI system the concept of g c is not normally used, and the newton is 
defined as 

1 N = 1 kg • m/s 2 [1-16] 

Even so, one should keep in mind the physical relation between force and mass as expressed 
by Newton’s second law of motion. 

The SI system also specifies standard multiples to be used to conserve space when 
numerical values are expressed. They are summarized in Table 1-4. Standard symbols for 
quantities normally encountered in heat transfer are summarized in Table 1-5. Conversion 
factors are given in Appendix A. 



EXAMPLE 1-1 



Conduction Through Copper Plate 



One face of a copper plate 3 cm thick is maintained at 400°C, and the other face is maintained at 
100°C. How much heat is transferred through the plate? 
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■ Solution 

From Appendix A, the thermal conductivity for copper is 370 W/m • °C at 250°C. From Fourier’s 
law 




Integrating gives 

- = -jfc — 
A Ax 



-(370)000 - 400) 
3 x 10“ 2 



= 3.7 MW/m 2 



[1.173 x 10 6 Btu/h • ft 2 ] 



Convection Calculation 


EXAMPLE 1-2 


Air at 20°C blows over a hot plate 50 by 75 cm maintained at 250°C. The convection heat-transfer 
coefficient is 25 W/m 2 • °C. Calculate the heat transfer. 


■ Solution 

From Newton’s law of cooling 




<7 = hA (T w — Too) 




= (25)(0.50)(0.75)(250 - 20) 
= 2.156 kW [7356 Btu/h] 





Multimode Heat Transfer 



EXAMPLE 1-3 



Assuming that the plate in Example 1-2 is made of carbon steel (1%) 2 cm thick and that 300 W 
is lost from the plate surface by radiation, calculate the inside plate temperature. 

■ Solution 

The heat conducted through the plate must be equal to the sum of convection and radiation heat 
losses: 

9cond = <?conv + <7 rad 

AT 

-kA =2.156 + 0.3 = 2.456 kW 

Ax 

AT = ( ~ 2456)(0 - 02) — — 3.05°c [— 5.49°F] 

(0.5)(0.75)(43) 



where the value of k is taken from Table 1-1. The inside plate temperature is therefore 

7) = 250 + 3.05 = 253.05°C 



Heat Source and Convection 



EXAMPLE 1-4 



An electric current is passed through a wire 1 mm in diameter and 10 cm long. The wire is 
submerged in liquid water at atmospheric pressure, and the current is increased until the water 
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1-5 Dimensions and Units 



boils. For this situation h = 5000 W/m 2 • °C, and the water temperature will be 100°C. How much 
electric power must be supplied to the wire to maintain the wire surface at 114°C? 

■ Solution 

The total convection loss is given by Equation (1-8): 

q = hA (T w — Too) 

For this problem the surface area of the wire is 

A = ndL = jt{ 1 x 10 3 )( 10 x 10 _2 ) = 3.142 x 10 -4 m 2 
The heat transfer is therefore 

q = (5000 W/m 2 ■ °C) (3.142 x 10 -4 m 2 )(114 - 100) = 21.99 W [75.03 Btu/h] 
and this is equal to the electric power that must be applied. 



EXAMPLE 1-5 



Radiation Heat Transfer 



Two infinite black plates at 800°C and 300°C exchange heat by radiation. Calculate the heat 
transfer per unit area. 

■ Solution 

Equation (1-10) may be employed for this problem, so we find immediately 

q/A = ff(r 4 - T 4 ) 

= (5.669 x 10 _8 )(1073 4 - 573 4 ) 

= 69.03 kW/m 2 [21,884 Btu/h ■ ft 2 ] 



EXAMPLE 1-6 



Total Heat Loss by Convection and Radiation 



A horizontal steel pipe having a diameter of 5 cm is maintained at a temperature of 50° C in a large 
room where the air and wall temperature are at 20°C. The surface emissivity of the steel may be 
taken as 0.8. Using the data of Table 1-3, calculate the total heat lost by the pipe per unit length. 

■ Solution 

The total heat loss is the sum of convection and radiation. From Table 1-3 we see that an estimate 
for the heat-transfer coefficient for free convection with this geometry and air is h = 6.5 W/m 2 ■ °C. 
The surface area is ndL , so the convection loss per unit length is 

dJL Iconv = h(jld)(T w — Too ) 

= (6.5)(tt)( 0.05)(50 - 20) = 30.63 W/m 

The pipe is a body surrounded by a large enclosure so the radiation heat transfer can be 
calculated from Equation (1-12). With 7) = 50°C = 323°K and T 2 = 20°C = 293°K, we have 

q/L] ad = e l (7cd 1 Mlf- T 4 ) 

= (0.8)(jt)(0.05)(5.669 x 10“ 8 )(323 4 - 293 4 ) 

= 25.04 W/m 
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The total heat loss is therefore 



t//T | tot — q/L\ conv + L l! T I rad 

= 30.63 + 25.04 = 55.67 W/m 



In this example we see that the convection and radiation are about the same. To neglect either 
would be a serious mistake. 



We may summarize our introductory remarks very simply. Heat transfer may take place by 
one or more of three modes: conduction, convection, and radiation. It has been noted that the 
physical mechanism of convection is related to the heat conduction through the thin layer 
of fluid adjacent to the heat-transfer surface. In both conduction and convection Fourier’s 
law is applicable, although fluid mechanics must be brought into play in the convection 
problem in order to establish the temperature gradient. 

Radiation heat transfer involves a different physical mechanism — that of propagation 
of electromagnetic energy. To study this type of energy transfer we introduce the concept of 
an ideal radiator, or blackbody, which radiates energy at a rate proportional to its absolute 
temperature to the fourth power. 

It is easy to envision cases in which all three modes of heat transfer are present, as 
in Figure 1-9. In this case the heat conducted through the plate is removed from the plate 
surface by a combination of convection and radiation. An energy balance would give 



T s = temperature of surroundings 
T u , — surface temperature 
— fluid temperature 

To apply the science of heat transfer to practical situations, a thorough knowledge of 
all three modes of heat transfer must be obtained. 



1-6 I SUMMARY 




= hA (T w - T^) + F € F g gA (T 4 - T 4 ) 



^Jwall 



where 



Figure 1-9 I Combination of conduction, convection, and 
radiation heat transfer. 
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Review Questions 



Table 1-6 I Listing of equation summary tables in text. 



Table 


Topic 


1-3 


Approximate values of convection heat-transfer coefficients 


3-1 


Conduction shape factors 


3-2 


Summary of steady-state nodal equations for Ax = Ay 


4-1 


Examples of lumped capacities 


4-2 


Summary of transient nodal equations for Ax: = Ay 


5-2 


Forced-convection relations for flow over flat plates 


6-8 


Forced-convection relations for internal and external flows 
(nonflat plates) 


7-2 


Simplified relations for free convection from heated 
objects in room air 


7-5 


Summary of free-convection relations 


Section 7-14 and 
Figure 7-15 


Summary procedure for all convection calculations 


8-7 


Radiation formulas for diffuse, gray-body enclosures 


10-3 


Effectiveness relations for heat exchangers 


10-4 


NTU relations for heat exchangers 



About Areas 

The reader will note that area is an important part of the calculation for all three modes of heat 
transfer: The larger the area through which heat is conducted, the larger the heat transfer; 
the larger the surface area in contact with the fluid, the larger the potential convection heat 
transfer; and a larger surface will emit more thermal radiation than a small surface. For 
conduction, the heat transfer will almost always be directly proportional to the area. For 
convection, the heat transfer is a complicated function of the fluid mechanics of the problem, 
which in turn is a function of both the geometric configuration of the heated surface and the 
thermal and viscous fluid properties of the convecting medium. Radiation heat transfer also 
involves a complex interaction between the surface emissive properties and the geometry of 
the enclosure that involves the radiant transfer. Despite these remarks, the general principle 
is that an increased area means an increase in heat transfer. 



Summary Tables Available in Text 

As our discussion progresses we will present several tables which summarize equations and 
empirical correlations for convenience of the reader. A listing of some of these tables and/or 
figures along with their topical content is given in Table 1-6. 



REVIEW QUESTIONS 

1. Define thermal conductivity. 

2. Define the convection heat-transfer coefficient. 

3. Discuss the mechanism of thermal conduction in gases and solids. 

4. Discuss the mechanism of heat convection. 

5. What is the order of magnitude for the convection heat-transfer coefficient in free 
convection? Forced convection? Boiling? 

6. When may one expect radiation heat transfer to be important? 

7. Name some good conductors of heat; some poor conductors. 
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8. What is the order of magnitude of thermal conductivity for (a) metals, ( b ) solid insu- 
lating materials, (c) liquids, ( d ) gases? 

9. Suppose a person stated that heat cannot be transferred in a vacuum. How do you 
respond? 

10 . Review any standard text on thermodynamics and define: (a) heat, (b) internal energy, 
(c) work, ( d ) enthalpy. 

11 . Define and discuss g c . 



LIST OF WORKED EXAMPLES 

1-1 Conduction through copper plate 

1-2 Convection calculation 

1-3 Multimode heat transfer 

1-4 Heat source and convection 

1-5 Radiation heat transfer 

1-6 Total heat loss by convection and radiation 



PROBLEMS 

1-1 If 3 kW is conducted through a section of insulating material 0.6 m 2 in cross section 
and 2.5 cm thick and the thermal conductivity may be taken as 0.2 W/m • °C, compute 
the temperature difference across the material. 

1-2 A temperature difference of 85°C is impressed across a fiberglass layer of 13 cm 
thickness. The thermal conductivity of the fiberglass is 0.035 W/m • °C. Compute the 
heat transferred through the material per hour per unit area. 

1-3 A truncated cone 30 cm high is constructed of aluminum. The diameter at the top is 
7.5 cm, and the diameter at the bottom is 12.5 cm. The lower surface is maintained 
at 93°C; the upper surface, at 540°C. The other surface is insulated. Assuming one- 
dimensional heat flow, what is the rate of heat transfer in watts? 

1-4 The temperatures on the faces of a plane wall 15 cm thick are 375 and 85°C. The wall 
is constructed of a special glass with the following properties: k = 0.78 W/m ■ °C, 
p — 2700 kg/m 3 , cp — 0.84 kJ/kg-°C. What is the heat flow through the wall at 
steady-state conditions? 

1-5 A certain superinsulation material having a thermal conductivity of 2 x 10 _4 W/m-°C 
is used to insulate a tank of liquid nitrogen that is maintained at — 196°C; 199 kJ is 
required to vaporize each kilogram mass of nitrogen at this temperature. Assuming 
that the tank is a sphere having an inner diameter (ID) of 0.52 m, estimate the amount 
of nitrogen vaporized per day for an insulation thickness of 2.5 cm and an ambient 
temperature of 21°C. Assume that the outer temperature of the insulation is 21°C. 

1-6 Rank the following materials in order of (a) transient response and (b) steady-state 
conduction. Taking the material with the highest rank, give the other materials as 
a percentage of the maximum: aluminum, copper, silver, iron, lead, chrome steel 
(18% Cr, 8% Ni), magnesium. What do you conclude from this ranking? 

1-7 A 50-cm-diameter pipeline in the Arctic carries hot oil at 30°C and is exposed to a 
surrounding temperature of — 20°C. A special powder insulation 5 cm thick surrounds 
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Problems 



the pipe and has a thermal conductivity of 7 mW/m • °C. The convection heat-transfer 
coefficient on the outside of the pipe is 9 W/m 2 • °C. Estimate the energy loss from 
the pipe per meter of length. 

1-8 Some people might recall being told to be sure to put on a hat when outside in cold 
weather because “you lose all the heat out the top of your head.” Comment on the 
validity of this statement. 

1-9 A 5-cm layer of loosely packed asbestos is placed between two plates at 100 and 
200°C. Calculate the heat transfer across the layer. 

1-10 A certain insulation has a thermal conductivity of 10 W/m-°C. What thickness is 
necessary to effect a temperature drop of 500°C for a heat flow of 400 W/m 2 ? 

1-11 Assuming that the heat transfer to the sphere in Problem 1 -5 occurs by free convection 
with a heat-transfer coefficient of 2.7 W/m 2 • °C, calculate the temperature difference 
between the outer surface of the sphere and the environment. 

1-12 Two perfectly black surfaces are constructed so that all the radiant energy leaving a 
surface at 800°C reaches the other surface. The temperature of the other surface is 
maintained at 250°C. Calculate the heat transfer between the surfaces per hour and 
per unit area of the surface maintained at 800°C. 

1-13 Two very large parallel planes having surface conditions that very nearly approx- 
imate those of a blackbody are maintained at 1100 and 425°C, respectively. Cal- 
culate the heat transfer by radiation between the planes per unit time and per unit 
surface area. 

1-14 Calculate the radiation heat exchange in 1 day between two black planes having the 
area of the surface of a 0.7-m-diameter sphere when the planes are maintained at 
70 K and 300 K. 

1-15 Two infinite black plates at 500 and 100°C exchange heat by radiation. Calculate 
the heat-transfer rate per unit area. If another perfectly black plate is placed between 
the 500 and 100°C plates, by how much is the heat transfer reduced? What is the 
temperature of the center plate? 

1-16 Water flows at the rate of 0.5 kg/s in a 2.5-cm-diameter tube having a length of 3 m. 
A constant heat flux is imposed at the tube wall so that the tube wall temperature is 
40°C higher than the water temperature. Calculate the heat transfer and estimate the 
temperature rise in the water. The water is pressurized so that boiling cannot occur. 

1-17 Steam at 1 atm pressure (T sat = 100°C) is exposed to a 30-by-30-cm vertical square 
plate that is cooled such that 3.78 kg/h is condensed. Calculate the plate temperature. 
Consult steam tables for any necessary properties. 

1-18 Boiling water at 1 atm may require a surface heat flux of 3 x 10 4 Btu/h • ft 2 for a 
surface temperature of 232°F. What is the value of the heat-transfer coefficient? 

1-19 A small radiant heater has metal strips 6 mm wide with a total length of 3 m. The 
surface emissivity of the strips is 0.85. To what temperature must the strips be heated 
if they are to dissipate 2000 W of heat to a room at 25°C? 

1-20 Calculate the energy emitted by a blackbody at 1000°C. 

1-21 If the radiant flux from the sun is 1 350 W/m 2 , what would be its equivalent blackbody 
temperature? 

1-22 A 4.0-cm-diameter sphere is heated to a temperature of 200°C and is enclosed in a 
large room at 20°C. Calculate the radiant heat loss if the surface emissivity is 0.6. 

1-23 A flat wall is exposed to an environmental temperature of 38°C. The wall is covered 
with a layer of insulation 2.5 cm thick whose thermal conductivity is 1.4 W/m • °C, 
and the temperature of the wall on the inside of the insulation is 315°C. The wall 
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loses heat to the environment by convection. Compute the value of the convection 
heat-transfer coefficient that must be maintained on the outer surface of the insulation 
to ensure that the outer-surface temperature does not exceed 41°C. 

1-24 Consider a wall heated by convection on one side and cooled by convection on the 
other side. Show that the heat-transfer rate through the wall is 

Ti ~T 2 

q \/h\A + Ax/kA + l/h 2 A 

where 7) and 'A are the fluid temperatures on each side of the wall and h [ and h 2 are 
the corresponding heat-transfer coefficients. 

1-25 One side of a plane wall is maintained at 100°C, while the other side is exposed 
to a convection environment having T = 10°C and h = 10 W/m 2 • °C. The wall has 
k= 1.6 W/m • °C and is 40 cm thick. Calculate the heat-transfer rate through the wall. 

1-26 How does the free-convection heat transfer from a vertical plate compare with pure 
conduction through a vertical layer of air having a thickness of 2.5 cm and a temper- 
ature difference the same at T w — Too? Use information from Table 1-3. 

1-27 A ?-in steel plate having a thermal conductivity of 25 Btu/h • ft • °F is exposed to a 
radiant heat flux of 1500 Btu/h - ft 2 in a vacuum space where the convection heat 
transfer is negligible. Assuming that the surface temperature of the steel exposed to 
the radiant energy is maintained at 100°F, what will be the other surface temper- 
ature if all the radiant energy striking the plate is transferred through the plate by 
conduction? 

1-28 A solar radiant heat flux of 700 W/m 2 is absorbed in a metal plate that is perfectly 
insulated on the back side. The convection heat-transfer coefficient on the plate is 
11 W/m 2 • °C, and the ambient air temperature is 30°C. Calculate the temperature of 
the plate under equilibrium conditions. 

1-29 A 5.0 -cm-diameter cylinder is heated to a temperature of 200°C, and air at 30°C is 
forced across it at a velocity of 50 m/s. If the surface emissivity is 0.7, calculate the 
total heat loss per unit length if the walls of the enclosing room are at 10°C. Comment 
on this calculation. 

1-30 A vertical square plate, 30 cm on a side, is maintained at 50°C and exposed to room 
air at 20°C. The surface emissivity is 0.8. Calculate the total heat lost by both sides 
of the plate. 

1-31 Ablack 20-by-20-cm plate has air forced over it at a velocity of 2 m/s and a temperature 
of 0°C. The plate is placed in a large room whose walls are at 30°C. The back side of 
the plate is perfectly insulated. Calculate the temperature of the plate resulting from 
the convection-radiation balance. Use information from Table 1-3. Are you surprised 
at the result? 

1-32 Two large black plates are separated by a vacuum. On the outside of one plate is a 
convection environment of T — 80°C and h — 100 W/m 2 • °C, while the outside of 
the other plate is exposed to 20°C and h = 15 W/m 2 • °C. Make an energy balance on 
the system and determine the plate temperatures. For this problem Fq = F e = 1.0. 

1-33 Using the basic definitions of units and dimensions given in Section 1-5, arrive 
at expressions (a) to convert joules to British thermal units, (b) to convert dyne- 
centimeters to joules, and (c) to convert British thermal units to calories. 

1-34 Beginning with the three-dimensional heat-conduction equation in cartesian coordi- 
nates [Equation ( 1 -3a)], obtain the general heat-conduction equation in cylindrical 
coordinates [Equation (1-3/?)]. 
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Problems 



1-35 Write the simplified heat-conduction equation for (a) steady one-dimensional heat 
flow in cylindrical coordinates in the azimuth ( (p ) direction, and (h) steady one- 
dimensional heat flow in spherical coordinates in the azimuth ((f)) direction. 

1-36 Using the approximate values of convection heat-transfer coefficients given in 
Table 1-3, estimate the surface temperature for which the free convection heat loss 
will just equal the radiation heat loss from a vertical 0.3-m-square plate or a 5-cm- 
diameter cylinder exposed to room air at 20°C. Assume the surfaces are blackened 
such that 6=1.0 and the radiation surrounding temperature may be taken the same 
as the room air temperature. 



Design-Oriented Problems 

1-37 A woman informs an engineer that she frequently feels cooler in the summer when 
standing in front of an open refrigerator. The engineer tells her that she is only “imag- 
ining things” because there is no fan in the refrigerator to blow the cool air over her. 
A lively argument ensues. Whose side of the argument do you take? Why? 

1-38 A woman informs her engineer husband that “hot water will freeze faster than cold 
water.” He calls this statement nonsense. She answers by saying that she has actually 
timed the freezing process for ice trays in the home refrigerator and found that hot 
water does indeed freeze faster. As a friend, you are asked to settle the argument. Is 
there any logical explanation for the woman’s observation? 

1-39 An air-conditioned classroom in Texas is maintained at 72°F in the summer. The 
students attend classes in shorts, sandals, and tee shirts and are quite comfortable. 
In the same classroom during the winter, the same students wear wool slacks, long- 
sleeve shirts, and sweaters, and are equally comfortable with the room temperature 
maintained at 75°F. Assuming that humidity is not a factor, explain this apparent 
anomaly in “temperature comfort.” 

1-40 A vertical cylinder 6 ft tall and 1 ft in diameter might be used to approximate a man 
for heat-transfer purposes. Suppose the surface temperature of the cylinder is 78°F, 
h = 2 Btu/h • ft 2 • °F, the surface emissivity is 0.9, and the cylinder is placed in a large 
room where the air temperature is 68°F and the wall temperature is 45°F. Calculate 
the heat lost from the cylinder. Repeat for a wall temperature of 80°F. What do you 
conclude from these calculations? 

1-41 An ice-skating rink is located in an indoor shopping mall with an environmental air 
temperature of 22°C and radiation surrounding walls of about 25°C. The convection 
heat-transfer coefficient between the ice and air is about 10 W/m 2 • °C because of air 
movement and the skaters’ motion. The emissivity of the ice is about 0.95. Calculate 
the cooling required to maintain the ice at 0°C for an ice rink having dimensions of 12 
by 40 m. Obtain a value for the heat of fusion of ice and estimate how long it would 
take to melt 3 mm of ice from the surface of the rink if no cooling is supplied and the 
surface is considered insulated on the back side. 

1-42 In energy conservation studies, cost is usually expressed in terms of Btu of energy, 
or some English unit of measure such as the gallon. Some typical examples are 

Overall cost: $/10 6 Btu 

Transportation results: passenger miles per 10 6 Btu or per gallon of fuel 

ton-miles of freight per 10 6 Btu or per gallon of fuel 
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Consult whatever sources are needed, and devise suitable measures for energy con- 
sumption and cost using the SI system of units. How would you price such items as 

Energy content of various types of coal 
Energy content of gasoline 
Energy content of natural gas 
Energy “content” of electricity 

After devising the SI system of cost measures, construct a table of conversion factors 
like that given in the front inside cover of this book, to convert from SI to English 
and from English to SI. 

1-43 Using information developed in Problem 1 -42, investigate the energy cost saving that 
results from the installation of a layer of glass wool 15 cm thick on a steel building 
12 by 12 m in size and 5 m high. Assume the building is subjected to a temperature 
difference of 30°C and the floor of the building does not participate in the heat lost. 
Assume that the outer surface of the building loses heat by convection to a surrounding 
temperature of — 10°C with a convection coefficient h — 13 W/m 2 • °C. 

1-44 A boy-scout counselor gives the following advice to his scout troop regarding camp- 
ing out in cold weather. “Be careful when setting up your cot/bunk — you may have 
provided for plenty of blankets to cover the top of your body, but don’t forget that 
you can lose heat from the bottom through the thin layer of the cot/bunk. Provide a 
layer of insulation for your bottom side also.” Investigate the validity of this state- 
ment by making suitable assumptions regarding exterior body temperature, thermal 
conductivity of blankets and cot/bunk materials, and the like. 



REFERENCES 

1. Glaser, P. E., I. A. Black, and P. Doherty. Multilayer Insulation, Mech. Eng., August 1965, p. 23. 

2. Barron, R. Cryogenic Systems. New York: McGraw-Hill, 1967. 

3. Dewitt, W. D., N. C. Gibbon, and R. L. Reid. “Multifoil Type Thermal Insulation,” IEEE Trans. 
Aerosp. Electron. Syst., vol. 4, no. 5, suppl. pp. 263-71, 1968. 



CHAPTER 




Steady-State Conduction — 
One Dimension 



2-1 I INTRODUCTION 

We now wish to examine the applications of Fourier’s law of heat conduction to calculation 
of heat flow in some simple one-dimensional systems. Several different physical shapes 
may fall in the category of one-dimensional systems: cylindrical and spherical systems are 
one -dimensional when the temperature in the body is a function only of radial distance 
and is independent of azimuth angle or axial distance. In some two-dimensional problems 
the effect of a second-space coordinate may be so small as to justify its neglect, and the 
multidimensional heat-flow problem may be approximated with a one-dimensional analysis. 
In these cases the differential equations are simplified, and we are led to a much easier 
solution as a result of this simplification. 



2-2 I THE PLANE WALL 

First consider the plane wall where a direct application of Fourier’s law [Equation (1-1)] 
may be made. Integration yields 



q — — t — (T 2 — 7j) [2-1] 

Ax 

when the thermal conductivity is considered constant. The wall thickness is Ax, and 7) 
and 7o are the wall-face temperatures. If the thermal conductivity varies with temperature 
according to some linear relation k — Ap(l + /3 T ), the resultant equation for the heat flow 
is 



q=- 



kpA 

Ax 



(72 - 7’t) + ^ (7f - 7j 2 ) 



[ 2 - 2 ] 



If more than one material is present, as in the multilayer wall shown in Figure 2-1, the 
analysis would proceed as follows: The temperature gradients in the three materials are 
shown, and the heat flow may be written 



q = —kAA 



72-?) 

Ax a 



= —ksA 



T 3 -T 2 
A x B 



= —k c A 



7V-73 

Axe 



Note that the heat flow must be the same through all sections. 
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2-3 Insulation and R Values 



Figure 2-1 I One-dimensional heat transfer through a composite wall and electrical analog. 





Ax a T 2 T 3 Av c 

k A A kgA k c A 



Solving these three equations simultaneously, the heat flow is written 

T\ - T 4 

q = 

Ax a / k a A + A xs/kgA + A xc/kqA 



[2-3] 



At this point we retrace our development slightly to introduce a different conceptual view- 
point for Fourier’s law. The heat-transfer rate may be considered as a flow, and the combina- 
tion of thermal conductivity, thickness of material, and area as a resistance to this flow. The 
temperature is the potential, or driving, function for the heat flow, and the Fourier equation 
may be written 



thermal potential difference 

Heat flow = [2-4] 

thermal resistance 



a relation quite like Ohm’s law in electric-circuit theory. In Equation (2-1) the thermal 
resistance is A x/kA, and in Equation (2-3) it is the sum of the three terms in the denominator. 
We should expect this situation in Equation (2-3) because the three walls side by side act as 
three thermal resistances in series. The equivalent electric circuit is shown in Figure 2-1 b. 

The electrical analogy may be used to solve more complex problems involving both 
series and parallel thermal resistances. A typical problem and its analogous electric circuit 
are shown in Figure 2-2. The one-dimensional heat-flow equation for this type of problem 
may be written 



A ^overall 



[2-5] 



where the R t h are the thermal resistances of the various materials. The units for the thermal 
resistance are °C/W or °F • h/Btu. 

It is well to mention that in some systems, like that in Figure 2-2, two-dimensional 
heat flow may result if the thermal conductivities of materials B, C, and D differ by an 
appreciable amount. In these cases other techniques must be employed to effect a solution. 



2-3 I INSULATION AND R VALUES 

In Chapter 1 we noted that the thermal conductivities for a number of insulating materials are 
given in Appendix A. In classifying the performance of insulation, it is a common practice 
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Figure 2-2 I Series and parallel one-dimensional heat transfer through a 
composite wall and electrical analog. 
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in the building industry to use a term called the R value, which is defined as 



R = 



AT 

q/A 



[ 2 - 6 ] 



The units for R are °C ■ m 2 /W or °F ■ ft 2 • h/Btu. Note that this differs from the thermal- 
resistance concept discussed above in that a heat flow per unit area is used. 

At this point it is worthwhile to classify insulation materials in terms of their application 
and allowable temperature ranges. Table 2-1 furnishes such information and may be used 
as a guide for the selection of insulating materials. 



2-4 I RADIAL SYSTEMS 

Cylinders 

Consider a long cylinder of inside radius r outside radius r 0 , and length L , such as the 
one shown in Figure 2-3. We expose this cylinder to a temperature differential 7] — T a and 
ask what the heat flow will be. For a cylinder with length very large compared to diameter, 
it may be assumed that the heat flows only in a radial direction, so that the only space 
coordinate needed to specify the system is r. Again, Fourier’s law is used by inserting the 
proper area relation. The area for heat flow in the cylindrical system is 

A r — 2nrL 



so that Fourier’s law is written 



q r — —kA r 



dT 

~dr 



[ 2 - 7 ] 



or 



q r — —2 tt krL — 
dr 
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2-4 Radial Systems 



Table 2-1 I Insulation types and applications. 



Type 


Temperature 
range, “C 


Thermal 
conductivity, 
m VVVin °C 


Density, 

kg/m 3 


Application 


1 


Linde evacuated superinsulation 


-240-1100 


0.0015-0.72 


Variable 


Many 


2 


Urethane foam 


-180-150 


16-20 


25^18 


Hot and cold pipes 


3 


Urethane foam 


-170-110 


16-20 


32 


Tanks 


4 


Cellular glass blocks 


-200-200 


29-108 


110-150 


Tanks and pipes 


5 


Fiberglass blanket for wrapping 


-80-290 


22-78 


10-50 


Pipe and pipe fittings 


6 


Fiberglass blankets 


-170-230 


25-86 


10-50 


Tanks and equipment 


7 


Fiberglass preformed shapes 


-50-230 


32-55 


10-50 


Piping 


8 


Elastomeric sheets 


-40-100 


36-39 


70-100 


Tanks 


9 


Fiberglass mats 


60-370 


30-55 


10-50 


Pipe and pipe fittings 


10 


Elastomeric preformed shapes 


-40-100 


36-39 


70-100 


Pipe and fittings 


11 


Fiberglass with vapor 
barrier blanket 


-5-70 


29-45 


10-32 


Refrigeration lines 


12 


Fiberglass without vapor 
barrier jacket 


to 250 


29-45 


24^18 


Hot piping 


13 


Fiberglass boards 


20^150 


33-52 


25-100 


Boilers, tanks, 
heat exchangers 


14 


Cellular glass blocks and boards 


20-500 


29-108 


110-150 


Hot piping 


15 


Urethane foam blocks and 
boards 


100-150 


16-20 


25-65 


Piping 


16 


Mineral fiber preformed shapes 


to 650 


35-91 


125-160 


Hot piping 


17 


Mineral fiber blankets 


to 750 


37-81 


125 


Hot piping 


18 


Mineral wool blocks 


450-1000 


52-130 


175-290 


Hot piping 


19 


Calcium silicate blocks, boards 


230-1000 


32-85 


100-160 


Hot piping, boilers, 
chimney linings 


20 


Mineral fiber blocks 


to 1100 


52-130 


210 


Boilers and tanks 



Figure 2-3 I One-dimensional heat flow 
through a hollow cylinder 
and electrical analog. 
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Figure 2-4 I One-dimensional heat flow through multiple cylindrical sections 
and electrical analog. 




with the boundary conditions 



T = Tj 
T=T a 



at r — r , 
at r=r„ 



The solution to Equation (2-7) is 



2 nkL (Ti - T 0 ) 
In (r 0 /n) 



[ 2 - 8 ] 



and the thermal resistance in this case is 

_ In (r 0 /n) 
th ~~ 2nkL 



The thermal-resistance concept may be used for multiple-layer cylindrical walls just as it 
was used for plane walls. For the three -layer system shown in Figure 2-4 the solution is 

2 nL (T\ - T 4 ) 



< 7 : 



In ( r 2 /r\)/k A + In ( r 3 /r 2 )/k B + In (r 4 /r 3 )/fc c 



[2-9] 



The thermal circuit is also shown in Figure 2-4. 



Spheres 



Spherical systems may also be treated as one -dimensional when the temperature is a function 
of radius only. The heat flow is then 



4t rk ( Tj - T 0 ) 
1 /n - 1 /r a 



[ 2 - 10 ] 



The derivation of Equation (2-10) is left as an exercise. 



Mu[ti[ayer Conduction 



EXAMPLE 2-1 



An exterior wall of a house may be approximated by a 4-in layer of common brick [k = 
0.7 W/m ■ °C] followed by a 1.5-in layer of gypsum plaster [k = 0.48 W/m ■ °C]. What thick- 
ness of loosely packed rock-wool insulation [A' = 0.065 W/m • °C] should be added to reduce the 
heat loss (or gain) through the wall by 80 percent? 
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2-4 Radial Systems 



■ Solution 

The overall heat loss will be given by 



AT 

q 



Because the heat loss with the rock-wool insulation will be only 20 percent (80 percent reduction) 
of that before insulation 



q with insulation 
q without insulation 



Y Rth without insulation 
Y Rth with insulation 



We have for the brick and plaster, for unit area, 



A.r (4) (0.0254) 7 . 

R b = — = — = 0.145 m 2 ■ °C/W 

b k 0.7 ' 



R P = 



Ax 



(1.5) (0.0254) 
(148 



= 0.079 m 2 • °C/W 



so that the thermal resistance without insulation is 

R = 0.145 + 0.079 = 0.224 m 2 ■ °C/W 



Then 

0.224 j a 

R with insulation = = 1 . 122 m 2 ■ °C/W 

0.2 7 

and this represents the sum of our previous value and the resistance for the rock wool 



so that 



1.122 = 0.224 + R rw 
Ax 

R rw = 0.898 = — = 
k 



Ax 

0.065 



Ax rw = 0.0584 m = 2.30 in 



Figure Example 2-2 




EXAMPLE 2-2 



Multilayer Cylindrical System 



A thick-walled tube of stainless steel [18% Cr, 8% Ni, k = 19 W/m • °C] with 2-cm inner diam- 
eter (ID) and 4-cm outer diameter (OD) is covered with a 3-cm layer of asbestos insulation 
[k = 0.2 W/m • °C]. If the inside wall temperature of the pipe is maintained at 600°C, calculate 
the heat loss per meter of length. Also calculate the tube-insulation interface temperature. 



■ Solution 

Figure Example 2-2 shows the thermal network for this problem. The heat flow is given by 
q_ 2 tc(T x -T 2 ) _ 2n (600 — 100) 

L In (r 2 /r\)/ k s + ln(r 3 /r 2 )/ k a (In 2)/19 + (In |)/0.2 



= 680 W/m 



In (r 2 /r x ) \n(rjr 2 ) 
2nk s L 2 nk a L 



This heat flow may be used to calculate the interface temperature between the outside tube wall 
and the insulation. We have 



<7 

L 



Ta-T 2 



In ( r 3 /r 2 )/2nk a 



= 680 W/m 
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where T a is the interface temperature, which may be obtained as 

T a = 595. 8°C 

The largest thermal resistance clearly results from the insulation, and thus the major portion of the 
temperature drop is through that material. 



Convection Boundary Conditions 

We have already seen in Chapter 1 that convection heat transfer can be calculated from 

?conv = hA (T w Too) 

An electric -resistance analogy can also be drawn for the convection process by rewriting 
the equation as 



_ T w — Too 
t?conv — Tyr— 

l/h A 

where the l/h A term now becomes the convection resistance. 



[ 2 - 11 ] 



2-5 I THE OVERALL HEAT-TRANSFER 
COEFFICIENT 

Consider the plane wall shown in Figure 2-5 exposed to a hot fluid A on one side and a 
cooler fluid B on the other side. The heat transfer is expressed by 

q = hiA(T A -T l )='^(T 1 -T2) = h2A(T2- T B ) 

Ax 

The heat-transfer process may be represented by the resistance network in Figure 2-5, and 
the overall heat transfer is calculated as the ratio of the overall temperature difference to 
the sum of the thermal resistances: 



Ta-Tb 

l/h\A + A x/kA + I/I 12 A 



[ 2 - 12 ] 



Figure 2-5 I Overall heat transfer through a plane wall. 
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2-5 The Overall Heat-Transfer Coefficient 



Figure 2-6 I Resistance analogy for hollow cylinder with convection boundaries. 



'3 



tu 




Observe that the value 1/ hA is used to represent the convection resistance. The overall 
heat transfer by combined conduction and convection is frequently expressed in terms of 
an overall heat-transfer coefficient U , defined by the relation 

q=UA A 7’ 0v e ra || [2-13] 



where A is some suitable area for the heat flow. In accordance with Equation (2-12), the 
overall heat-transfer coefficient would be 

1 

t/ = 

l/h i + A x/k + l//z 2 



The overall heat-transfer coefficient is also related to the R value of Equation (2-6) through 

1 

U= 

R value 



For a hollow cylinder exposed to a convection environment on its inner and outer surfaces, 
the electric-resistance analogy would appear as in Figure 2-6 where, again, T,\ and Tb are 
the two fluid temperatures. Note that the area for convection is not the same for both fluids 
in this case, these areas depending on the inside tube diameter and wall thickness. The 
overall heat transfer would be expressed by 



Ta-Tb 

1 | In (r 0 /n) | 1 

hjAj 2i rkL h 0 A 0 



[2-14] 



in accordance with the thermal network shown in Figure 2-6. The terms A, and A a represent 
the inside and outside surface areas of the inner tube. The overall heat-transfer coefficient 
may be based on either the inside or the outside area of the tube. Accordingly, 

1 

Ut = -j , . . . , — r [2-15] 

J_ A/ In (r 0 /n) Ar J_ 

hi 2 ttIcL A a h„ 



1 

Ao_ J_ A p In (r 0 /r,) 

A/ hi 2nkL h a 



[2-16] 



The general notion, for either the plane wall or cylindrical coordinate system, is that 
UA = 1/E R th = 1/Rth, overall 
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Calculations of the convection heat-transfer coefficients for use in the overall heat-transfer 
coefficient are made in accordance with the methods described in later chapters. Some typi- 
cal values of the overall heat-transfer coefficient for heat exchangers are given in Table 10-1. 
Some values of U for common types of building construction system are given in Table 2-2 
and may be employed for calculations involving the heating and cooling of buildings. 

Table 2-2 I Overall heat transfer coefficients for common construction systems according to James 
and Goss [12]. 



Description of construction system U, Btu/hr • ft 2 • °F U, W/m 2 ■ °C 



1 


2 x 3 in double-wood stud wall, 406 mm OC, polyisocyanurate 
(0.08-mm vapor retarder, 19-mm insulation), fiberglass batts 
in cavity, 12.7-mm plywood 


0.027 


0.153 


2 


2 x 4 in wood stud wall, 406 mm OC, polyisocyanurate 
foil-faced, fiberglass batts in cavity, 15-mm plywood 


0.060 


0.359 


3 


2 x 4 in wood stud wall, 406 mm OC, 38-mm polyisocyanurate, 
foil-faced, cellular polyurethane in cavity, 19-mm plywood 


0.039 


0.221 


4 


2 x 4 in wood stud wall, 406 mm OC, 15-mm exterior sheathing, 
0.05-mm polyethylene vapor barrier, no fill in cavity 


0.326 


1.85 


5 


Nominal 4-in concrete-block wall with brick facade and 
extruded polystyrene insulation 


0.080 


0.456 


6 


2 x 4 in wood stud wall, 406 mm OC, fiberglass batt insulation 
in cavity, 16-mm plywood 


0.084 


0.477 


7 


2 x 4 in wood stud wall, 406 mm OC, fiberglass batt insulation 
in cavity, 16-mm plywood, clay brick veneer 


0.060 


0.341 


8 


2 x 4 in wood stud wall, 406 mm OC, fiberglass batt in cavity, 
13-mm plywood, aluminum or vinyl siding 


0.074 


0.417 


9 


2 x 4 in wood stud wall, 406 mm OC, polyurethane foam 
in cavity, extruded polystyrene sheathing, aluminum siding 


0.040 


0.228 


10 


2 x 4 in steel stud wall, 406 mm OC, fiberglass batts 
in cavity, 41 -mm air space, 13-mm plaster board 


0.122 


0.691 


11 


Aluminum motor home roof with fiberglass insulation 
in cavity (32 mm) 


0.072 


0.41 


12 


2 x 6 in wood stud ceiling, 406 mm OC, fiberglass 

foil-faced insulation in cavity, reflective airspace (e « 0.05) 


0.065 


0.369 


13 


8-in (203-mm) normal-weight structural concrete ( p = 2270 kg/m 3 ) 
wall, 18-mm board insulation, painted off-white 


0.144 


0.817 


14 


10-in (254-mm) concrete-block-brick cavity wall, 
no insulation in cavities 


0.322 


1.83 


15 


8-in (203-mm) medium-weight concrete block wall, 
perlite insulation in cores 


0.229 


1.3 


16 


8-in (203-mm) normal- weight structural concrete, 

(p = 2270 kg/m 3 ) including steel reinforcement bars 
(Note: actual thickness of concrete is 211 mm.) 


0.764 


4.34 


17 


8-in (203-mm) lightweight structural concrete (p= 1570 kg/m 3 ) 
including steel reinforcement bars 
(Note: Actual thickness of concrete is 210 mm.) 


0.483 


2.75 


18 


8-in (203-mm) low-density concrete wall ( p = 670 kg/m 3 ) 
including steel reinforcement bars 
(Note: Actual thickness of concrete is 216 mm.) 


0.216 


1.23 


19 


Corrugated sheet steel wall with 10.2-in (260-mm.) 
fiberglass batt in cavity 


0.030 


0.17 


20 


Corrugated sheet steel wall with (159-mm) fiberglass batt in cavity 


0.054 


0.31 


21 


Metal building roof deck, 25 mm polyisocyanurate, foil-faced 
(s « 0.03), 203-mm reflective air space 


0.094 


0.535 


22 


Metal building roof deck, 25-mm foil-faced polyisocyanurate, 
38-mm fiberglass batts in cavity 


0.065 


0.366 
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2-5 The Overall Heat-Transfer Coefficient 



EXAMPLE 2-3 



Heat Transfer Through a Composite Wall 



“Two-by-four” wood studs have actual dimensions of 4.13 x 9.21 cm and a thermal conductivity 
of 0.1 W/m • °C. Atypical wall for a house is constructed as shown Figure Example 2-3. Calculate 
the overall heat-transfer coefficient and R value of the wall. 



Figure Example 2-3 I (a) Construction of a dwelling wall; (b) thermal resistance 
model. 




1.9 cm, k = 0.96 



1.9 cm, k = 0.48 



(a) 




0 b ) 



■ Solution 

The wall section may be considered as having two parallel heat-flow paths: (1) through the studs, 
and (2) through the insulation. We will compute the thermal resistance for each, and then combine 
the values to obtain the overall heat-transfer coefficient. 

1. Heat transfer through studs (A = 0.0413 m 2 for unit depth). This heat flow occurs through six 
thermal resistances: 



a. Convection resistance outside of brick 



hA (15) (0.04 13) 



1.614 °C/W 



b. Conduction resistance in brick 



R — Ax/kA = 



0.08 

(0.69)(0.0413) 



= 2.807 °C/W 



c. Conduction resistance through outer sheet 



R = 



Ax 

Ia 



0.019 

(0.96) (0.04 13) 



= 0.48 °C/W 
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d. Conduction resistance through wood stud 




0.0921 

(0. 1 ) (0.04 13) 



= 22.3 °C/W 



e. Conduction resistance through inner sheet 




0.019 

(0.48) (0.04 13) 



= 0.96 °C/W 



f. Convection resistance on inside 




1 

(7.5) (0.04 13) 



= 3.23 °C/W 



The total thermal resistance through the wood stud section is 

tftotal = 1.6144- 2.807 + 0.48 + 22.3 + 0.96 + 3.23 = 31.39 °C/W [a] 

2. Insulation section (A = 0.406 — 0.0413 m 2 for unit depth). Through the insulation sec- 
tion, five of the materials are the same, but the resistances involve different area terms, 
i.e., 40.6 — 4.13 cm instead of 4.13 cm, so that each of the previous resistances must be mul- 
tiplied by a factor of 4.13/(40.6 — 4.13) = 0.113. The resistance through the insulation is 

Ax 0.0921 

R = — = = 6.31 

kA (0.04X0.406- 0.0413) 

and the total resistance through the insulation section is 

/(total = (1-614 + 2.807 + 0.48 + 0.96 + 3.23)(0.113) + 6.31 = 7.337 °C/W [ b ] 

The overall resistance for the section is now obtained by combining the parallel resistances in 
Equations (a) and ( b ) to give 



^overall — ' 



1 



(1/31.39) + (1/7.337) 

This value is related to the overall heat-transfer coefficient by 

AT 

q = UAAT = 



= 5.947 °C/W 



“overall 

where A is the area of the total section = 0.406 m 2 . Thus, 



[C] 



[d] 



u- 1 



1 



RA (5.947)(0.406) 



= 0.414 W/m 2 -°C 



As we have seen, the R value is somewhat different from thermal resistance and is given by 

11 9 

R value = - = = 2.414°C ■ m 2 /W 

U 0.414 ; 

■ Comment 

This example illustrates the relationships between the concepts of thermal resistance, the overall 
heat-transfer coefficient, and the R value. Note that the R value involves a unit area concept, while 
the thermal resistance does not. 
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2-5 The Overall Heat-Transfer Coefficient 



EXAMPLE 2-4 



Cooling Cost Savings with Extra Insulation 



A small metal building is to be constructed of corrugated steel sheet walls with a total wall surface 
area of about 300 m 2 . The air conditioner consumes about 1 kW of electricity for every 4kW 
of cooling supplied. 1 Two wall constructions are to be compared on the basis of cooling costs. 
Assume that electricity costs $0. 1 5/kWh. Determine the electrical energy savings of using 260 mm 
of fiberglass batt insulation instead of 159 mm of fiberglass insulation in the wall. Assume an overall 
temperature difference across the wall of 20° C on a hot summer day in Texas. 

■ Solution 

Consulting Table 2-2 (Numbers 19 and 20) we find that overall heat transfer coefficients for the 
two selected wall constructions are 

U( 260-nun fiberglass) = 0.17 W/m 2 ■ °C 

U (159-mm fiberglass) = 0.31 W/m 2 ■ °C 

The heat gain is calculated from q = UA AT, so for the two constructions 

q (260-mm fiberglass) = (0.17)(300)(20) = 1020W 

q (159-mm fiberglass) = (0.31)(300) (20) = 1860 W 
Savings due to extra insulation = 840 W 
The energy consumed to supply this extra cooling is therefore 

Extra electric power required = (840)(l/4) = 210 W 

and the cost is 

Cost = (0.210kW)(0.15$/kWh) = 0.0315 $/hr 
Assuming 10-h/day operation for 23 days/month this cost becomes 

(0.03 15) ( 10) (23) = $7.25 /month 

Both of these cases are rather well insulated. If one makes a comparison to a 2 x 4 wood stud wall 
with no insulation (Number 4 in Table 2-2) fill in the cavity ( U = 1.85 W/m 2 ■ °C), the heating 
load would be 

q — (1.85) (300) (20) = 11,100W 

and the savings compared with the 260-mm fiberglass insulation would be 

11,100- 1020= 10,080 W 

producing a corresponding electric power saving of $0.378/h or $86. 94/month. Clearly the insu- 
lated wall will pay for itself. It is a matter of conjecture whether the 260-mm of insulation will 
pay for itself in comparison to the 159-mm insulation. 



'This is not getting something for nothing. Consult any standard thermodynamics text for the reason for this 
behavior. 




CHAPTER2 Steady-State Conduction — One Dimension 



39 



Overall Heat-Transfer Coefficient for a Tube 



EXAMPLE 2-5 



Water flows at 50°C inside a 2.5-cm-inside-diameter tube such that h, = 3500 W/nt 2 ■ °C. The 
tube has a wall thickness of 0.8 mm with a thermal conductivity of 16 W/m ■ °C. The outside of 
the tube loses heat by free convection with h a = 7.6 W/m 2 • °C. Calculate the overall heat-transfer 
coefficient and heat loss per unit length to surrounding air at 20°C. 

■ Solution 

There are three resistances in series for this problem, as illustrated in Equation (2-14). With 
L = 1.0 m, di — 0.025 m, and d 0 = 0.025 + (2) (0.0008) = 0.0266 m, the resistances may be cal- 
culated as 

1 1 



Ri = 
R,= 



hjAi (3500)77(0.025) (1.0) 

In (d 0 /di) 



= 0.00364 °C/W 



2nkL 

ln(0.0266/0.025) 

2jr(16)(1.0) 



= 0.00062 °C/W 



Ro = - 



1 



1 



h 0 A 0 (7.6)tt(0.0266)(1.0) 



= 1.575 °C/W 



Clearly, the outside convection resistance is the largest, and overwhelmingly so. This means that it 
is the controlling resistance for the total heat transfer because the other resistances (in series) are 
negligible in comparison. We shall base the overall heat-transfer coefficient on the outside tube 
area and write 

A T 

q==— = UA 0 AT [a] 

2 . - K 



U 0 = 



1 



1 



AoY,R [77(0.0266) ( 1 .0)] (0.00364 + 0.00062 + 1 .575) 

= 7.577 W/m 2 -°C 

or a value very close to the value of h a = 7.6 for the outside convection coefficient. The heat 
transfer is obtained from Equation (a), with 

q=UA a AT= (7.577)7T(0.0266)(1. 0)(50 — 20) = 19 W (for 1.0 m length) 

■ Comment 

This example illustrates the important point that many practical heat-transfer problems involve 
multiple modes of heat transfer acting in combination; in this case, as a series of thermal resis- 
tances. It is not unusual for one mode of heat transfer to dominate the overall problem. In this 
example, the total heat transfer could have been computed very nearly by just calculating the free 
convection heat loss from the outside of the tube maintained at a temperature of 50°C. Because 
the inside convection and tube wall resistances are so small, there are correspondingly small tem- 
perature drops, and the outside temperature of the tube will be very nearly that of the liquid inside, 
or 50° C. 



2-6 I CRITICAL THICKNESS OF INSULATION 

Let us consider a layer of insulation which might be installed around a circular pipe, as 
shown in Figure 2-7. The inner temperature of the insulation is fixed at 7), and the outer 
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2-6 Critical Thickness of Insulation 



Figure 2-7 I Critical insulation thickness. 




In kL 2nr a Lh 



surface is exposed to a convection environment at Too ■ From the thermal network the heat 
transfer is 



2txL ( Tt - Too ) 
q ~ ln (r 0 /n) ~ 

k r a h 



[2-17] 



Now let us manipulate this expression to determine the outer radius of insulation r„, which 
will maximize the heat transfer. The maximization condition is 



^ = 0 = 
dr a 






In (r 0 /n) 1 

k r a h 



-l2 



which gives the result 




[2-18] 



Equation (2- 1 8) expresses the critical-radius-of-insulation concept. If the outer radius is less 
than the value given by this equation, then the heat transfer will be increased by adding more 
insulation. For outer radii greater than the critical value an increase in insulation thickness 
will cause a decrease in heat transfer. The central concept is that for sufficiently small values 
of h the convection heat loss may actually increase with the addition of insulation because 
of increased surface area. 



EXAMPLE 2-6 



Critica[ Insu[ation Thickness 



Calculate the critical radius of insulation for asbestos [/r = 0. 1 7 W/m-°C] surrounding a pipe 
and exposed to room air at 20°C with h — 3.0 W/m 2 • °C. Calculate the heat loss from a 200°C, 
5.0-cm-diameter pipe when covered with the critical radius of insulation and without insulation. 

■ Solution 

From Equation (2- 1 8) we calculate r a as 

k 0.17 

r a = - = = 0.0567 m = 5.67 cm 

h 3.0 

The inside radius of the insulation is 5.0/2 = 2.5 cm, so the heat transfer is calculated from Equation 
(2-17) as 

q _ In (200 - 20) 

L Z In (5.67/2.5) T 

0T7 + (0.0567X3.0) 

Without insulation the convection from the outer surface of the pipe is 

j- =h(2nr)(Tj - T a ) = (3.0)(2;r)(0.025)(200 - 20) = 84.8 W/m 



= 105.7 W/m 
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So, the addition of 3.17 cm (5.67 — 2.5) of insulation actually increases the heat transfer by 
25 percent. 

As an alternative, fiberglass having a thermal conductivity of 0.04 W/m • °C might be 
employed as the insulation material. Then, the critical radius would be 



Now, the value of the critical radius is less than the outside radius of the pipe (2.5 cm), so addition 
of any fiberglass insulation would cause a decrease in the heat transfer. In a practical pipe insulation 
problem, the total heat loss will also be influenced by radiation as well as convection from the 
outer surface of the insulation. 



A number of interesting applications of the principles of heat transfer are concerned with 
systems in which heat may be generated internally. Nuclear reactors are one example; 
electrical conductors and chemically reacting systems are others. At this point we shall 
confine our discussion to one-dimensional systems, or, more specifically, systems where 
the temperature is a function of only one space coordinate. 

Plane Wall with Heat Sources 

Consider the plane wall with uniformly distributed heat sources shown in Figure 2-8. The 
thickness of the wall in the x direction is 2 L, and it is assumed that the dimensions in 
the other directions are sufficiently large that the heat flow may be considered as one- 
dimensional. The heat generated per unit volume is q, and we assume that the thermal 
conductivity does not vary with temperature. This situation might be produced in a practical 
situation by passing a current through an electrically conducting material. From Chapter 1, 



k 0.04 

r 0 = — = = 0.0133 m = 1 .33 cm 



h 3.0 



2-7 I HEAT-SOURCE SYSTEMS 



Figure 2-8 I Sketch illustrating 



one-dimensional 
conduction problem with 
heat generation. 




o 




q = heat generated per 
unit volume 
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2-7 Heat-Source Systems 



the differential equation that governs the heat flow is 

drT q 
~dx 2 + k^° 



[2-19] 



For the boundary conditions we specify the temperatures on either side of the wall, i.e., 

T=T W atx =±L [2-20] 



The general solution to Equation (2-19) is 

T = 



< 1, x 2 + C\x + C 2 
2k 



[ 2 - 21 ] 



Because the temperature must be the same on each side of the wall, C\ must be zero. The 
temperature at the midplane ( x = 0) is denoted by 7b and from Equation (2-21) 



To = C 2 



The temperature distribution is therefore 



or 



1 

II 


[2-22 a\ 


T- To _ / x\ 2 
T w -To~\l) 


[2-22 b] 



a parabolic distribution. An expression for the midplane temperature Tq may be obtained 
through an energy balance. At steady-state conditions the total heat generated must equal 
the heat lost at the faces. Thus 



, dT 
2 | -kA — 
dx 



x=L 



— qA 2 L 



where A is the cross-sectional area of the plate. The temperature gradient at the wall is 
obtained by differentiating Equation (2-22 b): 



dT 

dx 



x=L 



. 2x 

= (T w - 7o) ( - 2 



= (T w - T 0 ) - 



J x=L 



Then 



and 



-k(T u , - Tq) ~^=k L 



qL z 



[2-23] 



This same result could be obtained by substituting T = T w at x — L into Equation 
( 2 - 22 a). 

The equation for the temperature distribution could also be written in the alternative 
form 

T-T w _ i x 2 
To - T w L 2 



[2-22 c] 
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2-8 I CYLINDER WITH HEAT SOURCES 



Consider a cylinder of radius R with uniformly distributed heat sources and constant thermal 
conductivity. If the cylinder is sufficiently long that the temperature may be considered a 
function of radius only, the appropriate differential equation may be obtained by neglecting 
the axial, azimuth, and time-dependent terms in Equation (1-3 b), 



d 2 T 1 dT q 

^ + rd^ + k = ° 



[ 2 - 24 ] 



The boundary conditions are 

T —T w at r = R 



and heat generated equals heat lost at the surface: 



qjrR 2 L — — klitRL 



dT 

dr 



r=R 



Since the temperature function must be continuous at the center of the cylinder, we could 
specify that 



dT 

dr 



at r = 0 



However, it will not be necessary to use this condition since it will be satisfied automatically 
when the two boundary conditions are satisfied. 

We rewrite Equation (2-24) 



and note that 



Then integration yields 



and 



T = 



d 2 T 
r -1- 


dT - 


dr 2 


dr 


T dT 

_L 


d 1 


• 2 dr 


dr \ 


dT 


-hr 2 , 


dr 


2k 


--^ +Cl ln 


4 k 



dT 

~dr 



+ C i 



c 2 



From the second boundary condition above, 

dT — qR — qR C\ 

dr _ r _ R 2k 2k R 



Thus 



Ci =0 



We could also note that C \ must be zero because at /- = 0 the logarithm function becomes 
infinite. 

From the first boundary condition, 

• ^2 

T = T W = — h C 2 at r — R 

Ak 
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2-8 Cylinder with Heat Sources 



so that 



qR l 

Ci — T w + — — - 
4 k 



The final solution for the temperature distribution is then 



or, in dimensionless form. 



T-T w =^-(R 2 -r 2 ) 






T 0 -T t 

where 7o is the temperature at r — 0 and is given by 

qR 2 

7b = V + T w 
4k 



[2-25 a] 



[2-25 b] 



[2-26] 



It is left as an exercise to show that the temperature gradient at r = 0 is zero. 

For a hollow cylinder with uniformly distributed heat sources the appropriate boundary 
conditions would be 

T = Tj at r = rj (inside surface) 

T —T 0 at r — r 0 (outside surface) 



The general solution is still 



T — — — — h Ci In r + Ci 
4k 



Application of the new boundary conditions yields 

r - 7 ’° = ^ (r '- r2) + Cll V 



[2-27] 



where the constant C\ is given by 

Ct = 



Ti-T 0 + q(r 2 -rl)/4k 
In (n/r 0 ) 



[2-28] 



EXAMPLE 2-7 



Heat Source with Convection 



A current of 200 A is passed through a stainless-steel wire [k = 19 W/m • °C] 3 mm in diameter. 
The resistivity of the steel may be taken as 70 • cm, and the length of the wire is 1 m. The 

wire is submerged in a liquid at 110°C and experiences a convection heat-transfer coefficient of 



4 k W/m 2 • °C. Calculate the center temperature of the wire. 

■ Solution 

All the power generated in the wire must be dissipated by convection to the liquid: 

P — I 2 R = q = hA (T w — Tqo) 



[a] 



The resistance of the wire is calculated from 



L 

* = p- = 



(70 x 10“ 6 )(100) 



= 0.099 Q. 



tc{QA5Y 

where p is the resistivity of the wire. The surface area of the wire is ndL, so from Equation (a), 
(200) 2 (0.099) = 40007r(3 x 10 _3 )(l)(r l „ - 110) = 3960 W 
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and 

r w = 215°C [419°F] 

The heat generated per unit volume q is calculated from 



so that 



3960 



q= 



P = qV = qjir L 



= 560.2 MW/m 3 [5.41 x 10 7 Btu/h • ft 3 ] 



7T (1.5 X 10-3) 2 (1) 

Finally, the center temperature of the wire is calculated from Equation (2-26): 
(5.602 x 10 8 )(1.5 x 1(T 3 ) 2 



t q = c -§ + Tw = - 



(4)( 19) 



■ +215 = 231.6°C [449 °F] 



2-9 I CONDUCTION-CONVECTION SYSTEMS 

The heat that is conducted through a body must frequently be removed (or delivered) by 
some convection process. For example, the heat lost by conduction through a furnace wall 
must be dissipated to the surroundings through convection. In heat-exchanger applications 
a finned-tube arrangement might be used to remove heat from a hot liquid. The heat transfer 
from the liquid to the finned tube is by convection. The heat is conducted through the 
material and finally dissipated to the surroundings by convection. Obviously, an analysis 
of combined conduction-convection systems is very important from a practical standpoint. 

We shall defer part of our analysis of conduction-convection systems to Chapter 10 
on heat exchangers. For the present we wish to examine some simple extended-surface 
problems. Consider the one-dimensional fin exposed to a surrounding fluid at a temperature 
as shown in Figure 2-9. The temperature of the base of the fin is 7o. We approach the 
problem by making an energy balance on an element of the fin of thickness dx as shown in 
the figure. Thus 

Energy in left face = energy out right face + energy lost by convection 



The defining equation for the convection heat-transfer coefficient is recalled as 



q = hA (T w - Too) 



[ 2 - 29 ] 



where the area in this equation is the surface area for convection. Let the cross-sectional 
area of the fin be A and the perimeter be P. Then the energy quantities are 



dT 

Energy in left face = q x = — kA — 

dx 

Energy out right face = q x +dx — — kA 



dT' 

dx 



x-\-dx 



= -kA 





Energy lost by convection = h P dx (T — Too) 
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Conduction-Convection Systems 



Figure 2-9 I Sketch illustrating one-dimensional 
conduction and convection through a 
rectangular fin. 




t 

> 



Here it is noted that the differential surface area for convection is the product of the perimeter 
of the fin and the differential length dx. When we combine the quantities, the energy balance 
yields 



d 2 T 
dx 2 



hP 

~kA 



(T ~T oo ) = 0 



Let 9—T — Toq. Then Equation (2-30 a) becomes 



[2-30a] 



d 2 0 hP 
dx 2 kA 

One boundary condition is 



6=9 0 — Tq-Too at x = 0 



[2-3061 



The other boundary condition depends on the physical situation. Several cases may be 
considered: 

CASE 1 The fin is very long, and the temperature at the end of the fin is essentially 
that of the surrounding fluid. 

CASE 2 The fin is of finite length and loses heat by convection from its end. 

CASE 3 The end of the fin is insulated so that dT/dx = 0 at x=L. 

If we let m 2 — hP/ k A. the general solution for Equation (2-30 b) may be written 



9=C l e~ mx + C 2 e mx 



[2-31] 



For case 1 the boundary conditions are 



at x — 0 



9 = 9 0 
9 = 0 



at x = oo 
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and the solution becomes 



T-T c 



00 £~ l7lX 



60 To — 

For case 3 the boundary conditions are 

9 = 60 at x — 0 
d9 

— =0 at x—L 
dx 



Thus 



Qo = C\ + C 2 

0 = m(-Cie~ mL + C 2 e mL ) 



Solving for the constants C\ and C 2 , we obtain 



9 0 1 + e ~ 2mL 1 + e 2 ' nL 

cosh [m(L — x)] 



cosh mL 



The hyperbolic functions are defined as 



sinh x — 



cosh x — 



e + e 



tanh x 



2 2 
sinh x e x — e~ x 



cosh x e x + e x 
The solution for case 2 is more involved algebraically, and the result is 
T — Too cosh m ( L — x) + ( h/mk ) sinh m ( L — x) 



To — Toe. 



cosh mL + (h/mk) sinh mL 



All of the heat lost by the fin must be conducted into the base at x — 0. 
equations for the temperature distribution, we can compute the heat loss from 



q — — kA 



dT 

dx 



J.Y=0 



An alternative method of integrating the convection heat loss could be used: 

q= f hP(T — Too) dx = f hPddx 
Jo Jo 



In most cases, however, the first equation is easier to apply. For case 1, 
q = -kA (-m9 0 e~ m((>) ) = VhPkA 6 0 

For case 3, 

q _ kAOom ^ j + e _ 2mL j + e+2 mL ^ 

= V h PkA 9o tanh mL 



[2-32] 



[2-33a] 

[2-336] 



[2-34] 

Using the 



[2-35] 

[2-36] 
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The heat flow for case 2 is 



q = VhPkA(T 0 -T oo ) 



sinh mL + (h / mk ) cosh mL 
cosh mL + (It /mk) sinh mL 



[ 2 - 37 ] 



In this development it has been assumed that the substantial temperature gradients occur 
only in the x direction. This assumption will be satisfied if the fin is sufficiently thin. For 
most fins of practical interest the error introduced by this assumption is less than 1 percent. 
The overall accuracy of practical fin calculations will usually be limited by uncertainties in 
values of the convection coefficient h. It is worthwhile to note that the convection coefficient 
is seldom uniform over the entire surface, as has been assumed above. If severe nonuniform 
behavior is encountered, numerical finite-difference techniques must be employed to solve 
the problem. Such techniques are discussed in Chapter 3. 



2-10 I FINS 



In the foregoing development we derived relations for the heat transfer from a rod or fin 
of uniform cross-sectional area protruding from a flat wall. In practical applications, fins 
may have varying cross-sectional areas and may be attached to circular surfaces. In either 
case the area must be considered as a variable in the derivation, and solution of the basic 
differential equation and the mathematical techniques become more tedious. We present 
only the results for these more complex situations. The reader is referred to References 1 
and 8 for details on the mathematical methods used to obtain the solutions. 

To indicate the effectiveness of a fin in transferring a given quantity of heat, a new 
parameter called fin efficiency is defined by 

actual heat transferred 

Fin efficiency = , r-r-. -= r = n f 

heat that would be transferred ' 

if entire fin area were 
at base temperature 



For case 3, the fin efficiency becomes 

y/hP kA 9 q tanh mL tanh m L 
111 ~ hPL6 Q “ mL 



[ 2 - 38 ] 



The fins discussed were assumed to be sufficiently deep that the heat flow could be 
considered one -dimensional. The expression for mL may be written 



mL — 




j h(2z + 2t) 

V kzt 



where z is the depth of the fin, and t is the thickness. Now, if the fin is sufficiently deep, the 
term 2 z will be large compared with 2 1, and 




Multiplying numerator and denominator by L 1 /2 gives 



mL 




i ■ is called the profile area of the fin, which we define as 

A m — Lt 
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so that 



mL = 




[2-39] 



We may therefore use the expression in Equation (2-39) to compute the efficiency of a fin 
with insulated tip as given by Equation (2-38). 

Harper and Brown [2] have shown that the solution in case 2 may be expressed in 
the same form as Equation (2-38) when the length of the fin is extended by one-half the 
thickness of the fin. In effect, lengthening of the fin by f/2 is assumed to represent the 
same convection heat transfer as half the fin tip area placed on top and bottom of the fin. A 
corrected length L c is then used in all the equations that apply for the case of the fin with 
an insulated tip. Thus 

L c = L + — [2-40] 



The error that results from this approximation will be less than 8 percent when 

^ ,,2 < I 

2k ~ 2 



[2-41] 



If a straight cylindrical rod extends from a wall, the corrected fin length is calculated 
from 

7 rd 2 /4 

L C = L+ — L- = L + d/ 4 [2-42] 

TCCl 

Again, the real fin is extended a sufficient length to produce a circumferential area equal to 
that of the tip area. 

Examples of other types of fins are shown in Figure 2-10. Figure 2-11 presents a 
comparison of the efficiencies of a triangular fin and a straight rectangular fin corresponding 
to case 2. Figure 2-12 shows the efficiencies of circumferential fins of rectangular cross- 
sectional area. Notice that the corrected fin lengths L c and profile area A m have been 
used in Figures 2-11 and 2-12. We may note that as r 2 C /r\ — > 1.0, the efficiency of the 
circumferential fin becomes identical to that of the straight fin of rectangular profile. 

It is interesting to note that the fin efficiency reaches its maximum value for the trivial 
case of L — 0, or no fin at all. Therefore, we should not expect to be able to maximize fin 
performance with respect to fin length. It is possible, however, to maximize the efficiency 
with respect to the quantity of fin material (mass, volume, or cost), and such a maximization 
process has rather obvious economic significance. We have not discussed the subject of 
radiation heat transfer from fins. The radiant transfer is an important consideration in a 



Figure 2-10 I Different types of finned surfaces, (a) Straight fin of 
rectangular profile on plane wall, ( b ) straight fin of 
rectangular profile on circular tube, (c) cylindrical tube 
with radial fin of rectangular profile, ( d ) cylindrical-spine 
or circular-rod fin. 
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Figure 2-11 I Efficiencies of straight rectangular and triangular fins. 




0 0.5 1 1.5 2 2.5 

L c 3 / 2 (/ 2 / M „,) 1/2 




rectangular 

triangular 

rectangular 

triangular 



Figure 2-12 I Efficiencies of circumferential fins of rectangular 
profile, according to Reference 3. 




0 0.5 1 1.5 2 2.5 3 

L c m (h/kAj ' 2 



number of applications, and the interested reader should consult Siegel and Howell [9] for 
information on this subject. 

In some cases a valid method of evaluating fin performance is to compare the heat 
transfer with the fin to that which would be obtained without the fin. The ratio of these 
quantities is 



q with fin i)fAfh9o 



q without fin hA\,Q o 
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where A f is the total surface area of the fin and A b is the base area. For the insulated-tip 
tin described by Equation (2-36), 

A f= PL 
A b = A 



and the heat ratio would become 

q with fin tanhwZ. 
q without fin hA/kP 

This term is sometimes called the.fi n effectiveness. 



Thermal Resistance for Fin- Wall Combinations 



Consider a fin attached to a wall as illustrated in either Figure 2-11 or Figure 2-12. We 
may calculate a thermal resistance for the wall using either R w = A x/kA for a plane wall, 
or R w = ln(r 0 /ri)/2nkL for a cylindrical wall. In the absence of the fin the convection 
resistance at the surface would be l/h A. The combined conduction and convection resistance 
R f for the fin is related to the heat lost by the fin through 

qf = r lf A f h0 o = [2-43] 

K f 



or, the fin resistance may be expressed as 



R f = 



1 

r] fA fh 



[2-44] 



The overall heat transfer through the fin-wall combination is then 



Tj — Too 

R w f + Rf 



[2-45] 



where 7) is the inside wall temperature and R w f is the wall resistance at the fin position. 
This heat transfer is only for the fin portion of the wall. Now consider the wall section 
shown in Figure 2-13, having a wall area A b for the fin and area A 0 for the open section of 
the wall exposed directly to the convection environment. The open wall heat transfer is 



Ti — Too 

Rwo T Rc 



[2-46] 



Figure 2-13 I Heat 
loss from fin-wall 
combination. 



/" Wall, R w 




where now 



Rn = 



1 

h A a 



[2-47] 



and R wo is the wall resistance for the open wall section. This value is R wo — Ax/ k„ : A „ for 
a plane wall, where A.r is the wall thickness. A logarithmic form would be employed for a 
cylindrical wall, as noted above. The total heat lost by the wall is therefore 



<7total —tjf + qo 



[2-48] 
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which may be expressed in terms of the thermal resistances by 



<?total — (Tj Too) 
= (Ti - Too) 



1 1 

. Rwf ± T ?/ R wo + R 0 
Rwo + Ro + Rwf ± Rf 
( Rwf + Rf)(R wo ± T? 0 ) 



[ 2 - 49 ] 



Conditions When Fins Do Not Help 



At this point we should remark that the installation of fins on a heat-transfer surface will not 
necessarily increase the heat-transfer rate. If the value of h, the convection coefficient, is 
large, as it is with high-velocity fluids or boiling liquids, the fin may produce a reduction in 
heat transfer because the conduction resistance then represents a larger impediment to the 
heat flow than the convection resistance. To illustrate the point, consider a stainless-steel 
pin fin that has k = 16 W/m • °C, L = 10 cm, d = 1 cm and that is exposed to a boiling-water 
convection situation with h — 5000 W/m 2 ■ °C. From Equation (2-36) we can compute 



q with fin tanh m L 

q without fin ^/liA/kp 



tanh 



= 1.13 



"5000tt( 1 x 10 _2 )(4) 



1/2 



16jt( 1 x 10“ 2 ) 2 



(10 x 10“ 2 ) 



" 5000jt( 1 x 10“ 2 ) 
_(4)(16 )tt( 1 x 10- 



2 - 1 1/2 



2 ) 



Thus, this rather large pin produces an increase of only 13 percent in the heat transfer. 

Still another method of evaluating fin performance is discussed in Problem 2-68. Kern 
and Kraus [8] give a very complete discussion of extended-surface heat transfer. Some 
photographs of different fin shapes used in electronic cooling applications are shown in 
Figure 2-14. These fins are obviously notone-dimensional, i.e., they cannot be characterized 
with a single space coordinate. 



Cautionary Remarks Concerning Convection Coefficients for Fins 

We have already noted that the convection coefficient may vary with type of fluid, flow 
velocity, geometry, etc. As we shall see in Chapters 5, 6, and 7, empirical correlations for 
h frequently have uncertainties of the order of ±25 percent. Moreover, the correlations are 
based on controlled laboratory experiments that are infrequently matched in practice. What 
this means is that the assumption of constant h used in the derivation of fin performance 
may be in considerable error and the value of h may vary over the fin surface. For the 
heat-transfer practitioner, complex geometries like those shown in Figure 2-14 must be 
treated with particular care. These configurations usually must be tested under near or actual 
operating conditions in order to determine their performance with acceptable reliability. 
These remarks are not meant to discourage the reader, but rather to urge prudence when 
estimating the performance of complex finned surfaces for critical applications. 
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Figure 2-14 I Some fin arrangements used in electronic cooling applications. 




Source: Courtesy Wakefield Engineering Inc., Wakefield, Mass. 



Influence of Thermal Conductivity on Fin 
Temperature Profiles 



EXAMPLE 2-8 



Compare the temperature distributions in a straight cylindrical rod having a diameter of 2 cm 
and a length of 10 cm and exposed to a convection environment with h = 25 W/m~ • °C, for 
three fin materials: copper [A' = 385 W/m °C], stainless steel [A =17 W/m-°C], and glass 
[A = 0.8 W/m ■ °C]. Also compare the relative heat flows and fin efficiencies. 

■ Solution 

We have 

hP _ (25M0.02) _ 5000 
AA “ AttCO.OI) 2 “ A 
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The terms of interest are therefore 



Material 


hP 

kA 


m 


mL 


Copper 


12.99 


3.604 


0.3604 


Stainless steel 


294.1 


17.15 


1.715 


Glass 


6250 


79.06 


7.906 



These values may be inserted into Equation (2-33 a) to calculate the temperatures at different 
x locations along the rod, and the results are shown in Figure Example 2-8. We notice that the 
glass behaves as a “very long” fin, and its behavior could be calculated from Equation (2-32). The 
fin efficiencies are calculated from Equation (2-38) by using the corrected length approximation 
of Equation (2-42). We have 

d 2 

L c = L + - = 10 + - = 10.5 cm 
4 4 



Figure Example 2-8 




x , cm 



The parameters of interest for the heat-flow and efficiency comparisons are now tabulated as 



Material 


hPkA 


niL c 


Copper 


0.190 


0.3784 


Stainless steel 


0.0084 


1.8008 


Glass 


3.9 x 10“ 4 


8.302 



To compare the heat flows we could either calculate the values from Equation (2-36) for a unit 
value of $o or observe that the fin efficiency gives a relative heat-flow comparison because the 
maximum heat transfer is the same for all three cases; i.e., we are dealing with the same fin size, 
shape, and value of h. We thus calculate the values of r from Equation (2-38) and the above 
values of mL c . 
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q relative to 


Material 


>1/ 


copper, % 


Copper 


0.955 


100 


Stainless steel 


0.526 


53.1 


Glass 


0.124 


12.6 



The temperature profiles in the accompanying figure can be somewhat misleading. The glass has 
the steepest temperature gradient at the base, but its much lower value of k produces a lower 
heat-transfer rate. 



Straight Aluminum Fin 



EXAMPLE 2-9 



An aluminum fin [fc = 200 W/m-°C] 3.0 mm thick and 7.5 cm long protrudes from a wall, 
as in Figure 2-9. The base is maintained at 300°C, and the ambient temperature is 50°C with 
h = 10 W/m 2 • °C. Calculate the heat loss from the fin per unit depth of material. 



■ Solution 

We may use the approximate method of solution by extending the fin a fictitious length t/2 and 
then computing the heat transfer from a fin with insulated tip as given by Equation (2-36). We 
have 



L c = L + f/2 = 7.5 + 0.15 = 7.65 cm [3.01 in] 



[hP 


'h(2z + 2t)~ 


V kA 


ktz 




when the fin depth z^>t. So, 



( 2 ) ( 10 ) 

. (200) (3 x 10-3). 



1/2 



5.774 



From Equation (2-36), for an insulated-tip fin 

q = (tanh mL c )y/ hPkA 9 q 



For aim depth 

A = (1)(3 x 10“ 3 ) = 3 x 10 -3 m 2 [4.65 in 2 ] 

and 

q = (5. 774) (200) (3 x 10 _3 )(300 - 50) tanh [(5.774)(0.0765)] 
= 359 W/m [373.5 Btu/h • ft] 



Circumferential Aluminum Fin 



EXAMPLE 2-10 



Aluminum fins 1 .5 cm wide and 1 .0 mm thick are placed on a 2.5-cm-diameter tube to dissipate the 
heat. The tube surface temperature is 170°, and the ambient-fluid temperature is 25°C. Calculate 
the heat loss per fin for h= 130 W/m 2 ■ °C. Assume k = 200 W/m ■ °C for aluminum. 

■ Solution 

For this example we can compute the heat transfer by using the fin-efficiency curves in 
Figure 2-12. The parameters needed are 

L c = L + f/2 = 1.5 + 0.05 = 1.55 cm 
H =2.5/2=1.25 cm 
r 2c = 'T + L c = 1.25 + 1.55 = 2.80 cm 





56 



2-10 Fins 



T'lcl r l = 2.80/1.25 = 2.24 

A m = f(r 2c - rj) = (0.001)(2.8 - 1.25)(10“ 2 ) = 1.55 x 10“ 5 m 2 



L 



3/2 

c 




(0.0155) 3/2 



130 

(200X1.55 x 10“ 




0.396 



From Figure 2-12, r]f = 82 percent. The heat that would be transferred if the entire fin were at the 
base temperature is (both sides of fin exchanging heat) 

<?max — 2?r (r 2 c — r 2 )/?(/<) — Too) 

= 2jr(2.8 2 - 1.25 2 )(10 _4 )(130)(170 - 25) 

= 74.35 W [253.7 Btu/h] 



The actual heat transfer is then the product of the heat flow and the fin efficiency: 
<7act = (0.82X74.35) = 60.97 W [208 Btu/h] 



EXAMPLE 



2-11 



Rod with Heat Sources 



A rod containing uniform heat sources per unit volume q is connected to two temperatures as shown 
in Figure Example 2-11. The rod is also exposed to an environment with convection coefficient h 
and temperature Too- Obtain an expression for the temperature distribution in the rod. 



Figure Example 2-11 




dx 



■ Solution 

We first must make an energy balance on the element of the rod shown, similar to that used to 
derive Equation (2-30). We have 

Energy in left face + heat generated in element 

= energy out right face + energy lost by convection 




Simplifying, we have 



d 2 T 
dx 2 



hP 

kA 



(T - Too) + 




[a] 
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or, with 9 = T — T 0 o and m 2 = hP/kA 



d z 9 7 q 

--m 2 e+i= 0 

ax k 



We can make a further variable substitution as 

9' =9 -q/km 2 



[b] 



so that our differential equation becomes 



d 2 9' 
dx 2 



- mV = 0 



which has the general solution 

9' = Cie~ mx + C 2 e mx 

The two end temperatures are used to establish the boundary conditions: 
9' = 0[ = 7i - - q/km 2 = Cj + C 2 

9' = 9*2 = T 2 — Too — q/km 2 = Cie _mi + C 2 e" ,Z - 

Solving for the constants Ci and C 2 gives 

, (6>'e 2mi - 9 l 2 e mL )e~ mx + - 0')^ 



e 2mL _ j 



[C] 

W] 



[«] 



For an infinitely long heat-generating fin with the left end maintained at T\, the temperature 
distribution becomes 

9'/9\=e- mx [/] 

a relation similar to Equation (2-32) for a non-heat-generating fin. 

■ Comment 

Note that the above relationships assume one-dimensional behavior, i.e., temperature dependence 
only on the jc-coordinate and temperature uniformity across the area A. For sufficiently large heat 
generation rates and/or cross-section areas, the assumption may no longer be valid. In these cases, 
the problem must be treated as multidimensional using the techniques described in Chapter 3. 



2-11 I THERMAL CONTACT RESISTANCE 

Imagine two solid bars brought into contact as indicated in Figure 2-15, with the sides of the 
bars insulated so that heat flows only in the axial direction. The materials may have different 
thermal conductivities, but if the sides are insulated, the heat flux must be the same through 
both materials under steady-state conditions. Experience shows that the actual temperature 
profile through the two materials varies approximately as shown in Figure 2-15 b. The tem- 
perature drop at plane 2, the contact plane between the two materials, is said to be the result of 
a thermal contact resistance. Performing an energy balance on the two materials, we obtain 



q = k/\A 



T\ - T 2A 
Ax a 



T 2 a — T 2B T 2B — T 3 

= k B A 

1 /h c A Ax b 



or 

T\ — T 3 
q= 



Axa/IcaA + l/h c A + A x B /k B A 



[ 2 - 50 ] 
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where the quantity \/h c A is called the thermal contact resistance and h, is called the contact 
coefficient. This factor can be extremely important in a number of applications because of 
the many heat-transfer situations that involve mechanical joining of two materials. 

The physical mechanism of contact resistance may be better understood by examining 
a joint in more detail, as shown in Figure 2-16. The actual surface roughness is exaggerated 
to implement the discussion. No real surface is perfectly smooth, and the actual surface 
roughness is believed to play a central role in determining the contact resistance. There are 
two principal contributions to the heat transfer at the joint: 

1. The solid-to-solid conduction at the spots of contact 

2. The conduction through entrapped gases in the void spaces created by the contact 

The second factor is believed to represent the major resistance to heat flow, because the 
thermal conductivity of the gas is quite small in comparison to that of the solids. 



Figure 2-15 I Illustrations of thermal-contact-resistance 
effect: ( a ) physical situation; 

(b) temperature profile. 




(b) 




Figure 2-16 I Joint-roughness model for analysis of 
thermal contact resistance. 
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Table 2-3 I Contact conductance of typical surfaces. 



Surface type 


Roughness 
in fim 


Temperature, 

°C 


Pressure, 

atm 


h • ft 2 • °F/ 
Btu 


1/ftc 

m 2 • °C/W x 10 4 


416 Stainless, ground, air 


too 


2.54 


90-200 


3-25 


0.0015 


2.64 


304 Stainless, ground, air 


45 


1.14 


20 


40-70 


0.003 


5.28 


416 Stainless, ground, with 


100 


2.54 


30-200 


7 


0.002 


3.52 


0.001 -in brass shim, air 


Aluminum, ground, air 


100 


2.54 


150 


12-25 


0.0005 


0.88 




10 


0.25 


150 


12-25 


0.0001 


0.18 


Aluminum, ground, with 


100 


2.54 


150 


12-200 


0.0007 


1.23 


0.001 -in brass shim, air 


Copper, ground, air 


50 


1.27 


20 


12-200 


0.00004 


0.07 


Copper, milled, air 


150 


3.81 


20 


10-50 


0.0001 


0.18 


Copper, milled, vacuum 


10 


0.25 


30 


7-70 


0.0005 


0.88 



Designating the contact area by A c and the void area by A v , we may write for the heat 
flow across the joint 

_ T'ia — T 2 B +k A ^ 2A ~ ^ 2B — TlA ~ 7 ' 2B 
q ~ L g /2k A A c + L g /2k B A c f v L~ g \/h c A 



where L g is the thickness of the void space and kf is the thermal conductivity of the fluid 
which fills the void space. The total cross-sectional area of the bars is A. Solving for h c , the 
contact coefficient, we obtain 



1 / A c 2 kAks 
Lg \ A k^A-kg 




[2-51] 



In most instances, air is the fluid filling the void space and k f is small compared with k,\ and 
kg. If the contact area is small, the major thermal resistance results from the void space. The 
main problem with this simple theory is that it is extremely difficult to determine effective 
values of A c , A v , and L g for surfaces in contact. 

From the physical model, we may tentatively conclude: 

1. The contact resistance should increase with a decrease in the ambient gas pressure when 
the pressure is decreased below the value where the mean free path of the molecules 
is large compared with a characteristic dimension of the void space, since the effective 
thermal conductance of the entrapped gas will be decreased for this condition. 

2. The contact resistance should be decreased for an increase in the joint pressure since 
this results in a deformation of the high spots of the contact surfaces, thereby creating a 
greater contact area between the solids. 

A very complete survey of the contact-resistance problem is presented in References 4, 
6, 7, 10, 11. Unfortunately, there is no satisfactory theory that will predict thermal contact 
resistance for all types of engineering materials, nor have experimental studies yielded 
completely reliable empirical correlations. This is understandable because of the many 
complex surface conditions that may be encountered in practice. 

Radiation heat transfer across the joint can also be important when high temperatures are 
encountered. This energy transfer may be calculated by the methods discussed in Chapter 8. 

For design purposes the contact conductance values given in Table 2-3 may be used 
in the absence of more specific information. Thermal contact resistance can be reduced 
markedly, perhaps as much as 75 percent, by the use of a “thermal grease” like Dow 340. 
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EXAMPLE 2-12 



Influence of Contact Conductance 
on Heat Transfer 



Two 3.0-cm-diameter 304 stainless-steel bars, 10 cm long, have ground surfaces and are exposed 
to air with a surface roughness of about 1 (tm. If the surfaces are pressed together with a pressure 
of 50 atm and the two-bar combination is exposed to an overall temperature difference of 100°C, 
calculate the axial heat flow and temperature drop across the contact surface. 

■ Solution 

The overall heat flow is subject to three thermal resistances, one conduction resistance for each 
bar, and the contact resistance. For the bars 

Ax (0.1) (4) 

Rth = fr = — = 8.679 C/W 

kA (16.3)tt( 3 x 10 -2 ) 2 



From Table 2-2 the contact resistance is 

1 



R c = 



(5.28 x 1 0 4 ) (4) 



= 0.747°C/W 



h c A n(3 x 10 2 ) 2 
The total thermal resistance is therefore 

^ = (2)(8.679) + 0.747 = 18.105 

and the overall heat flow is 



q = 



AT 



100 



E«ih 18.105 



= 5.52 W [18.83 Btu/h] 



The temperature drop across the contact is found by taking the ratio of the contact resistance to 
the total thermal resistance: 



A T c = - 



(0.747) (100) 

A T= - J = 4.13 C [39.43 F] 



E*th ~ 18.105 

In this problem the contact resistance represents about 4 percent of the total resistance. 



REVIEW QUESTIONS 

1. What is meant by the term one-dimensional when applied to conduction problems? 

2. What is meant by thermal resistance? 

3. Why is the one-dimensional heat-flow assumption important in the analysis of fins? 

4. Define fin efficiency. 

5. Why is the insulated-tip solution important for the fin problems? 

6. What is meant by thermal contact resistance? Upon what parameters does this resistance 
depend? 

LIST OF WORKED EXAMPLES 

2-1 Multilayer conduction 

2-2 Multilayer cylindrical system 

2-3 Heat transfer through a composite wall 

2-4 Cooling cost savings with extra insulation 

2-5 Overall heat-transfer coefficient for a tube 
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2-6 Critical insulation thickness 
2-7 Heat source with convection 

2-8 Influence of thermal conductivity on fin temperature profiles 
2-9 Straight aluminum fin 
2-10 Circumferential aluminum fin 
2-11 Rod with heat sources 

2-12 Influence of contact conductance on heat transfer 



PROBLEMS 

2-1 A wall 2 cm thick is to be constructed from material that has an average thermal 
conductivity of 1.3 W/m • °C. The wall is to be insulated with material having an 
average thermal conductivity of 0.35 W/m • °C, so that the heat loss per square meter 
will not exceed 1830 W. Assuming that the inner and outer surface temperatures of 
the insulated wall are 1300 and 30°C, calculate the thickness of insulation required. 

2-2 A certain material 2.5 cm thick, with a cross-sectional area of 0.1 m 2 , has one side 
maintained at 35°C and the other at 95°C. The temperature at the center plane of 
the material is 62°C, and the heat flow through the material is 1 kW. Obtain an 
expression for the thermal conductivity of the material as a function of temperature. 

2-3 A composite wall is formed of a 2. 5-cm copper plate, a 3.2-mm layer of asbestos, and 
a 5-cm layer of fiberglass. The wall is subjected to an overall temperature difference 
of 560°C. Calculate the heat flow per unit area through the composite structure. 

2-4 Find the heat transfer per unit area through the composite wall in Figure P2-4. 
Assume one-dimensional heat flow. 



Figure P2-4 




2-5 One side of a copper block 5 cm thick is maintained at 250°C. The other side is 
covered with a layer of fiberglass 2.5 cm thick. The outside of the fiberglass is main- 
tained at 35°C, and the total heat flow through the copper-fiberglass combination is 
52 kW. What is the area of the slab? 

2-6 An outside wall for a building consists of a 10-cm layer of common brick and a 
2. 5-cm layer of fiberglass [k — 0.05 W/m • °C]. Calculate the heat flow through the 
wall for a 25°C temperature differential. 
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2-7 One side of a copper block 4 cm thick is maintained at 175°C. The other side is 
covered with a layer of fiberglass 1.5 cm thick. The outside of the fiberglass is 
maintained at 80°C, and the total heat flow through the composite slab is 300 W. 
What is the area of the slab? 

2-8 A plane wall is constructed of a material having a thermal conductivity that varies 
as the square of the temperature according to the relation k — ko(l + /ST 2 ). Derive 
an expression for the heat transfer in such a wall. 

2-9 A steel tube having k = 46 W/m • °C has an inside diameter of 3.0 cm and a tube wall 
thickness of 2 mm. A fluid flows on the inside of the tube producing a convection 
coefficient of 1500 W/m 2 • °C on the inside surface, while a second fluid flows across 
the outside of the tube producing a convection coefficient of 197 W/m 2 • °C on the 
outside tube surface. The inside fluid temperature is 223°C while the outside fluid 
temperature is 57°C. Calculate the heat lost by the tube per meter of length. 

2-10 A certain material has a thickness of 30 cm and a thermal conductivity of 
0.04 W/m • °C. At a particular instant in time, the temperature distribution with x, 
the distance from the left face, is 7 = 1 50x 2 — 3 Ox, where x is in meters. Calculate 
the heat-flow rates at x — 0 and x = 30 cm. Is the solid heating up or cooling down? 

2-11 A 0.025-mm-diameter stainless steel wire having k = 16 W/m • °C is connected to 
two electrodes. The length of the wire is 80 cm and it is exposed to a convection 
environment at 20°C with h = 500 W/m 2 • °C. A voltage is impressed on the wire 
that produces temperatures at each electrode of 200°C. Determine the total heat lost 
by the wire. 

2-12 A wall is constructed of 2.0 cm of copper, 3.0 mm of asbestos sheet 
[k— 0.166 W/m-°C], and 6.0 cm of fiberglass. Calculate the heat flow per unit 
area for an overall temperature difference of 500°C. 

2-13 A certain building wall consists of 6.0 in of concrete [k— 1.2 W/m • °C], 2.0 in of 
fiberglass insulation, and | in of gypsum board [k — 0.05 W/m-°C], The inside 
and outside convection coefficients are 2.0 and 7.0 Btu/h • ft 2 • °F, respectively. The 
outside air temperature is 20°F, and the inside temperature is 72°F. Calculate the 
overall heat-transfer coefficient for the wall, the R value, and the heat loss per unit 
area. 

2-14 A wall is constructed of a section of stainless steel [k — 16 W/m • °C] 4.0 mm thick 
with identical layers of plastic on both sides of the steel. The overall heat-transfer 
coefficient, considering convection on both sides of the plastic, is 120 W/m 2 • °C. 
If the overall temperature difference across the arrangement is 60°C, calculate the 
temperature difference across the stainless steel. 

2-15 An ice chest is constructed of Styrofoam [k — 0.033 W/m • °C] with inside dimen- 
sions of 25 by 40 by 100 cm. The wall thickness is 5.0 cm. The outside of the chest 
is exposed to air at 25°C with h — 10 W/m 2 • °C. If the chest is completely filled 
with ice, calculate the time for the ice to completely melt. State your assumptions. 
The enthalpy of fusion for water is 330 kJ/kg. 

2-16 A spherical tank, 1 m in diameter, is maintained at a temperature of 120°C and 
exposed to a convection environment. With h — 25 W/m 2 • °C and T 0 Q = 15°C, what 
thickness of urethane foam should be added to ensure that the outer temperature of 
the insulation does not exceed 40°C? What percentage reduction in heat loss results 
from installing this insulation? 

2-17 A hollow sphere is constructed of aluminum with an inner diameter of 4 cm and an 
outer diameter of 8 cm. The inside temperature is 100°C and the outer temperature 
is 50°C. Calculate the heat transfer. 
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2-18 Suppose the sphere in Problem 2-16 is covered with a 1-cm layer of an insulating 
material having £ = 50 m W/m • °C and the outside of the insulation is exposed to 
an environment with h = 20 W/m 2 • °C and T a Q = 10°C. The inside of the sphere 
remains at 100°C. Calculate the heat transfer under these conditions. 

2-19 In Appendix A, dimensions of standard steel pipe are given. Suppose a 3-in schedule 
80 pipe is covered with 1 in of an insulation having £ = 60 mW/m- °C and the 
outside of the insulation is exposed to an environment having li — 10 W/m 2 • °C and 
Too — 20°C. The temperature of the inside of the pipe is 250°C. For unit length of 
the pipe calculate (a) overall thermal resistance and (b) heat loss. 

2-20 A steel pipe with 5-cm OD is covered with a 6.4-mm asbestos insulation 
[£ = 0.096 Btu/h- ft -°F] followed by a 2.5-cm layer of fiberglass insulation 
[£ = 0.028 Btu/h • ft • °F]. The pipe-wall temperature is 3 15°C, and the outside insu- 
lation temperature is 38°C. Calculate the interface temperature between the asbestos 
and fiberglass. 

2-21 Derive an expression for the thermal resistance through a hollow spherical shell 
of inside radius r, and outside radius r Q having a thermal conductivity £. (See 
Equation 2-10.) 

2-22 A 1.0 -mm-diameter wire is maintained at a temperature of 400°C and exposed to 
a convection environment at 40°C with h = 120 W/m 2 • °C. Calculate the thermal 
conductivity that will just cause an insulation thickness of 0.2 mm to produce a 
“critical radius.” How much of this insulation must be added to reduce the heat 
transfer by 75 percent from that which would be experienced by the bare wire? 

2-23 A 2.0-in schedule 40 steel pipe (see Appendix A) has £ = 27 Btu /h - ft - °F. The fluid 
inside the pipe has h = 30 Btu/h • ft 2 ■ °F, and the outer surface of the pipe is cov- 
ered with 0.5-in fiberglass insulation with £ = 0.023 Btu/h • ft • °F. The convection 
coefficient on the outer insulation surface is 2.0 Btu/h ■ ft 2 • °F. The inner fluid tem- 
perature is 320°F and the ambient temperature is 70°F. Calculate the heat loss per 
foot of length. 

2-24 Derive a relation for the critical radius of insulation for a sphere. 

2-25 A cylindrical tank 80 cm in diameter and 2.0 m high contains water at 80°C. The 
tank is 90 percent full, and insulation is to be added so that the water temperature 
will not drop more than 2°C per hour. Using the information given in this chapter, 
specify an insulating material and calculate the thickness required for the specified 
cooling rate. 

2-26 A hot steam pipe having an inside surface temperature of 250°C has an inside 
diameter of 8 cm and a wall thickness of 5.5 mm. It is covered with a 9-cm layer of 
insulation having £ = 0.5 W/m • °C, followed by a 4-cm layer of insulation having 
£ = 0.25 W/m • °C. The outside temperature of the insulation is 20°C. Calculate the 
heat lost per meter of length. Assume £ = 47 W/m • °C for the pipe. 

2-27 A house wall may be approximated as two 1 .2-cm layers of fiber insulating board, 
an 8.0-cm layer of loosely packed asbestos, and a 10-cm layer of common brick. 
Assuming convection heat-transfer coefficients of 12 W/m 2 • °C on both sides of the 
wall, calculate the overall heat-transfer coefficient for this arrangement. 

2-28 Calculate the R value for the following insulations: (a) urethane foam, (b) fiberglass 
mats, (c) mineral wool blocks, (d) calcium silicate blocks. 

2-29 An insulation system is to be selected for a furnace wall at 1000°C using first a layer 
of mineral wool blocks followed by fiberglass boards. The outside of the insulation 
is exposed to an environment with h = 15 W/m 2 • °C and T 0 0 =40°C. Using the 
data of Table 2-1, calculate the thickness of each insulating material such that the 




64 



Problems 



interface temperature is not greater than 400°C and the outside temperature is not 
greater than 55°C. Use mean values for the thermal conductivities. What is the heat 
loss in this wall in watts per square meter? 

2-30 Derive an expression for the temperature distribution in a plane wall having uni- 
formly distributed heat sources and one face maintained at a temperature 7j while 
the other face is maintained at a temperature Ti- The thickness of the wall may be 
taken as 2 L. 

2-31 A 5-cm-diameter steel pipe is covered with a 1-cm layer of insulating material hav- 
ing k = 0.22 W/m • °C followed by a 3-cm-thick layer of another insulating material 
having k = 0.06 W/m • °C. The entire assembly is exposed to a convection surround- 
ing condition of h = 60 W/m 2 • °C and T^ = 15°C. The outside surface temperature 
of the steel pipe is 400°C. Calculate the heat lost by the pipe-insulation assembly 
for a pipe length of 20 m. Express in Watts. 

2-32 Derive an expression for the temperature distribution in a plane wall in which dis- 
tributed heat sources vary according to the linear relation 

q = qw[l + P(T-T w )] 

where q w is a constant and equal to the heat generated per unit volume at the wall 
temperature T w . Both sides of the plate are maintained at T w , and the plate thickness 
is 2 L. 

2-33 A circumferential fin of rectangular profile is constructed of stainless steel with 
k = 43 W/m • °C and a thickness of 1.0 mm. The fin is installed on a tube having 
a diameter of 3.0 cm and the outer radius of the fin is 4.0 cm. The inner tube is 
maintained at 250°C and the assembly is exposed to a convection environment 
having T 0 0 = 35°C and h =45 W/m 2 • °C. Calculate the heat lost by the fin. 

2-34 A plane wall 6.0 cm thick generates heat internally at the rate of 0.3 MW/m 3 . One 
side of the wall is insulated, and the other side is exposed to an environment at 93°C. 
The convection heat-transfer coefficient between the wall and the environment is 
570 W/m 2 • °C. The thermal conductivity of the wall is 21 W/m • °C. Calculate the 
maximum temperature in the wall. 

2-35 Consider a shielding wall for a nuclear reactor. The wall receives a gamma-ray flux 
such that heat is generated within the wall according to the relation 

q — qoe~ ax 

where qo is the heat generation at the inner face of the wall exposed to the gamma-ray 
flux and a is a constant. Using this relation for heat generation, derive an expression 
for the temperature distribution in a wall of thickness L, where the inside and outside 
temperatures are maintained at 7} and 7b, respectively. Also obtain an expression 
for the maximum temperature in the wall. 

2-36 Repeat Problem 2-35, assuming that the outer surface is adiabatic while the inner 
surface temperature is maintained at 7}. 

2-37 Rework Problem 2-32 assuming that the plate is subjected to a convection environ- 
ment on both sides of temperature Too with a heat-transfer coefficient h. T w is now 
some reference temperature not necessarily the same as the surface temperature. 

2-38 Heat is generated in a 2.5-cm-square copper rod at the rate of 35.3 MW/m 3 . The rod 
is exposed to a convection environment at 20°C, and the heat-transfer coefficient is 
4000 W/m 2 • °C. Calculate the surface temperature of the rod. 

2-39 A plane wall of thickness 2 L has an internal heat generation that varies according 
to q — qo cos ax, where qo is the heat generated per unit volume at the center of the 
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wall ( x = 0) and a is a constant. If both sides of the wall are maintained at a constant 
temperature of T w , derive an expression for the total heat loss from the wall per unit 
surface area. 

2-40 A certain semiconductor material has a conductivity of 0.0124 W/cm • °C. A rect- 
angular bar of the material has a cross-sectional area of 1 cm 2 and a length of 3 cm. 
One end is maintained at 300°C and the other end at 100°C, and the bar carries a cur- 
rent of 50 A. Assuming the longitudinal surface is insulated, calculate the midpoint 
temperature in the bar. Take the resistivity as 1.5 x 10 — 3 k2 ■ cm. 

2-41 The temperature distribution in a certain plane wall is 

T — T\ 7 i 

— = C i + Cjx~ + C 3 X 

12 - 1 1 

where If and 7? are the temperatures on each side of the wall. If the thermal con- 
ductivity of the wall is constant and the wall thickness is L , derive an expression for 
the heat generation per unit volume as a function of x, the distance from the plane 
where T =T\. Let the heat-generation rate be qo at x = 0. 

2-42 Electric heater wires are installed in a solid wall having a thickness of 8 cm and 
k = 2.5 W/m • °C. The right face is exposed to an environment with/; = 50 W/m 2 • °C 
and — 30°C, while the left face is exposed to h = 75 W/m 2 • °C and Too — 50°C. 
What is the maximum allowable heat-generation rate such that the maximum tem- 
perature in the solid does not exceed 300°C? 

2-43 Two 5.0-cm-diameter aluminum bars, 2 cm long, have ground surfaces and are joined 
in compression with a 0.025-mm brass shim at a pressure exceeding 20 atm. The 
combination is subjected to an overall temperature difference of 200°C. Calculate 
the temperature drop across the contact join. 

2-44 A 3.0-cm-thick plate has heat generated uniformly at the rate of 5 x 10 5 W/m 3 . One 
side of the plate is maintained at 200°C and the other side at 45°C. Calculate the 
temperature at the center of the plate for k — 16 W/m • °C. 

2-45 Heat is generated uniformly in a stainless steel plate having k = 20 W/m • °C. 
The thickness of the plate is 1.0 cm and the heat-generation rate is 500 MW/m 3 . 
If the two sides of the plate are maintained at 100 and 200°C, respectively, calculate 
the temperature at the center of the plate. 

2-46 A plate having a thickness of 4.0 mm has an internal heat generation of 200 MW/m 3 
and a thermal conductivity of 25 W/m • °C. One side of the plate is insulated 
and the other side is maintained at 100°C. Calculate the maximum temperature in 
the plate. 

2-47 A 3.2 -mm-diameter stainless-steel wire 30 cm long has a voltage of 10 V impressed 
on it. The outer surface temperature of the wire is maintained at 93°C. Calculate the 
center temperature of the wire. Take the resistivity of the wire as 70 fiQ ■ cm and 
the thermal conductivity as 22.5 W/m • °C. 

2-48 The heater wire of Example 2-7 is submerged in a fluid maintained at 93°C. The con- 
vection heat-transfer coefficient is 5.7 kW/m 2 • °C. Calculate the center temperature 
of the wire. 

2-49 An electric current is used to heat a tube through which a suitable cooling fluid 
flows. The outside of the tube is covered with insulation to minimize heat loss to 
the surroundings, and thermocouples are attached to the outer surface of the tube to 
measure the temperature. Assuming uniform heat generation in the tube, derive an 
expression for the convection heat-transfer coefficient on the inside of the tube in 




66 



Problems 



terms of the measured variables: voltage E, current 7, outside tube wall temperature 
To, inside and outside radii r, and r„, tube length L, and fluid temperature Tf. 

2-50 Derive an expression for the temperature distribution in a sphere of radius r with 
uniform heat generation q and constant surface temperature T w . 

2-51 A stainless-steel sphere [k — 16 W/m • °C] having a diameter of 4 cm is exposed to 
a convection environment at 20°C, h — 15 W/m 2 • °C. Heat is generated uniformly 
in the sphere at the rate of 1.0 MW/m 3 . Calculate the steady-state temperature for 
the center of the sphere. 

2-52 An aluminum-alloy electrical cable has k = 190 W/m • °C, a diameter of 30 mm, 
and carries an electric current of 230 A. The resistivity of the cable is 2.9 //C • cm, 
and the outside surface temperature of the cable is 180°C. Calculate the maximum 
temperature in the cable if the surrounding air temperature is 15°C. 

2-53 Derive an expression for the temperature distribution in a hollow cylinder with heat 
sources that vary according to the linear relation 

q — a + br 

with qi the generation rate per unit volume at r = r,. The inside and outside temper- 
atures are T = 7) at r = r, and T = 7/ at r = r 0 . 

2-54 The outside of a copper wire having a diameter of 2 mm is exposed to a convection 
environment with h = 5000 W/m 2 • °C and 7' O o = 100°C. What current must be 
passed through the wire to produce a center temperature of 150°C? Repeat for an 
aluminum wire of the same diameter. The resistivity of copper is 1.67 fiQ ■ cm. 

2-55 A hollow tube having an inside diameter of 2.5 cm and a wall thickness of 0.4 mm 
is exposed to an environment at h — 100 W/m 2 • °C and T 0 0 = 40°C. What heat- 
generation rate in the tube will produce a maximum tube temperature of 250°C for 
k = 24 W/m • °C? 

2-56 Water flows on the inside of a steel pipe with an ID of 2.5 cm. The wall thickness is 
2 mm, and the convection coefficient on the inside is 500 W/m 2 • °C. The convec- 
tion coefficient on the outside is 12 W/m 2 • °C. Calculate the overall heat-transfer 
coefficient. What is the main determining factor for 77? 

2-57 The pipe in Problem 2-56 is covered with a layer of asbestos [k = 0.18 W/m • °C] 
while still surrounded by a convection environment with h = 12 W/m 2 • °C. Calcu- 
late the critical insulation radius. Will the heat transfer be increased or decreased by 
adding an insulation thickness of (a) 0.5 mm, (b) 10 mm? 

2-58 Calculate the overall heat-transfer coefficient for Problem 2-4. 

2-59 Calculate the overall heat-transfer coefficient for Problem 2-5. 

2-60 Air flows at 120°C in a thin-wall stainless-steel tube with h = 65 W/m 2 • °C. 
The inside diameter of the tube is 2.5 cm and the wall thickness is 0.4 mm. 
k— 18 W/m-°C for the steel. The tube is exposed to an environment with 
h =6.5 W/m 2 • °C and Too — 1 5 C. Calculate the overall heat-transfer coefficient 
and the heat loss per meter of length. What thickness of an insulation having 
k — 40 mW/m • °C should be added to reduce the heat loss by 90 percent? 

2-61 An insulating glass window is constructed of two 5-mm glass plates separated by an 
air layer having a thickness of 4 mm. The air layer may be considered stagnant so 
that pure conduction is involved. The convection coefficients for the inner and outer 
surfaces are 12 and 50 W/m 2 • °C, respectively. Calculate the overall heat-transfer 
coefficient for this arrangement, and the R value. Repeat the calculation for a single 
glass plate 5 mm thick. 
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2-62 A wall consists of a 1-mm layer of copper, a 4-mm layer of 1 percent carbon steel, a 
1-cm layer of asbestos sheet, and 10 cm of fiberglass blanket. Calculate the overall 
heat-transfer coefficient for this arrangement. If the two outside surfaces are at 
10 and 150°C, calculate each of the interface temperatures. 

2-63 A circumferential fin of rectangular profile has a thickness of 0.7 mm and is installed 
on a tube having a diameter of 3 cm that is maintained at a temperature of 200° C. 
The length of the fin is 2 cm and the fin material is copper. Calculate the heat lost 
by the fin to a surrounding convection environment at 100°C with a convection 
heat-transfer coefficient of 524 W/m 2 • °C. 

2-64 A thin rod of length L has its two ends connected to two walls which are maintained 
at temperatures T\ and 72, respectively. The rod loses heat to the environment at To o 
by convection. Derive an expression (a) for the temperature distribution in the rod 
and (b) for the total heat lost by the rod. 

2-65 A rod of length L has one end maintained at temperature 7o and is exposed to an 
environment of temperature Too ■ An electrical heating element is placed in the rod 
so that heat is generated uniformly along the length at a rate q. Derive an expression 
(i a ) for the temperature distribution in the rod and ( b ) for the total heat transferred 
to the environment. Obtain an expression for the value of q that will make the heat 
transfer zero at the end that is maintained at 7o. 

2-66 One end of a copper rod 30 cm long is firmly connected to a wall that is maintained 
at 200°C. The other end is firmly connected to a wall that is maintained at 93°C. 
Air is blown across the rod so that a heat-transfer coefficient of 17 W/m 2 • °C is 
maintained. The diameter of the rod is 12.5 mm. The temperature of the air is 38°C. 
What is the net heat lost to the air in watts? 

2-67 Verify the temperature distribution for case 2 in Section 2-9, i.e., that 

T — Tqq cosh m ( L — x) + ( h/mk ) sinh m ( L — .r) 

To — Too cosh m L + (/? / m k) sinh m L 

Subsequently show that the heat transfer is 

, sinhmL + (h/mk) coshmL 

q = VhPkA(To-Toc) — 

cosh mL + (/? /mk) sinh mL 

2-68 An aluminum rod 2.0 cm in diameter and 12 cm long protrudes from a wall that is 
maintained at 250°C. The rod is exposed to an environment at 15°C. The convection 
heat-transfer coefficient is 12 W/m 2 • °C. Calculate the heat lost by the rod. 

2-69 Derive Equation (2-35) by integrating the convection heat loss from the rod of case 1 
in Section 2-9. 

2-70 Derive Equation (2-36) by integrating the convection heat loss from the rod of case 3 
in Section 2-9. 

2-71 A long, thin copper rod 5 mm in diameter is exposed to an environment at 20°C. 
The base temperature of the rod is 120°C. The heat-transfer coefficient between the 
rod and the environment is 20 W/m 2 • °C. Calculate the heat given up by the rod. 

2-72 A very long copper rod [k = 372 W/m • °C] 2.5 cm in diameter has one end main- 
tained at 90°C. The rod is exposed to a fluid whose temperature is 40°C. The heat- 
transfer coefficient is 3.5 W/m 2 • °C. How much heat is lost by the rod? 

2-73 An aluminum fin 1.5 mm thick is placed on a circular tube with 2.7-cm OD. The fin 
is 6 mm long. The tube wall is maintained at 150°C, the environment temperature 
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is 15°C, and the convection heat-transfer coefficient is 20 W/m 2 • °C. Calculate the 
heat lost by the fin. 

2-74 A straight fin of rectangular profile has a thermal conductivity of 14 W/m • °C, 
thickness of 2.0 mm, and length of 23 mm. The base of the fin is maintained at a 
temperature of 220°C while the fin is exposed to a convection environment at 23°C 
with h = 25 W/m 2 • °C. Calculate the heat lost per meter of fin depth. 

2-75 A circumferential fin of rectangular profile is constructed of a material having 
k = 55 W/m • °C and is installed on a tube having a diameter of 3 cm. The length of fin 
is 3 cm and the thickness is 2 mm. If the fin is exposed to a convection environment 
at 20°C with a convection coefficient of 68 W/m 2 • °C and the tube wall temperature 
is 100°C, calculate the heat lost by the fin. 

2-76 The total efficiency for a finned surface may be defined as the ratio of the total 
heat transfer of the combined area of the surface and fins to the heat that would be 
transferred if this total area were maintained at the base temperature Tq. Show that 
this efficiency can be calculated from 

m = 1 - it “ *?/) 

where 

r], = total efficiency 
Af — surface area of all fins 

A = total heat-transfer area, including fins and exposed tube or other surface 
rj f — fin efficiency 

2-77 A triangular fin of stainless steel (18% Cr, 8% Ni) is attached to a plane wall main- 
tained at 460°C. The fin thickness is 6.4 mm, and the length is 2.5 cm. The envi- 
ronment is at 93°C, and the convection heat-transfer coefficient is 28 W/m 2 • °C. 
Calculate the heat lost from the fin. 

2-78 A 2.5 -cm-diameter tube has circumferential fins of rectangular profile spaced at 
9.5-mm increments along its length. The fins are constructed of aluminum and 
are 0.8 mm thick and 12.5 mm long. The tube wall temperature is maintained 
at 200°C, and the environment temperature is 93°C. The heat-transfer 
coefficient is 110 W/m 2 • °C. Calculate the heat loss from the tube per meter 
of length. 

2-79 A circumferential fin of rectangular profile surrounds a 2-cm-diameter tube. The 
length of the fin is 5 mm, and the thickness is 2.5 mm. The fin is constructed of mild 
steel. If air blows over the fin so that a heat-transfer coefficient of 25 W/m 2 • °C is 
experienced and the temperatures of the base and air are 260 and 93°C, respectively, 
calculate the heat transfer from the fin. 

2-80 A straight rectangular fin 2.0 cm thick and 14 cm long is constructed of steel and 
placed on the outside of a wall maintained at 200°C. The environment temperature 
is 15°C, and the heat-transfer coefficient for convection is 20 W/m 2 • °C. Calculate 
the heat lost from the fin per unit depth. 

2-81 An aluminum fin 1.6 mm thick surrounds a tube 2.5 cm in diameter. The length 
of the fin is 12.5 mm. The tube-wall temperature is 200°C, and the environment 
temperature is 20°C. The heat-transfer coefficient is 60 W/m 2 • °C. What is the heat 
lost by the fin? 

2-82 Obtain an expression for the optimum thickness of a straight rectangular fin for a 
given profile area. Use the simplified insulated-tip solution. 
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2-83 Derive a differential equation (do not solve) for the temperature distribution in 
a straight triangular fin. For convenience, take the coordinate axis as shown in 
Figure P2-83 and assume one-dimensional heat flow. 

2-84 A circumferential fin of rectangular profile is installed on a 10-cm-diameter tube 
maintained at 120°C. The fin has a length of 15 cm and thickness of 2 mm. The fin 
is exposed to a convection environment at 23°C with h =60 W/m 2 ■ °C and the fin 
conductivity is 120 W/m • °C. Calculate the heat lost by the fin expressed in watts. 

2-85 A long stainless-steel rod [k = 16 W/m-°C] has a square cross section 12.5 by 
12.5 mm and has one end maintained at 250°C. The heat-transfer coefficient is 
40 W/m 2 ■ °C, and the environment temperature is 90°C. Calculate the heat lost by 
the rod. 

2-86 A straight fin of rectangular profile is constructed of duralumin (94% Al, 3% Cu) 
with a thickness of 2.1 mm. The fin is 17 mm long, and it is subjected to a convec- 
tion environment with h = 75 W/m 2 ■ °C. If the base temperature is 100°C and the 
environment is at 30°C, calculate the heat transfer per unit length of fin. 

2-87 A certain internal-combustion engine is air-cooled and has a cylinder constructed 
of cast iron [k = 35 Btu/h • ft ■ °F]. The fins on the cylinder have a length of g in 
and thickness of g in. The convection coefficient is 12 Btu/h ■ ft 2 • °F. The cylinder 
diameter is 4 in. Calculate the heat loss per fin for a base temperature of 450°F and 
environment temperature of 100°F. 

2-88 A 1.5 -mm-diameter stainless-steel rod [A: =19 W/m-°C] protrudes from a wall 
maintained at 45°C. The rod is 12 mm long, and the convection coefficient is 
500 W/m 2 • °C. The environment temperature is 20°C. Calculate the temperature of 
the tip of the rod. Repeat the calculation for li = 200 and 1500 W/m 2 ■ °C. 

2-89 An aluminum block is cast with an array of pin fins protruding like that shown in 
Figure 2-10 d and subjected to room air at 20°C. The convection coefficient between 
the pins and the surrounding air may be assumed to be h = 13.2 W/m 2 • °C. The pin 
diameters are 2 mm and their length is 25 mm. The base of the aluminum block may 
be assumed constant at 70°C. Calculate the total heat lost by an array of 15 by 15, 
that is, 225 fins. 

2-90 A finned tube is constructed as shown in Figure 2-10 b. Eight fins are installed as 
shown and the construction material is aluminum. The base temperature of the fins 
may be assumed to be 100°C and they are subjected to a convection environment 
at 30°C with h = 15 W/m 2 ■ °C. The longitudinal length of the fins is 15 cm and 
the peripheral length is 2 cm. The fin thickness is 2 mm. Calculate the total heat 
dissipated by the finned tube. Consider only the surface area of the fins. 

2-91 Circumferential fins of rectangular profile are constructed of aluminum and attached 
to a copper tube having a diameter of 25 mm and maintained at 100°C. The length 
of the fins is 2 cm and thickness is 2 mm. The arrangement is exposed to a convec- 
tion environment at 30°C with h — 15 W/m 2 • °C. Assume that a number of fins is 
installed such that the total fin surface area equals that of the total surface fine area in 
Problem 2-90. Calculate the total heat lost by the fins. 

2-92 A 2-cm-diameter glass rod 6 cm long [A: = 0.8 W/m • °C] has a base temperature of 
100°C and is exposed to an air convection environment at 20°C. The temperature 
at the tip of the rod is measured as 35°C. What is the convection heat-transfer 
coefficient? How much heat is lost by the rod? 

2-93 A straight rectangular fin has a length of 2.5 cm and a thickness of 1.5 mm. The 
thermal conductivity is 55 W/m • °C, and it is exposed to a convection environment 
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at 20°C and h — 500 W/m 2 • °C. Calculate the maximum possible heat loss for a 
base temperature of 200°C. What is the actual heat loss? 

2-94 A straight rectangular fin has a length of 3.5 cm and a thickness of 1.4 mm. The 
thermal conductivity is 55 W/m • °C. The fin is exposed to a convection environment 
at 20°C and h — 500 W/m 2 • °C. Calculate the maximum possible heat loss for abase 
temperature of 150°C. What is the actual heat loss for this base temperature? 

2-95 A circumferential fin of rectangular profile is constructed of 1 percent carbon steel 
and attached to a circular tube maintained at 150°C. The diameter of the tube is 
5 cm, and the length is also 5 cm with a thickness of 2 mm. The surrounding air 
is maintained at 20°C and the convection heat-transfer coefficient may be taken as 
100 W/m 2 • °C. Calculate the heat lost from the fin. 

2-96 A circumferential fin of rectangular profile is constructed of aluminum and surrounds 
a 3-cm-diameter tube. The fin is 2 cm long and 1 mm thick. The tube wall temperature 
is 200°C, and the fin is exposed to a fluid at 20°C with a convection heat-transfer 
coefficient of 80 W/m 2 • °C. Calculate the heat loss from the fin. 

2-97 A 1.0 -cm-diameter steel rod [k — 20 W/m • °C] is 20 cm long. It has one end main- 
tained at 50°C and the other at 100°C. It is exposed to a convection environment at 
20°C with h — 50 W/m 2 • °C. Calculate the temperature at the center of the rod. 

2-98 A circumferential fin of rectangular profile is constructed of copper and surrounds a 
tube having a diameter of 1.25 cm. The fin length is 6 mm and its thickness is 
0.3 mm. The fin is exposed to a convection environment at 20°C with h = 55 
W/m 2 • °C and the fin base temperature is 100°C. Calculate the heat lost by the fin. 

2-99 A straight rectangular fin of steel (1% C) is 2 cm thick and 17 cm long. It is placed on 
the outside of a wall which is maintained at 230°C. The surrounding air temperature 
is 25°C, and the convection heat-transfer coefficient is 23 W/m 2 • °C. Calculate the 
heat lost from the fin per unit depth and the fin efficiency. 

2-100 A straight fin having a triangular profile has a length of 5 cm and a thickness of 
4 mm and is constructed of a material having k = 23 W/m • °C. The fin is exposed 
to surroundings with a convection coefficient of 20 W/m 2 • °C and a temperature of 
40°C. The base of the fin is maintained at 200°C. Calculate the heat lost per unit 
depth of fin. 

2-101 A circumferential aluminum fin is installed on a 25.4-mm-diameter tube. The length 
of the fin is 12.7 mm and the thickness is 1.0 mm. It is exposed to a convection 
environment at 30°C with a convection coefficient of 56 W/m 2 • °C. The base tem- 
perature is 125°C. Calculate the heat lost by the fin. 

2-102 A circumferential fin of rectangular profile is constructed of stainless steel (18% Cr, 
8% Ni). The thickness of the fin is 2.0 mm, the inside radius is 2.0 cm, and the length 
is 8.0 cm. The base temperature is maintained at 135°C and the fin is exposed to a 
convection environment at 15°C with h — 20 W/m 2 • °C. Calculate the heat lost by 
the fin. 

2-103 A rectangular fin has a length of 2.5 cm and thickness of 1.1 mm. The thermal 
conductivity is 55 W/m • °C. The fin is exposed to a convection environment at 
20°C and li — 500 W/m 2 • °C. Calculate the heat loss for a base temperature of 
125°C. 

2-104 A 1.0 -mm-thick aluminum fin surrounds a 2.5-cm-diameter tube. The length of 
the fin is 1.25 cm. The fin is exposed to a convection environment at 30°C with 
h = 75 W/m 2 • °C. The tube surface is maintained at 100°C. Calculate the heat lost 
by the fin. 
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2-105 A glass rod having a diameter of 1 cm and length of 5 cm is exposed to a convection 
environment at a temperature of 20° C. One end of the rod is maintained at a tem- 
perature of 180°C. Calculate the heat lost by the rod if the convection heat-transfer 
coefficient is 20 W/m 2 • °C. 

2-106 A stainless steel rod has a square cross section measuring 1 by 1 cm. The rod length 
is 8 cm, and k — 18 W/m • °C. The base temperature of the rod is 300°C. The rod 
is exposed to a convection environment at 50°C with h — 45 W/m 2 • °C. Calculate 
the heat lost by the rod and the fin efficiency. 

2-107 Copper fins with a thickness of 1.0 mm are installed on a 2.5-cm-diameter tube. 
The length of each fin is 12 mm. The tube temperature is 275°C and the fins are 
exposed to air at 35°C with a convection heat-transfer coefficient of 120 W/m 2 • °C. 
Calculate the heat lost by each fin. 

2-108 A straight fin of rectangular profile is constructed of stainless steel (18% Cr, 8% Ni) 
and has a length of 5 cm and a thickness of 2.5 cm. The base temperature is main- 
tained at 100°C and the fin is exposed to a convection environment at 20°C with 
h = 47 W/m 2 • °C. Calculate the heat lost by the fin per meter of depth, and the fin 
efficiency. 

2-109 A circumferential fin of rectangular profile is constructed of duralumin and surrounds 
a 3-cm-diameter tube. The fin is 3 cm long and 1 mm thick. The tube wall temperature 
is 200°C, and the fin is exposed to a fluid at 20°C with a convection heat-transfer 
coefficient of 80 W/m 2 • °C. Calculate the heat loss from the fin. 

2-110 A circular fin of rectangular profile is attached to a 3.0-cm-diameter tube maintained 
at 100°C. The outside diameter of the fin is 9.0 cm and the fin thickness is 1.0 mm. 
The environment has a convection coefficient of 50 W/m 2 • °C and a temperature 
of 30°C. Calculate the thermal conductivity of the material for a fin efficiency of 
60 percent. 

2-111 A circumferential fin of rectangular profile having a thickness of 1 .0 mm and a length 
of 2.0 cm is placed on a 2.0-cm-diameter tube. The tube temperature is 150°C, the 
environment temperature is 20°C, and h = 150 W/m 2 • °C. The fin is aluminum. 
Calculate the heat lost by the fin. 

2-112 Two 1 -in-diameter bars of stainless steel [k = 17 W/m • °C] are brought into end- 
to-end contact so that only 0.1 percent of the cross-sectional area is in contact at 
the joint. The bars are 7.5 cm long and subjected to an axial temperature difference 
of 300°C. The roughness depth in each bar (L g /2) is estimated to be 1.3 /xm. The 
surrounding fluid is air, whose thermal conductivity may be taken as 0.035 W/m • °C 
for this problem. Estimate the value of the contact resistance and the axial heat flow. 
What would the heat flow be for a continuous 15-cm stainless-steel bar? 

2-113 When the joint pressure for two surfaces in contact is increased, the high spots of 
the surfaces are deformed so that the contact area A c is increased and the rough- 
ness depth L g is decreased. Discuss this effect in the light of the presentation of 
Section 2-11. (Experimental work shows that joint conductance varies almost directly 
with pressure.) 

2-114 Two aluminum plates 5 mm thick with a ground roughness of 100 //in are bolted 
together with a contact pressure of 20 atm. The overall temperature difference across 
the plates is 80°C. Calculate the temperature drop across the contact joint. 

2-115 Fins are frequently installed on tubes by a press-fit process. Consider a circumferen- 
tial aluminum fin having a thickness of 1 .0 mm to be installed on a 2.5-cm-diameter 
aluminum tube. The fin length is 1.25 cm, and the contact conductance may be 
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Figure P2-122 




Figure P2-123 

. 2.0 cm 




taken from Table 2-2 for a 100-/iin ground surface. The convection environment is 
at 20°C, and h — 125 W/m 2 ■ °C. Calculate the heat transfer for each fin for a tube 
wall temperature of 200°C. What percentage reduction in heat transfer is caused by 
the contact conductance? 

2-116 An aluminum fin is attached to a transistor that generates heat at the rate of 300 mW. 
The fin has a total surface area of 9.0 cm 2 and is exposed to surrounding air at 27°C. 
The contact conductance between transistor and fin is 0.9 x 10~ 4 m 2 • °C/W, and 
the contact area is 0.5 cm 2 . Estimate the temperature of the transistor, assuming the 
fin is uniform in temperature. 

2-117 A plane wall 20 cm thick with uniform internal heat generation of 200 kW/m 3 is 
exposed to a convection environment on both sides at 50°C with h = 400 W/m 2 • °C. 
Calculate the center temperature of the wall for k — 20 W/m • °C. 

2-118 Suppose the wall of Problem 2-117 is only 10 cm thick and has one face insulated. 
Calculate the maximum temperature in the wall assuming all the other conditions 
are the same. Comment on the results. 

2-119 A circumferential fin of rectangular profile is constructed of aluminum and placed 
on a 6-cm-diameter tube maintained at 120°C. The length of the fin is 3 cm and its 
thickness is 2 mm. The fin is exposed to a convection environment at 20°C with 
h = 220 W/m 2 • °C. Calculate the heat lost by the fin expressed in Watts. 

2-120 A straight aluminum fin of triangular profile has a base maintained at 200°C and is 
exposed to a convection environment at 25°C with h = 45 W/m 2 • °C. The fin has 
a length of 8 mm and a thickness of 2.0 mm. Calculate the heat lost per unit depth 
of fin. 

2-121 One hundred circumferential aluminum fins of rectangular profile are mounted on 
a 1.0-m tube having a diameter of 2.5 cm. The fins are 1 cm long and 2.0 mm thick. 
The base temperature is 180°C, and the convection environment is at 20°C with 
h = 50 W/m 2 • °C. Calculate the total heat lost from the finned-tube arrangement 
over the 1 .0-m length. 

2-122 The cylindrical segment shown in Figure P2-122 has a thermal conductivity of 
100 W/m • °C. The inner and outer radii are 1.5 and 1.7 cm, respectively, and the 
surfaces are insulated. Calculate the circumferential heat transfer per unit depth for 
an imposed temperature difference of 50°C. What is the thermal resistance? 

2-123 The truncated hollow cone shown in Figure P2-123 is used in laser-cooling applica- 
tions and is constructed of copper with a thickness of 0.5 mm. Calculate the thermal 
resistance for one-dimensional heat flow. What would be the heat transfer for a 
temperature difference of 300°C? 

2-124 A tube assembly is constructed of copper with an inside diameter of 1.25 cm, wall 
thickness of 0.8 mm, and circumferential fins around the periphery. The fins have 
a thickness of 0.3 mm and length of 3 mm, and are spaced 6 mm apart. If the 
convection heat transfer coefficient from the tube and fins to the surrounding air 
is 50 W/m 2 ■ °C, calculate the thermal resistance for a 30-cm length of the tube- 
fin combination. What is the fin efficiency for this arrangement? If the inside tube 
temperature is 100°C and the surrounding air temperature is 20°C, what is the heat 
loss per meter of tube length? What fraction of the loss is by the fins? 

2-125 Calculate the R value for the fin-tube combination in Problem 2-116. 

2-126 Repeat Problem 2-124 for aluminum fins installed on a copper tube. 

2-127 Repeat Problem 2-125 for aluminum fins installed on a copper tube. 
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2-128 A stainless-steel rod having a length of 10 cm and diameter of 2 mm has a resistivity 
of 70 /iQ ■ cm and thermal conductivity of 16 W/m • °C. The rod is exposed to a 
convection environment with h = 100 W/m 2 • °C and T — 20°C. Both ends of the 
rod are maintained at T = 100°C. What voltage must be impressed on the rod to 
dissipate twice as much heat to the surroundings as in a zero-voltage condition? 

2-129 Suppose the rod in Problem 2-128 is very long. What would the zero-voltage heat 
transfer be in this case? 

2-130 Suppose the cylindrical segment of Problem 2-122 has a periphery exposed to a 
convection environment with h — 75 W/m 2 ■ °C and T a Q — 30°C instead of to the 
insulated surface. For this case, one end is at 50°C while the other end is at 100°C. 
What is the heat lost by the segment to the surroundings in this circumstance? What 
is the heat transfer at each end of the segment? 



Design-Oriented Problems 

2-131 Suppose you have a choice between a straight triangular or rectangular fin con- 
structed of aluminum with a base thickness of 3.0 mm. The convection coefficient 
is 50 W/m 2 ■ °C. Select the fin with the least weight for a given heat flow. 

2-132 Consider aluminum circumferential fins with r \ = 1.0 cm, rj = 2.0 cm, and thick- 
nesses of 1.0, 2.0, and 3.0 mm. The convection coefficient is 160 W/m 2 • °C. Com- 
pare the heat transfers for six 1.0-mm fins, three 2.0-mm fins, and two 3.0-mm fins. 
What do you conclude? Repeat for h — 320 W/m 2 • °C. 

2-133 “Pin fins” of aluminum are to be compared in terms of their relative performance 
as a function of diameter. Three “pins” having diameters of 2, 5, and 10 mm with 
a length of 5 cm are exposed to a convection environment with T a 0 = 20°C, and 
h =40 W/m 2 ■ °C. The base temperature is 200°C. Calculate the heat transfer for 
each pin. How does it vary with pin diameter? 

2-134 Calculate the heat transfer per unit mass for the pin fins in Problem 2-133. How 
does it vary with diameter? 

2-135 A straight rectangular fin has a length of 1 .5 cm and a thickness of 1 .0 mm. The con- 
vection coefficient is 20 W/m 2 • °C. Compare the heat-transfer rates for aluminum 
and magnesium fins. 

2-136 Suppose both fins in Problem 2-129 are to dissipate the same heat. Which would be 
lower in weight? Assume that the thickness is the same for both fins but adjust the 
lengths until the heat transfers are equal. 

2-137 Insulating materials are frequently installed with a reflective coating to reduce the 
radiation heat transfer between the surface and the surroundings. An insulating mate- 
rial is installed on a furnace oven wall that is maintained at 200°C. The energy cost 
of the fuel firing the oven is $8.25/GJ and the insulation installation must be justified 
by the savings in energy costs over a three-year period. Select an appropriate insula- 
tion from Table 2- 1 and/or Table A-3 and determine a suitable quantity of insulation 
that will pay for itself over a three-year period. For this computation assume that the 
outer surface of the insulation radiates like a blackbody and that the heat loss can 
be determined from Equation (1-12). For the calculation use Table 1-2 as a guide 
for selecting the convection heat-transfer coefficient. Next, consider the same type 
of insulating material but with a reflective coating having 6 = 0.1. The radiation 
transfer may still be calculated with Equation (1-12). Determine the quantity of the 
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reflective insulating material required to be economical. How much higher cost per 
unit thickness or volume could be justified for the reflective material over that of 
the nonreflective? Comment on uncertainties which may exist in your analysis. 

2-138 A thin-wall stainless-steel tube is to be used as an electric heating element that 
will deliver a convection coefficient of 5000 W/m 2 • °C to water at 100°C. Devise 
several configurations to accomplish a total heat transfer of 10 kW. Specify the 
length, outside diameter, wall thickness, maximum tube temperature, and necessary 
voltage that must be imposed on the tube. Take the resistivity of stainless steel as 
70 )±£l ■ cm. 

2-139 Thin cylindrical or spherical shells may be treated as a plane wall for sufficiently large 
diameters in relation to the thickness of the shell. Devise a scheme for quantifying 
the error that would result from such a treatment. 

2-140 A 2.5 -cm-diameter steel pipe is maintained at 100°C by condensing steam on the 
inside. The pipe is to be used for dissipating heat to a surrounding room at 20°C by 
placing circular steel fins around the outside surface of the pipe. The convection loss 
from the pipe and fins occurs by free convection, with h — 8.0 W/m 2 • °C. Examine 
several cases of fin thickness, fin spacing, and fin outside diameters to determine the 
overall heat loss per meter of pipe length. Take k = 43 W/m • °C for the steel fins 
and assume h is uniform over all surfaces. Make appropriate conclusions about the 
results of your study. 

2-141 Apipe having a diameter of 5.3 cm is maintained at 200°C by steam flowing inside. 
The pipe passes through a large factory area and loses heat by free convection 
from the outside with h — 7.2 W/m 2 • °C. Using information from Table 2-1 and/or 
Table A-3, select two alternative insulating materials that could be installed to lower 
the outside surface temperature of the insulation to 30°C when the pipe is exposed 
to room air at 20°C. If the energy loss from the steam costs $8.00/10 9 J, what are 
the allowable costs of the insulation materials per unit volume to achieve a payback 
period of three years where 

(energy cost saved per year) x 3 

= (cost of installed insulation/unit volume) x volume 

2-142 It is frequently represented that the energy savings resulting from installation of extra 
ceiling insulation in a home will pay for the insulation cost within a three-year period. 
You are asked to evaluate this claim. For the evaluation it may be assumed that 1 kW 
of electrical input to an air-conditioning unit will produce about 1 .26 x 10 4 kJ /h of 
cooling and that electricity is priced at $0. 085/kWh. Assume that an existing home 
has ceiling insulation with an R value of 7.0°F • ft 2 • h/Btu and is to be upgraded 
to an R value of either 15 or 30. Choose two alternative insulation materials from 
Table 2-1 and/or Table A-3 and calculate the allowable costs per unit volume of 
insulating material to accomplish the three-year payback with the two specified R 
values. For this calculation, (energy cost saved/year) x 3 = (insulation cost per unit 
volume) x volume. Make your own assumptions regarding (1) temperature differ- 
ence between the interior of the house and the attic area and (2) the hours of operation 
for the air-conditioning system during an annual period. Comment on the results and 
assumptions. 

2-143 A finned wall like that shown in Figure 2- 1 (ki is constructed of aluminum alloy with 
k— 160 W/m • °C. The wall thickness is 2.0 mm and the fins are straight with rectan- 
gular profile. The inside of the wall is maintained at a constant temperature of 70°C 
and the fins are exposed to a convection environment at 25 °C with h — 8 W/m 2 • °C 
(free convection). The assembly will be cast from the aluminum material and must 




CHAPTER2 Steady-State Conduction — One Dimension 



75 



dissipate 30 W of heat under the conditions noted. Assuming a square array, deter- 
mine suitable combinations of numbers of fins, fin spacing, dimension of the square, 
and fin thickness to accomplish this cooling objective. Assume a uniform value of 
h for both the fin and wall surfaces. 

2-144 Repeat Problem 2-143 for cooling with forced convection, which produces a con- 
vection coefficient of h = 20 W/m 2 • °C. 

2-145 Consider a pin fin as shown in Figure 2-10 d. Assume that the fin is exposed to an 
evacuated space such that convection is negligible and that the radiation loss per 
unit surface area is given by 

<ZradM =ea(T 4 -T f) 

where e is a surface emissivity constant, a is the Stefan-Boltzmann constant, and 
the temperatures are expressed in degrees Kelvin. Derive a differential equation for 
the temperature in the pin fin as a function of x, the distance from the base. Let 
To be the base temperature, and write the appropriate boundary conditions for the 
differential equation. 

2-146 Consider two special cases for the fin in Problem 2-145: (a) an insulated-tip fin 
losing heat by radiation and ( b ) a very long fin losing heat by radiation. Write the 
appropriate boundary conditions for these two cases. 

2-147 Consider another special case for the fin of Problem 2-145; where the surrounding 
radiation boundary temperature is negligible, that is, 

T 4 « T 4 

Write the resulting simplified differential equation under this condition. 
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CHAPTER 




Steady-State Conduction- 
Multiple Dimensions 



3-1 I INTRODUCTION 



In Chapter 2 steady-state heat transfer was calculated in systems in which the temperature 
gradient and area could be expressed in terms of one space coordinate. We now wish to 
analyze the more general case of two-dimensional heat flow. For steady state with no heat 
generation, the Laplace equation applies. 



d 2 T d 2 T 
dx 2 + 3 y 2 



[ 3 - 1 ] 



assuming constant thermal conductivity. The solution to this equation may be obtained by 
analytical, numerical, or graphical techniques. 

The objective of any heat-transfer analysis is usually to predict heat flow or the tem- 
perature that results from a certain heat flow. The solution to Equation (3-1) will give the 
temperature in a two-dimensional body as a function of the two independent space coor- 
dinates x and y. Then the heat flow in the x and y directions may be calculated from the 
Fourier equations 

3 T 

q x = -kA x — [ 3 - 2 ] 

dx 

3 T 

<7v = —kA y — [ 3 - 3 ] 

3y 

These heat-flow quantities are directed either in the x direction or in the y direction. The 
total heat flow at any point in the material is the resultant of the q x and q y at that point. 
Thus the total heat-flow vector is directed so that it is perpendicular to the lines of constant 
temperature in the material, as shown in Figure 3-1. So if the temperature distribution in 
the material is known, we may easily establish the heat flow. 



3-2 I MATHEMATICAL ANALYSIS OL 

TWO-DIMENSIONAL HEAT CONDUCTION 

We first consider an analytical approach to a two-dimensional problem and then indicate the 
numerical and graphical methods that may be used to advantage in many other problems. 
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3-2 Mathematical Analysis of Two-Dimensional Heat Conduction 



It is worthwhile to mention here that analytical solutions are not always possible to obtain; 
indeed, in many instances they are very cumbersome and difficult to use. In these cases 
numerical techniques are frequently used to advantage. For a more extensive treatment of 
the analytical methods used in conduction problems, the reader may consult References 1, 
2, 10, and 11. 

Consider the rectangular plate shown in Figure 3-2. Three sides of the plate are main- 
tained at the constant temperature T \ , and the upper side has some temperature distribution 
impressed upon it. This distribution could be simply a constant temperature or something 
more complex, such as a sine-wave distribution. We shall consider both cases. 

To solve Equation (3-1), the separation-of-variables method is used. The essential 
point of this method is that the solution to the differential equation is assumed to take a 
product form 

T = XY where X=X(x) 

Y = Y(y) L3 ' 4J 

The boundary conditions are then applied to determine the form of the functions X and Y. 
The basic assumption as given by Equation (3-4) can be justified only if it is possible to 
find a solution of this form that satisfies the boundary conditions. 



Figure 3-1 I Sketch showing the heat flow in 
two dimensions. 




Figure 3-2 I Isotherms and heat flow lines in a 
rectangular plate. 
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First consider the boundary conditions with a sine-wave temperature distribution 
impressed on the upper edge of the plate. Thus 



T = Ti at v = 0 

T — T[ atx — 0 

T=Ti at x=W 



[ 3 - 5 ] 



/ 7TX \ 

T = T m sin (— j + 7 1 at y—H 



where T m is the amplitude of the sine function. Substituting Equation (3-4) in (3-1) gives 



1 d 2 X 1 drY 



[ 3 - 6 ] 



Observe that each side of Equation (3-6) is independent of the other because x and y are 
independent variables. This requires that each side be equal to some constant. We may thus 
obtain two ordinary differential equations in terms of this constant, 

d 2 X , 

+ X 2 X = 0 [ 3 - 7 ] 



d 2 Y 2 

— ~X 2 Y = 0 [ 3 - 8 ] 

dy- 

where X 2 is called the separation constant. Its value must be determined from the boundary 
conditions. Note that the form of the solution to Equations (3-7) and (3-8) will depend on 
the sign of A 2 ; a different form would also result if X 2 were zero. The only way that the 
correct form can be determined is through an application of the boundary conditions of 
the problem. So we shall first write down all possible solutions and then see which one fits 
the problem under consideration. 



For X 2 = 0: 

X = C i T C 2 x 

Y = C 3 + C 4 y [ 3 - 9 ] 

T—(C i + C 2 .r)(C 3 + C^y) 



This function cannot fit the sine-function boundary condition, so the X 2 — 0 solution may 
be excluded. 



For X 2 < 0: 

X = C 5 e- Xx + C 6 e kx 

Y — Ci cos Xy + Cg sin Xy [ 3 - 10 ] 

T = {C$e~ Xx + C(,e kx )(C-j cos Xy + Cs sin Xy) 

Again, the sine-function boundary condition cannot be satisfied, so this solution is excluded 
also. 

For X 2 > 0: 

X = C<) cos A.jc + Cio sin Xx 

Y — Cne~ Xy + C 12 e Xy [ 3 - 11 ] 

T — (C 9 cos Xx + Cio sin Ax)(C| 1 e~ Xy + Cne Xy ) 

Now, it is possible to satisfy the sine -function boundary condition; so we shall attempt to 
satisfy the other conditions. The algebra is somewhat easier to handle when the substitution 

0=T —T\ 
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3-2 Mathematical Analysis of Two-Dimensional Heat Conduction 



is made. The differential equation and the solution then retain the same form in the new 
variable 9, and we need only transform the boundary conditions. Thus 



9 = 0 
9 = 0 



9 = 0 

TtX 

9= T m sin — 



at y = 0 
at x = 0 
at x = W 
at v = H 



[ 3 - 12 ] 



Applying these conditions, we have 

0 — (Cg cos kx + Cio sin A.x)(Cn + C12) [«] 



0 = Cg(C n e~ Xy + C n e Xy ) [ b ] 

0 = (Cg cos kW + Cio sin kW)(C n e~ Xy + C l2 e Xy ) [c] 

T m sin — - = (Cg cos kx + C 10 sin kx)(C\\e~ XH + C\~>e XH ) [</] 

W 

Accordingly, 

Cn = — C12 
Cg = 0 



and from (c), 

0 = C10C12 sin kW(e Xy - e ~ Xy ) 



This requires that 



sin kW = 0 



[ 3 - 13 ] 



Recall that k was an undetermined separation constant. Several values will satisfy Equation 



(3-13), and these may be written 



rnx 




[ 3 - 14 ] 



where n is an integer. The solution to the differential equation may thus be written as a sum 
of the solutions for each value of n. This is an infinite sum, so that the final solution is the 



infinite series 



9=T- 



T\=Y, C n 

n = 1 



. nnx . nny 

sin sinh 

W W 



[ 3 - 15 ] 



where the constants have been combined and the exponential terms converted to the hyper- 
bolic function. The final boundary condition may now be applied: 



7 xx v-^ nnx nnH 

T m sin — = > C n sin sinh 

m W L -‘ w w 

n = 1 



which requires that C„ = 0 for n > 1 . The final solution is therefore 



sinh (777/ W) 
sinh(7r H/W) 




[ 3 - 16 ] 



The temperature field for this problem is shown in Figure 3-2. Note that the heat-flow lines 
are perpendicular to the isotherms. 
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We now consider the set of boundary conditions 

T=T\ at y = 0 

T —T\ atx =0 

T=Ti at x = W 

T = T 2 at y — H 



Using the first three boundary conditions, we obtain the solution in the form of Equation 
(3-15): 



OO 

T-Ti = J 2 c n 

n = 1 



nixx nixy 

sin sinh — - 

W W 



[ 3 - 17 ] 



Applying the fourth boundary condition gives 



OO 

E nnx 
C n Sin — sinh 

n = 1 



riTcH 

W 



[ 3 - 18 ] 



This is a Fourier sine series, and the values of the C n may be determined by expanding 
the constant temperature difference T 2 — T\ in a Fourier series over the interval 0 <x <W. 
This series is 



2 (— 1)' ,+1 + 1 nnx 

T 2 —T\= (72 - T[)— V sin ■ 

7T n 

n= 1 



w 



[ 3 - 19 ] 



Upon comparison of Equation (3-18) with Equation (3-19), we find that 

2 1 (- 1)' !+1 + 1 

C n = -(72 -7i) — — 

7 r smh(njtH/W) n 



and the final solution is expressed as 



T-Ti 
T 2 — T\ 



2 (— 1) +1 + 1 iitcx sinh(777ry/W) 

— > sin 

tv ' n W sinhinnH/W ) 

n = 1 



[ 3 - 20 ] 



An extensive study of analytical techniques used in conduction heat transfer requires 
a background in the theory of orthogonal functions. Fourier series are one example of 
orthogonal functions, as are Bessel functions and other special functions applicable to 
different geometries and boundary conditions. The interested reader may consult one or 
more of the conduction heat-transfer texts listed in the references for further information 
on the subject. 



3-3 I GRAPHICAL ANALYSIS 

Consider the two-dimensional system shown in Figure 3-3. The inside surface is maintained 
at some temperature 7), and the outer surface is maintained at T 2 . We wish to calculate the 
heat transfer. Isotherms and heat-flow lanes have been sketched to aid in this calculation. 
The isotherms and heat-flow lanes form groupings of curvilinear figures like that shown in 
Figure 3-3 b. The heat flow across this curvilinear section is given by Fourier’s law, assuming 
unit depth of material: 



AT 

q = —k Ax(l) 

Ay 



[ 3 - 21 ] 
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3-3 



Graphical Analysis 



Figure 3-3 I Sketch showing element used for curvilinear-square 
analysis of two-dimensional heat flow. 




This heat flow will be the same through each section within this heat-flow lane, and the total 
heat flow will be the sum of the heat flows through all the lanes. If the sketch is drawn so 
that Ax = Ay, the heat flow is proportional to the AT across the element and, since this heat 
flow is constant, the AT across each element must be the same within the same heat-flow 
lane. Thus the AT across an element is given by 

A ^overall 

~~ N 

where N is the number of temperature increments between the inner and outer surfaces. 
Furthermore, the heat flow through each lane is the same since it is independent of the 
dimensions Ax and Ay when they are constructed equal. Thus we write for the total heat 
transfer 



9 — A ^overall — ^ k(Ti T\) [ 3 - 22 ] 

where M is the number of heat-flow lanes. So, to calculate the heat transfer, we need only 
construct these curvilinear-square plots and count the number of temperature increments 
and heat-flow lanes. Care must be taken to construct the plot so that Ax Ay and the lines 
are perpendicular. For the corner section shown in Figure 3-3a the number of temperature 
increments between the inner and outer surfaces is about N = 4, while the number of heat- 
flow lanes for the corner section may be estimated as M — 8.2. The total number of heat-flow 
lanes is four times this value, or 4 x 8.2 = 32.8. The ratio M/N is thus 32.8/4 = 8.2 for the 
whole wall section. This ratio will be called the conduction shape factor in subsequent 
discussions. 
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The accuracy of this method is dependent entirely on the skill of the person sketching 
the curvilinear squares. Even a crude sketch, however, can frequently help to give fairly 
good estimates of the temperatures that will occur in a body. An electrical analogy may be 
employed to sketch the curvilinear squares, as discussed in Section 3-9. 

The graphical method presented here is mainly of historical interest to show the relation 
of heat-flow lanes and isotherms. It may not be expected to be used for the solution of many 
practical problems. 

3-4 I THE CONDUCTION SHAPE FACTOR 

In a two-dimensional system where only two temperature limits are involved, we may define 
a conduction shape factor S such that 

q — kS AToverall [3-23] 

The values of S have been worked out for several geometries and are summarized in 
Table 3- 1 . A very comprehensive summary of shape factors for a large variety of geometries 
is given by Rohsenow [15] and Hahne and Grigull [17], Note that the inverse hyperbolic 
cosine can be calculated from 

cosh -1 x = ln(x ± x 2 — 1 ) 

For a three-dimensional wall, as in a furnace, separate shape factors are used to calculate 
the heat flow through the edge and corner sections, with the dimensions shown in Figure 3-4. 
When all the interior dimensions are greater than one-fifth of the wall thickness, 

A 

^wall — — -V'dgc — 0.54/) ^corner — 0.15Z, 

where 

A = area of wall 
L — wall thickness 
D — length of edge 

Note that the shape factor per unit depth is given by the ratio M/N when the curvilinear- 
squares method is used for calculations. 



Figure 3-4 I Sketch illustrating dimensions for use in calculating 
three-dimensional shape factors. 
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3-4 The Conduction Shape Factor 



Table 3-11 Conduction shape factors, summarized from References 6 and 7. 

Note : For buried objects the temperature difference is AT = r o bj ect — 7f ar The far-held 
temperature is taken the same as the isothermal surface temperature for semi-infinite media. 



Physical system Schematic Shape factor Restrictions 




Isothermal sphere of radius r 
buried in semi-infinite medium 
having isothermal surface 
AT = T sur f — 7f ar 



Conduction between two 

isothermal cylinders of length L 
buried in infinite medium 



Isothermal 





D 



Anr 

1 - r/2D 



2 ttL 







Row of horizontal cylinders 
of length L in semi-infinite 
medium with isothermal 
surface 



Isothermal 



D 



2ttL D>2r 

In sinh(2^D//)j 




Buried cube in infinite 
medium, L on a side 
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Table 3-11 ( Continued ). 



Physical system 



Schematic 



Shape factor 



Restrictions 



Isothermal cylinder 
of radius r placed in 
semi-infinite medium 
as shown 



Isothermal 







1 

L 






1 


— 


2r 





2 ttL 
In (2 L/r) 



L»2r 



Isothermal rectangular 
parallelepiped buried in 
semi-infinite medium having 
isothermal surface 



Isothermal 







c 

* 






|*— a — 






1.685L [log (l + a)] ' (I) 



0 59 ( b\ 0,078 See Reference 7 




Hollow sphere 




4 7zr 0 rj 

r Q - n 



Thin horizontal disk buried 
in semi-infinite medium 
with isothermal surface 



Isothermal 



|« 2r .| D 



4 r 
8 r 
47 rr 



7t/ 2 — tan -1 (r/2D) 



D = 0 
D»2r 
D/2r> 1 

tan - 1 (r/2D) in radians 



Hemisphere buried in 



Isothermal 



2nr 




Two isothermal spheres 
buried in infinite medium 



0.0 



4 nr 2 



i (n/Dr 

i - 0-2/w- 



>2 

D 



D > 5r 1T 
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3-4 The Conduction Shape Factor 



Table 3-1 I (Continued). 



Physical system 


Schematic 


Shape factor 


Restrictions 


Thin rectangular plate of 


Isothermal 


71 W 

In (4 W/L) 
2 ttW 


D = 0 


length L, buried in semi-infinite 

medium having isothermal D 




W> L 
£>» W 


surface 


w 


In (4 W/L) 


W> L 






2 t:W 


W»L 






ln(2 n D/L) 


D > 2W 


Parallel disks buried in 


h h 

0 0 ' 

1 D 


4 nr 


D > 5r 


infinite medium 


[f -tan -Hr/D)} 


tan _1 (r/D) 
in radians 



Eccentric cylinders of length L 27tL L^>r 2 




Cylinder centered in a square 27 tL L^>W 




Thin horizontal disk buried in 
semi-infinite medium with 
adiabatic surface 
AT = 7dj s k — 7f ar 



Insulated 


An r 






D 


n/2 + tan - 1 (r/2D) 











2 r 



D/2r > 1 
tan - 1 (r/2D) 
in radians 
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Buried Pipe 



EXAMPLE 3-1 



A horizontal pipe 15 cm in diameter and 4 m long is buried in the earth at a depth of 20 cm. 
The pipe-wall temperature is 75°C, and the earth surface temperature is 5°C. Assuming that the 
thermal conductivity of the earth is 0.8 W/m • °C, calculate the heat lost by the pipe. 

■ Solution 

We may calculate the shape factor for this situation using the equation given in Table 3-1. Since 
D < 3r, 



S = 



2nL 



2tt(4) 



cosh _1 (T)/r) cosh _1 (20/7.5) 



= 15.35 m 



The heat flow is calculated from 

q = kSAT = (0.8)(15.35)(75 - 5) = 859.6 W [2933 Btu/h] 



Cubical Furnace 



EXAMPLE 3-2 



A small cubical furnace 50 by 50 by 50 cm on the inside is constructed of fireclay brick 
[k = 1.04 W/m - °C] with a wall thickness of 10 cm. The inside of the furnace is maintained 
at 500°C, and the outside is maintained at 50°C. Calculate the heat lost through the walls. 

■ Solution 

We compute the total shape factor by adding the shape factors for the walls, edges, and comers: 



Walls: 


„ A (0.5) (0.5) „ c 

S = — = = 2.5 m 

L 0.1 


Edges: 


5 = 0.54D = (0.54)(0.5) = 0.27 m 


Corners: 


S = 0. 15L = (0.15)(0.1) = 0.015 m 



There are six wall sections, twelve edges, and eight comers, so that the total shape factor is 
5 = (6) (2.5) + (12) (0.27) + (8)(0.015) = 18.36 m 

and the heat flow is calculated as 

q = kSAT= (1 ,04)(18.36)(500 - 50) = 8.592 kW [29.320 Btu/h] 



Buried Disk 



EXAMPLE 3-3 



A disk having a diameter of 30 cm and maintained at a temperature of 95°C is buried at a depth of 
1.0 m in a semi-infinite medium having an isothermal surface temperature of 20°C and a thermal 
conductivity of 2. 1 W/m ■ °C. Calculate the heat lost by the disk. 

■ Solution 

This is an application of the conduction shape factor relation q = kS AT. Consulting Table 3-1 we 
find a choice of three relations for S for the geometry of a disk buried in a semi-infinite medium 
with an isothermal surface. Clearly, 0 and D is not large compared to 2 r, so the relation we 

select for the shape factor is for the case D/2r > 1.0: 

47rr 

S = 7 

[jt/ 2 — tan -1 (r/2D)\ 
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3-5 Numerical Method of Analysis 



Note that this relation differs from the one for an insulated surface by the minus sign in the 
denominator. Inserting r = 0.15 m and D=1.0mwe obtain 

4tt( 0.15) 4?r(0.15) 

S = 7 = = 1 .26 m 

[71/2 - tan - 1 (0.15/2)] [tt/2 - 0.07486] 

For buried objects the shape factor is based on A T = reject — Tfar field • The far-held temperature 
is taken as the isothermal surface temperature, and the heat lost by the disk is therefore 

q = kSAT = (2.1)(1.26)(95 - 20) = 198.45 W 



EXAMPLE 3-4 



Buried Parallel Disks 



Two parallel 50-cm-diameter disks are separated by a distance of 1.5 m in an infinite medium 
having k = 2.3 W/m ■ °C. One disk is maintained at 80°C and the other at 20°C. Calculate the 
heat transfer between the disks. 

■ Solution 

This is a shape-factor problem and the heat transfer may be calculated from 



q = kSAT 



where 5 is obtained from Table 3-1 as 



5 = 



47rr 



for D > 5 r 



[7t/2 — tan 1 ( r/D )] 

With r = 0.25 m and D=1.5mwe obtain 

47r(0.25) 4 tt(0.25) 



S = 



and 



[tt/ 2 - tan" 1 (0.25/1.5)] [tt/2 - 0.1651] 

q = kS AT = (2.3)(2.235)(80 - 20) = 308.4 W 



= 2.235 



3-5 I NUMERICAL METHOD OF ANALYSIS 



Figure 3-5 I Sketch 
illustrating nomenclature used 
in two-dimensional numerical 
analysis of heat conduction. 







m, n + 1 




m — 1 , n 


m, n 


m + 1 , n 


t 

Ay 

1 






m, n — 1 


t 

Ay 

1 






<— A.v — ► 





An immense number of analytical solutions for conduction heat-transfer problems have 
been accumulated in the literature over the past 150 years. Even so, in many practical 
situations the geometry or boundary conditions are such that an analytical solution has not 
been obtained at all, or if the solution has been developed, it involves such a complex series 
solution that numerical evaluation becomes exceedingly difficult. For such situations the 
most fruitful approach to the problem is one based on finite-difference techniques, the basic 
principles of which we shall outline in this section. 

Consider a two-dimensional body that is to be divided into equal increments in both 
the x and y directions, as shown in Figure 3-5. The nodal points are designated as shown, 
the m locations indicating the x increment and the n locations indicating the y increment. 
We wish to establish the temperatures at any of these nodal points within the body, using 
Equation (3-1) as a governing condition. Finite differences are used to approximate differ- 
ential increments in the temperature and space coordinates; and the smaller we choose these 
finite increments, the more closely the true temperature distribution will be approximated. 
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The temperature gradients may be written as follows: 



dT " 

9x _ 


m+l/2,« 


Tm-\-\,n T m , n 

Ax 


dT' 




Tm,n Tm— 1 ,n 


dx _ 


m—l/2,n 


Ax 



dT 
9y J 



m,n-\- 1/2 






Ay 



dT 





^ Tm,n 


Tm,n — 1 




- m,n- 


-1/2 


Ay 






dT' 


dT' 




d 2 T' 


dx _ 


m+l/2,« ^ - 


m—\/2,n T m + \ n + T m — \ n 2,T m ^ n 


dx 2 _ 


m,n 


Ax 


(Ax) 2 




dT' 


dT' 




d 2 T' 


9 y . 


tn,n+ 1/2 dy _ 


m,n— 1/2 ^m,«+ 1 H" T m n —\ 2 T m , n 


dy 2 _ 


m,n 


Ay 


(Ay) 2 



Thus the finite-difference approximation for Equation (3-1) becomes 
Tm+\,n T T m — i n TT mn T m n j r [ T T m n —\ TT mn 



(Ax) 2 



+ 



(Ay) 2 



= 0 



If Ax = Ay, then 

T m +i,n T - T m —\ n + T m n - )-i + i 4-T m n =0 [3-24] 

Since we are considering the case of constant thermal conductivity, the heat flows may all 
be expressed in terms of temperature differentials. Equation (3-24) states very simply that 
the net heat flow into any node is zero at steady-state conditions. In effect, the numerical 
finite-difference approach replaces the continuous temperature distribution by fictitious 
heat-conducting rods connected between small nodal points that do not generate heat. 

We can also devise a finite-difference scheme to take heat generation into account. We 
merely add the term q/k into the general equation and obtain 

Tm+i,n + T m —i n TT mn 7m,n+ 1 T T m n — i 2 T m n q 

(Ax) 2 (Ay) 2 k 

Then for a square grid in which Ax = Ay, 

q{ Ax) 2 

Tm+\,n T T m — t n + T mn -\-\ + T m n — \ H 47),, n —\ —0 [3-24fl] 

k 

To utilize the numerical method. Equation (3-24) must be written for each node within the 
material and the resultant system of equations solved for the temperatures at the various 
nodes. A very simple example is shown in Figure 3-6, and the four equations for nodes 1, 
2, 3, and 4 would be 



100 + 500 + T 2 + T 3 - 47) = 0 
T\ + 500 + 100 + 74 - 473 = 0 
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3-5 



Numerical Method of Analysis 



Figure 3-6 I Four-node problem. 



T= 500°C 








1 


2 




3 


4 












T= 100°C 



ioo +Ti + t 4 + 100 - 4 r 3 = 0 
T3 + T2 + 100+ 100 -474 = 0 



These equations have the solution 

T\=T 2 — 250°C 73 = 74 = 150°C 

Of course, we could recognize from symmetry that T\ = 73 and 73 = T 4 and would then 
only need two nodal equations, 

100 + 500+ 73 — 3Z”i = 0 
100 +Ti + 100 -373 = 0 



Once the temperatures are determined, the heat flow may be calculated from 

x -, AT 

q = > k Ax 

1 ^ Ay 



where the AT is taken at the boundaries. In the example the heat flow may be calculated 
at either the 500°C face or the three 100°C faces. If a sufficiently fine grid is used, the two 
values should be very nearly the same. As a matter of general practice, it is usually best to 
take the arithmetic average of the two values for use in the calculations. In the example, the 
two calculations yield: 

500° C face: 

q = -k — [(250 - 500) + (250 - 500)] = 500k 
Ay 



100° C face: 



q = 




[(250 - 100) + (150 - 100) + (150 - 100) + (150 - 100) 
+ (150 - 100) + (250 - 100)] = -500 k 



and the two values agree in this case. The calculation of the heat flow in cases in which 
curved boundaries or complicated shapes are involved is treated in References 2, 3, and 15. 
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When the solid is exposed to some convection boundary condition, the temperatures 
at the surface must be computed differently from the method given above. Consider the 
boundary shown in Figure 3-7. The energy balance on node (m, n) is 



, . T mn l)n— ] _n 

-k Ay 

Ax 

= h A y(T mi „ - Too) 



Ax T m n T m n -\. i Ax T m n T m n —\ 

■ k k 



Ay 



Ay 



If Ax = Ay, the boundary temperature is expressed in the equation 




h Ax 
k 



1 

“(27m— l,n + T m ,n+ 1 + T mn - 1 ) — 0 



[ 3 - 25 ] 



An equation of this type must be written for each node along the surface shown in 
Figure 3-7. So when a convection boundary condition is present, an equation like (3-25) is 
used at the boundary and an equation like (3-24) is used for the interior points. 

Equation (3-25) applies to a plane surface exposed to a convection boundary condition. 
It will not apply for other situations, such as an insulated wall or a corner exposed to 
a convection boundary condition. Consider the corner section shown in Figure 3-8. The 
energy balance for the corner section is 



A y 7)ii n 7)ii — i ,i ^^x Ti,, m T m f, — i Zkx' A y 

" h 1 _ U (T —T U/i -IT —T \ 

K ~ ~ . — 11 ~ \ 1 m,n 1 ootT« \ 1 m,n 1 oo I 

2 Ax 2 Ay 2 2 

If Ax = Ay, 



h Ax 



h Ax 



27i,, „ I — hi)— 2 — - — Tix, — (T m -\ n + T„ un -\) — 0 



[ 3 - 26 ] 



Other boundary conditions may be treated in a similar fashion, and a convenient sum- 
mary of nodal equations is given in Table 3-2 for different geometrical and boundary 
situations. Situations / and g are of particular interest since they provide the calcula- 
tion equations that may be employed with curved boundaries, while still using uniform 
increments in Ax and Ay. 



Figure 3-7 I Nomenclature for nodal 
equation with convective 
boundary condition. 




Figure 3-8 I Nomenclature for nodal 

equation with convection at 
a corner section. 
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3-5 Numerical Method of Analysis 



Table 3-2 I Summary of nodal formulas for finite-difference calculations. (Dashed lines indicate element volume.)^ 



Physical situation 



Nodal equation for equal increments in x and y 
(second equation in situation is in form for Gauss-Seidel iteration) 
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Table 3-2 I ( Continued ). 



Nodal equation for equal increments in x and y 

Physical situation (second equation in situation is in form for Gauss-Seidel iteration) 



(e) Insulated boundary 0= T m n+ \ + T m n _\ + 2 T m _\ n - 47' m- „ 




(g) Boundary node with convection along 0 = • , b T [ + . fj Ty + T m (^J c 1 + 1 + -/a 2 + b 2 ) Tea 

curved boundary — node 2 for (/) above^ ~* a +b v t + I 

- [vrffP + Jli + T + + 



Convection boundary may be converted to insulated surface by setting h = 0 (Bi = 0). 
^This equation is obtained by multiplying the resistance by 4 /{a + l)(fr + 1) 

§This relation is obtained by dividing the resistance formulation by 2. 



Nine-Node Problem 



EXAMPLE 3-5 



Consider the square of Figure Example 3-5. The left face is maintained at 100°C and the top face 
at 500°C, while the other two faces are exposed to an environment at 100°C: 

= 10 W/m 2 ■ °C and /t=10W/m-°C 

The block is 1 m square. Compute the temperature of the various nodes as indicated in 
Figure Example 3-5 and the heat flows at the boundaries. 

■ Solution 

The nodal equation for nodes 1, 2, 4, and 5 is 

Tm+l,n T T m —\,n T T m ji- (-1 + T m n — \ — 47/ MjW =0 

The equation for nodes 3, 6, 7, and 8 is given by Equation (3-25), and the equation for 9 is given 
by Equation (3-26): 

h Ax _ (10)(1) _ 1 
~k ~ (3)(10) “3 
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3-5 



Numerical Method of Analysis 



Figure Example 3-5 I Nomenclature for Example 3-5. 




The equations for nodes 3 and 6 are thus written 

222 + 76 + 567- 4.67 + 3 = 0 
2T 5 + + 3 + + 9 + 67 - 4.6776 = 0 

The equations for nodes 7 and 8 are given by 

274 + 78+ 167-4.6777 = 0 
275 + 7y + + 9 + 67 - 4.67+8 = 0 

and the equation for node 9 is 

+ 6 ++8 + 67 -2.67+9 = 0 

We thus have nine equations and nine unknown nodal temperatures. We shall discuss solution 
techniques shortly, but for now we just list the answers: 



Node 


Temperature, °C 


1 


280.67 


2 


330.30 


3 


309.38 


4 


192.38 


5 


231.15 


6 


217.19 


7 


157.70 


8 


184.71 


9 


175.62 



The heat flows at the boundaries are computed in two ways: as conduction flows for the 100 and 
500°C faces and as convection flows for the other two faces. For the 500°C face, the heat flow 
into the face is 

q=J2 kAx = (10) [ 50 ° “ 280 ' 67 + 500 “ 330 - 30 + ( 50 ° “ 309.38) 

= 4843.4 W/m 

The heat flow out of the 100°C face is 

q = J2 kAy ^ = (10)^280.67 - 100+ 192.38 - 100+ (157.70- 100)(i)J 
= 3019 W/m 
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The convection heat flow out the right face is given by the convection relation 

q = J2' 'W-Too) 

= ( 10) [309.38- 100 + 217.19- 100+ (175.62- 100)(i)j 

= 1214.6 W/m 

Finally, the convection heat flow out the bottom face is 
q = ^/tAx(T- Too) 

= (10) (j) [(100- 100) (|) + 157.70- 100+ 184.71 - 100+ (175.62- 100)(±)] 

= 600.7 W/m 
The total heat flow out is 

qout = 3019 + 1214.6 + 600.7 = 4834.3 W/m 

This compares favorably with the 4843.4 W/m conducted into the top face. A solution of this 
example using the Excel spreadsheet format is given in Appendix D. 



Solution Techniques 

From the foregoing discussion we have seen that the numerical method is simply a means 
of approximating a continuous temperature distribution with the finite nodal elements. The 
more nodes taken, the closer the approximation; but, of course, more equations mean more 
cumbersome solutions. Fortunately, computers and even programmable calculators have 
the capability to obtain these solutions very quickly. 

In practical problems the selection of a large number of nodes may be unnecessary 
because of uncertainties in boundary conditions. For example, it is not uncommon to have 
uncertainties in /?, the convection coefficient, of ±15 to 20 percent. 

The nodal equations may be written as 

a\\T\ + ai2?2 + ••• + a\ n T n = C\ 
aziTi + CI22T2 + ••• = C2 

031 7/ + • • • = C3 [3-27] 



a„xT\ + 2 7/ + • • • + u nn T,i — C n 



where T\, 73, . . . , T n are the unknown nodal temperatures. By using the matrix notation 



[A] = 



"Oil 


Ol2 Oln 


021 


022 ' ' ' 


031 




- 1 


&n2 ' ' ' ^nn 





r Ci i 




r 7 1 -| 




C 2 




72 


[C] = 




[71 = 






-C n . 




-T n - 



Equation (3-27) can be expressed as 



[A][r] = [C] 



[3-28] 
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and the problem is to find the inverse of [A] such that 

[r] = [A] _1 [C] 



[ 3 - 29 ] 



Designating [A] 1 by 



[A]” 1 



b n bn ■■■ by, 

Z?21 b22 



- bn 1 b n 2 ' ‘ ‘ b n n - 



the final solutions for the unknown temperatures are written in expanded form as 

T\ = b n Cx + bnC2 + ■ ■ ■ + b\ n C n 

72 = b2\C\ + • • • 



T n — b„\C i + b„2C2 + ■ ■ • + b nn C n 



[ 3 - 30 ] 



Clearly, the larger the number of nodes, the more complex and time-consuming the solution, 
even with a high-speed computer. For most conduction problems the matrix contains a 
large number of zero elements so that some simplification in the procedure is afforded. For 
example, the matrix notation for the system of Example 3-5 would be 



--4 


1 


0 


1 


0 


0 


0 


0 


0 - 




r Tii 




” —600 - 


1 


-4 


1 


0 


1 


0 


0 


0 


0 




t 2 




-500 


0 


2 


-4.67 


0 


0 


1 


0 


0 


0 




73 




-567 


1 


0 


0 


-4 


1 


0 


1 


0 


0 




?4 




-100 


0 


1 


0 


1 


-4 


1 


0 


1 


0 




75 


= 


0 


0 


0 


1 


0 


2 


-4.67 


0 


0 


1 




7e 




-67 


0 


0 


0 


2 


0 


0 


-4.67 


1 


0 




7? 




-167 


0 


0 


0 


0 


2 


0 


1 


-4.67 


1 




7g 




-67 


_ 0 


0 


0 


0 


0 


1 


0 


1 - 


-2.67. 




L 79 J 




. -67 _ 



We see that because of the structure of the equations the coefficient matrix is very sparse. For 
this reason iterative methods of solution may be very efficient. The Gauss-Seidel iteration 
method is probably the most widely used for solution of these equations in heat transfer 
problems, and we shall discuss that method in Section 3-7. 



Software Packages for Solution of Equations 

Several software packages are available for solution of simultaneous equations, including 
MathCAD (22), TK Solver (23), Matlab (24), and Microsoft Excel (25, 26, 27). The spread- 
sheet grid of Excel is particularly adaptable to formulation, solution, and graphical displays 
associated with the nodal equations. Details of the use of Excel as a tool for such problems 
are presented in Appendix D for both steady-state and transient conditions. 
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Figure 3-9 I General conduction node. 




An example of an Excel worksheet is shown in Figure 3-9, which includes a schematic 
of a protruding fin cooled by a convection environment, numerical solution displayed to 
match the geometric configuration, and four graphical presentations of the results. While one 
might regard this presentation as graphical overkill, it does illustrate a variety of options 
available in the Excel format. Several examples are discussed in detail in Appendix D, 
including the effects of heat sources and radiation boundary conditions. 

Other methods of solution include a transient analysis carried through to steady state 
(see Chapter 4), direct elimination (Gauss elimination [9]), or more sophisticated iterative 
techniques [12]. An Excel spreadsheet solution treating Example 3-5 as a transient problem 
carried through to steady state is given Appendix D. 
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3-6 I NUMERICAL FORMULATION IN TERMS 
OF RESISTANCE ELEMENTS 

Up to this point we have shown how conduction problems can be solved by finite-difference 
approximations to the differential equations. An equation is formulated for each node and 
the set of equations solved for the temperatures throughout the body. In formulating the 
equations we could just as well have used a resistance concept for writing the heat transfer 
between nodes. Designating our node of interest with the subscript i and the adjoining nodes 
with subscript j, we have the general-conduction-node situation shown in Figure 3-10. At 
steady state the net heat input to node i must be zero or 

<7'- + 'E^F^=° [3-31] 

J J 

where q, is the heat delivered to node i by heat generation, radiation, etc. The R n can take 
the form of convection boundaries, internal conduction, etc., and Equation (3-31) can be 
set equal to some residual for a relaxation solution or to zero for treatment with matrix and 
iterative methods. 

No new information is conveyed by using a resistance formulation, but some workers 
may find it convenient to think in these terms. When a numerical solution is to be performed 
that takes into account property variations, the resistance formulation is particularly useful. 
In addition, there are many heat-transfer problems where it is convenient to think of con- 
vection and radiation boundary conditions in terms of the thermal resistance they impose on 
the system. In such cases the relative magnitudes of convection, radiation, and conduction 
resistances may have an important influence on the behavior of the thermal model. We 
shall examine different boundary resistances in the examples. It will be clear that one will 
want to increase thermal resistances when desiring to impede the heat flow and decrease 
the thermal resistance when an increase in heat transfer is sought. In some cases the term 
thermal impedance is employed as a synonym for thermal resistance, following this line of 
thinking. 

For convenience of the reader Table 3-3 lists the resistance elements that correspond 
to the nodes in Table 3-2. Note that all resistance elements are for unit depth of material 
and Ax — Ay. The nomenclature for the table is that R m+ refers to the resistance on the 
positive x side of node (m, n), R n - refers to the resistance on the negative y side of node 
(m, n), and so on. 



Figure 3-10 I General conduction 
node. 




1 
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Table 3-3 I Resistances for nodes of Table 3-2 Ax = Ay, Az = 1 . 



Physical situation 


Rm+ 


Rm— 


Rn+ 


Ru— 


AV 


(a) Interior node 


1 

k 


1 

k 


1 

k 


l 

k 


(Ax) 2 


(. b ) Convection boundary 


1 

h Ax 


1 

k 


2 

k 


2 

k 


(A*) 2 

2 


(c) Exterior corner, convection 


2 

h Ax 


2 

k 


2 

h Ax 


2 

k 


(Ax) 2 

4 


(d) Interior corner, convection^ 


2 

k 


1 

k 


1 

k 


2 

k 


3( Ax) 2 
4 


( e ) Insulated boundary 


oo 


1 

k 


2 

k 


2 

k 


(Ax) 2 

2 


(f) Interior node near 


2 

(4+1)* 


2 a 

(4+1)* 


2b 

( a+\)k 


2 

(«+ 1 >* 


0.25(1 +a)(l + 4) (Ax) 2 


curved boundary 


to node 


to node 1 


to node 2 


to node 






(m + 1, n) 






(m, n — 


1) 


( g ) Boundary node with 


D 2 \J~c^ 

°23 — bk 


+1 








curved boundary 








AV = 


0. 125[(2 + a) + c](Ax) 2 


node 2 for (/) above 












^2—oo — 7 

hAx( V + 1 + 


V« 2 +i 2 ) 








r, _ 2 b 

K ' l ~- k(a + 


jy to node (m, n) 







' Also A*oc = I //(A A' for convection to Too ■ 



The resistance formulation is also useful for numerical solution of complicated three- 
dimensional shapes. The volume elements for the three common coordinate systems are 
shown in Figure 3-11, and internal nodal resistances for each system are given in Table 3-4. 
The nomenclature for the ( m ,n , k ) subscripts is given in Table 3-3, and the plus or minus 
sign on the resistance subscripts designates the resistance in a positive or negative direction 
from the central node (m, n, k). The elemental volume AT is also indicated for each coor- 
dinate system. We note, of course, that in a practical problem the coordinate increments are 
frequently chosen so that Ax — Ay — A z, etc., and the resistances are simplified. 



3-7 I GAUSS-SEIDEL ITERATION 



When the number of nodes is very large, an iterative technique may frequently yield a more 
efficient solution to the nodal equations than a direct matrix inversion. One such method is 
called the Gauss-Seidel iteration and is applied in the following way. From Equation (3-31) 
we may solve for the temperature 7} in terms of the resistances and temperatures of the 
adjoining nodes Ti as 



qi + ZWj/Rij) 

j 

Ed /Ru) 



[3-32] 



The Gauss-Seidel iteration makes use of the difference equations expressed in the form 
of Equation (3-32) through the following procedure. 

1. An initial set of values for the 7} is assumed. This initial assumption can be obtained 

through any expedient method. For a large number of nodes to be solved on a computer 
the Ti’s are usually assigned a zero value to start the calculation. 
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3-7 Gauss-Seidel Iteration 



Figure 3-11 I Volume of resistance elements: (a) cartesian, ( b ) cylindrical, and 
(c) spherical coordinate systems. 






Table 3-4 I Internal nodal resistances for different coordinate systems. 





Cartesian 


Cylindrical 


Spherical 


Nomenclature for increments 


x, m 


r, m 


r, m 




y, n 


(p, n 


0, n 




Z, k 


Z , k 


e,k 


Volume element A V 


Ax Ay A z 


r m A r A <f> Az 


r m sin 8 Ar A </> A 8 


R/n+ 


Ax 


Ar 


Ar 


Ay A zk 


(r m +Ar/2) A <p A zk 


(r m +Ar/2)2 sinO A(p A6k 


Rm— 


Ax 


Ar 


Ar 


Ay A zk 


(r m — Ar/2) A (p A zk 


(r m — Ar/2)2 sin6A(j)A6k 


R|! + 


Ay 


r m A0 


A (p sin^ 


Ax A zk 


Ar A zk 


ArAOk 


R n— 


Ay 


rm A 0 


A(p sin^ 


Ax A zk 


Ar Az k 


ArAOk 


R *+ 


Az 


Az 


AO 


Ax Ayk 


r m A(p Ark 


sin(0+A0/2) Ar A0 k 


R k- 


Az 


Az 


AO 


Ax Ay k 


r m Aip Ark 


sin(0— AO/2) Ar A (f)k 
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2. Next, the new values of the nodal temperatures 7} are calculated according to Equation 
(3-32), always using the most recent values of the T j. 

3. The process is repeated until successive calculations differ by a sufficiently small amount. 
In terms of a computer program, this means that a test may be inserted to stop the 
calculations when 

\T in+l -T in \<S for all T, 

where S is some selected constant and n is the number of iterations. Alternatively, a 
nondimensional test may be selected such that 



Obviously, the smaller the value of <5, the greater the calculation time required to obtain 
the desired result. The reader should note, however, that the accuracy of the solution to 
the physical problem is not dependent on the value of S alone. This constant governs the 
accuracy of the solution to the set of difference equations. The solution to the physical 
problem also depends on the selection of the increment Ax. 

As we noted in the discussion of solution techniques, the matrices encountered in the 
numerical formulations are very sparse; they contain a large number of zeros. In solving 
a problem with a large number of nodes it may be quite time-consuming to enter all these 
zeros, and the simple form of the Gauss-Seidel equation may be preferable. 

Nodal Equations for Ax = Ay 

For nodes with Ax = Ay and no heat generation, the form of Equation (3-32) has been 
listed as the second equation in segments of Table 3-2. The nondimensional group 

h Ax 

= Bi 

k 

is called the Biot number. Note that equations for convection boundaries may be converted 
to insulated boundaries by simply setting Bi = 0 in the respective formula. 

Heat Sources and Boundary Radiation Exchange 

To include heat generation or radiation heat transfer in the nodal equations for Ax = Ay, 
one need only add a term 

qt/k 

to the numerator of each of the equations. For heat sources 

qi = qAV 



where q is the heat generated per unit volume and A V is the volume of the respective node. 
Note that the volume elements are indicated in Table 3-2 by dashed lines. For an interior 
node AT = Ax Ay, for a plane convection boundary AV = (Ax/2) Ay, for an exterior corner 
A V = (Ax/2)(Ay/2), etc. 

For radiation exchange at boundary note, 

qt=q'Ui xAA 

where A A is the surface area of the node exposed to radiation, and qtr a d ,- is the net radiation 
transferred to node i per unit area as determined by the methods of Chapter 8. 
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For the common case of a surface exposed to a large enclosure at radiation temperature 
of T r , the net radiation to the surface per unit area is given by Equation (1-12), 



where e,- is the emissivity of note i and all temperatures must by expressed in degrees 
absolute. 



We have already noted that the finite-difference approximation to a physical problem 
improves as smaller and smaller and smaller increments of Ax and Ay are used. But we 
have not said how to estimate the accuracy of this approximation. Two basic approaches 
are available. 

1. Compare the numerical solution with an analytical solution for the problem, if available, 
or an analytical solution for a similar problem. 

2. Choose progressively smaller values of Ax and observe the behavior of the solution. If 
the problem has been correctly formulated and solved, the nodal temperatures should 
converge as Ax becomes smaller. It should be noted that computational round-off errors 
increase with an increase in the number of nodes because of the increased number of 
machine calculations. This is why one needs to observe the convergence of the solution. 

It can be shown that the error of the finite-difference approximation to 3 T/dx is of the order 
of (A x/L) 2 where L is some characteristic body dimension. 

Analytical solutions are of limited utility in checking the accuracy of a numerical model 
because most problems that will need to be solved by numerical methods either do not have 
an analytical solution at all or, if one is available, it may be too cumbersome to compute. 

Energy Balance as Check on Solution Accuracy 

In discussing solution techniques for nodal equations, we stated that an accurate solution of 
these equations does not ensure an accurate solution to the physical problem. In many cases 
the final solution is in serious error simply because the problem was not formulated correctly 
at the start. No computer or convergence criterion can correct this kind of error. One way 
to check for formulation errors is to perform some sort of energy balance using the final 
solution. The nature of the balance varies from problem to problem but for steady state it 
always takes the form of energy in equals energy out. If the energy balance does not check 
within reasonable limits, there is a likelihood that the problem has not been formulated 
correctly. Perhaps a constant is wrong here or there, or an input data point is incorrect, a 
faulty computer statement employed, or one or more nodal equations incorrectly written. 
If the energy balance does check, one may then address the issue of using smaller values 
of Ax to improve accuracy. 

In the examples we present energy balances as a check on problem formulation. 

Accuracy of Properties and Boundary Conditions 

From time to time we have mentioned that thermal conductivities of materials vary with 
temperature; however, over a temperature range of 100 to 200°C the variation is not great 
(on the order of 5 to 10 percent) and we are justified in assuming constant values to simplify 
problem solutions. Convection and radiation boundary conditions are particularly notorious 
for their nonconstant behavior. Even worse is the fact that for many practical problems the 
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basic uncertainty in our knowledge of convection heat-transfer coefficients may not be 
better than ±25 percent. Uncertainties of surface-radiation properties of ±10 percent are 
not unusual at all. For example, a highly polished aluminum plate, if allowed to oxidize 
heavily, will absorb as much as 300 percent more radiation than when it was polished. 

These remarks are not made to alarm the reader, but rather to show that selection of a 
large number of nodes for a numerical formulation does not necessarily produce an accurate 
solution to the physical problem; we must also examine uncertainties in the boundary 
conditions. At this point the reader is ill-equipped to estimate these uncertainties. Later 
chapters on convection and radiation will clarify the matter. 



Gauss-Seidel Calculation 



EXAMPLE 3-6 



Apply the Gauss-Seidel technique to obtain the nodal temperatures for the four nodes in Figure 3-6. 

■ Solution 

It is useful to think in terms of a resistance formulation for this problem because all the connecting 
resistances between the nodes in Figure 3-6 are equal; that is, 

Ay Ax 1 



R = 

kAy k Ay k 

Therefore, when we apply Equation (3-32) to each node, we obtain (qi = 0) 



Ti = 



ZkjTj 

_j_ 

J2 kj 

j 



1«] 



V b 1 



Because each node has four resistances connected to it and k is assumed constant, 

T,kj = 4k 



and 



1 \ ' 

T i=~Jl T i 



[c] 



We now set up an iteration table as shown and use initial temperature assumptions of 300 and 
200°C. Equation (c) is then applied repeatedly until satisfactory convergence is achieved. In the 
table, five iterations produce convergence with 0.13 degree. To illustrate the calculation, we can 
note the two specific cases below: 

(T 2 ) n= i = \ (500 ± 100 + T 4 + Tj ) = \ (500 ± 100 + 200 ± 275) = 268.75 
(T 3 )„ =4 = \ (100 ± 7i ±r 4 + 100)= £(100 ±250.52+ 150.52+ 100)= 150.26 



Number of 
iterations n 


Ti 


T 2 


T 3 


T 4 


0 


300 


300 


200 


200 


1 


275 


268.75 


168.75 


159.38 


2 


259.38 


254.69 


154.69 


152.35 


3 


251.76 


251.03 


151.03 


150.52 


4 


250.52 


250.26 


150.26 


150.13 


5 


250.13 


250.07 


150.07 


150.03 



Note that in computing (T 3 ) n=4 we have used the most recent information available to us for T\ 
and +4. 
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Figure Example 3-7a I 

Example Schematic. 




EXAMPLE 3-7 



Numerical Formulation with Heat Generation 



We illustrate the resistance formulation in cylindrical coordinates by considering a 4.0-mm- 
diameter wire with uniform heat generation of 500 MW/m 3 . The outside surface temperature of the 
wire is 200°C, and the thermal conductivity is 19 W/m ■ °C. We wish to calculate the temperature 
distribution in the wire. For this purpose we select four nodes as shown in Figure Example 3-7a. 
We shall make the calculations per unit length, so we let A z = 1.0. Because the system is one- 
dimensional, we take Acj> = 2n. For all the elements A r is chosen as 0.5 mm. We then compute the 
resistances and volume elements using the relations from Table 3-4, and the values are given below. 
The computation of R m _|_ for node 4 is different from the others because the heat-flow path is shorter. 
For node 4, r m is 1 .75 mm, so the positive resistance extending to the known surface temperature is 



R>n t — 



Ar/2 



(r m + Ar/4) A tp A z k 
The temperature equation for node 4 is written as 



1 

157 rk 



T 4 = 



2749 + 6nkT^ + 15tt*(200) 
21nk 



where the 200 is the known outer surface temperature. 





r m ? 


Rm+j 


Rm—i 


A V = r m A;- A<j> A z. 


qi = q AV, 


Node 


mm 


°C/W 


°C/W 


//in' 


w 


1 


0.25 


1 

2nk 


OO 


0.785 


392.5 


2 


0.75 


1 

Ank 


1 

2nk 


2.356 


1178 


3 


1.25 


1 

6nk 


1 

Ank 


3.927 


1964 


4 


1.75 


1 

15nk 


1 

6 nk 


5.498 


2749 



Figure Example 3-7b I Comparison of 
analytical and 
numerical solution. 
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A summary of the values of £(1 /Rjj) and Tj according to Equation (3-32) is now given to be 
used in a Gauss-Seidel iteration scheme. 



Node 


£^> w/ ° c 

n ‘J 


qt+UTj/Rij) 
1 £(i /Rij) 


1 


2 nk= 119.38 


Ti = 3.288 + T 2 


2 


6nk = 358.14 


t 2 = 3.289+ ir, + |r 3 


3 


\0nk = 596.90 


r 3 = 3.290 + o.4r 2 + o.6r 4 


4 


2lnk = 1253.50 


74 = 2.193+ |?3 + 142.857 



Thirteen iterations are now tabulated: 







Node temperature, °C 




Iteration n 


Tl 


72 


73 


74 


0 


240 


230 


220 


210 


1 


233.29 


227.72 


220.38 


208.02 


2 


231.01 


227.21 


218.99 


207.62 


3 


230.50 


226.12 


218.31 


207.42 


4 


229.41 


225.30 


217.86 


207.30 


5 


228.59 


224.73 


217.56 


207.21 


6 


228.02 


224.34 


217.35 


207.15 


7 


227.63 


224.07 


217.21 


207.11 


8 


22136 


223.88 


217.11 


207.08 


9 


227.17 


223.75 


217.04 


207.06 


10 


227.04 


223.66 


216.99 


207.04 


11 


226.95 


223.60 


216.95 


207.04 


12 


226.89 


223.55 


216.93 


207.03 


13 


226.84 


223.52 


216.92 


207.03 


Analytical 


225.904 


222.615 


216.036 


206.168 


Gauss-Seidel check 
Exact solution 


225.903 


222.614 


216.037 


206.775 


of nodal equations 


226.75 


223.462 


216.884 


207.017 



We may compare the iterative solution with an exact calculation which makes use of Equation 
(2-25a): 

T-T w = ! - ( R 2 -r 2 ) 

where T w is the 200° C surface temperature, R = 2.0 mm, and r is the value of r m for each node. 
The analytical values are shown following iteration 13, and then a Gauss-Seidel check is made on 
the analytical values. There is excellent agreement on the first three nodes and somewhat less on 
node 4. Finally, the exact solutions to the nodal equations are shown for comparison. These are 
the values the iterative scheme would converge to if carried far enough. In this limit the analytical 
and numerical calculations differ by a constant factor of about 0.85°C, and this difference results 
mainly from the way in which the surface resistance and boundary condition are handled. A 
smaller value of A r near the surface would produce better agreement. A graphical comparison of 
the analytical and numerical solutions is shown in Figure Example 3-7b. 

The total heat loss from the wire may be calculated as the conduction through R m + at node 4. 

Then 

j y' 

q = — = 15mt(207.03 - 200) = 6.294 kW/m [6548 Btu/h ■ ft] 

Rm- 1 - 
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This must equal the total heat generated in the wire, or 

q = qV = (500 x 10 6 )tt(2 x 10 -3 ) 2 = 6.283 kW/m [6536 Btu/h • ft] 

The difference between the two values results from the inaccuracy in determination of T 4 . Using 
the exact solution value of 207.017°C would give a heat loss of 6.2827 kW. For this problem the 
exact value of heat flow is 6.283 kW because the heat-generation calculation is independent of the 
finite-difference formulation. 



EXAMPLE 3-8 



Heat Generation with Nonuniform 
Nodal Elements 



A layer of glass [k = 0.8 W/m-°C] 3 mm thick has thin 1-mm electric conducting strips 
attached to the upper surface, as shown in Figure Example 3-8. The bottom surface of the 
glass is insulated, and the top surface is exposed to a convection environment at 30°C with 
h = 100 W/m 2 ■ °C. The strips generate heat at the rate of 40 or 20 W per meter of length. Deter- 
mine the steady-state temperature distribution in a typical glass section, using the numerical method 
for both heat-generation rates. 



Figure Example 3-8 I (a) Physical system, ( b ) nodal boundaries. 
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(b) 

■ Solution 

The nodal network for a typical section of the glass is shown in the figure. In this example we have 
not chosen Ax = Ay. Because of symmetry, 7i = TV, 73 = T, 6, etc., and we only need to solve for 
the temperatures of 16 nodes. We employ the resistance formulation. As shown, we have chosen 
Ax = 5 mm and Ay = 1 mm. The various resistances may now be calculated: 

Nodes 1, 2, 3, 4: 

1 1 k( Ay/2) (0.8X0.001/2) no 

R m - y R m - Ax 0.005 

— = hA = (100X0.005) = 0.5 
Rn+ 

1 _ kAx _ (0.8X0.005) 

~R^I ~ ~Ay" ~ 0.001 " ~ 
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Nodes 8, 9, 10, 11. 15. 16, 17, 18: 

1 1 kAy (0.8)(0.001) 

R m + Rm- Ax 0.005 

1 1 kAx ^ 

R/I+ Rfi A y 

Nodes 22, 23, 24, 25: 

1 1 k( Ay/2) 

= = ■' = 0.08 

Rm+ Rm— Ax 

1 kAx 

= =4.0 

Rn+ A y 

= 0 (insulated surface) 

R n — 

The nodal equations are obtained from Equation (3-31) in the general form 

J2( T j/Rij) + 4i-TiJ2^/ R U) = 0 

Only node 4 has a heat-generation term, and q, = 0 for all other nodes. From the above resistances 
we may calculate the X(l/^y) as 



Node 


XO/%) 


1,2, 3, 4 


4.66 


8, ..., 18 


8.32 


22, 23, 24, 25 


4.16 



For node 4 the equation is 

(2)(0.08)r 3 + 4.0r 5 + (0.5)(30) + q A - 4.66 T A = 0 

The factor of 2 on r 3 occurs because r 3 = T 5 from symmetry. When all equations are evaluated 
and the solution obtained, the following temperatures result: 



Node 


q/L, W/m 


temperature, °C 


20 


40 


1 


31.90309 


33.80617 


2 


32.78716 


35.57433 


3 


36.35496 


42.70993 


4 


49.81266 


69.62532 


8 


32.10561 


34.21122 


9 


33.08189 


36.16377 


10 


36.95154 


43.90307 


11 


47.82755 


65.65510 


15 


32.23003 


34.46006 


16 


33.26087 


36.52174 


17 


37.26785 


44.53571 


18 


46.71252 


63.42504 


22 


32.27198 


34.54397 


23 


33.32081 


36.64162 


24 


37.36667 


44.73333 


25 


46.35306 


62.70613 
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3-8 Accuracy Considerations 



The results of the model and calculations may be checked by calculating the convection heat lost 
by the top surface. Because all the energy generated in the small heater strip must eventually be 
lost by convection (the bottom surface of the glass is insulated and thus loses no heat), we know 
the numerical value that the convection should have. The convection loss at the top surface is 
given by 



hiAi(Ti — T 0 o) 



= ( 2 ) ( 100 ) 




Too ) + Ax (To + Tj — 2Too) + 



Ax 



(24 - Too) 



The factor of 2 accounts for both sides of the section. With Too = 30°C this calculation yields 
q c = 19.999995 for q/L = 20 W/m 

q c = 40.000005 for q/L = 40 W/m 



Obviously, the agreement is excellent. 



EXAMPLE 3-9 



Composite Material with Nonuniform 
Nodal Elements 



A composite material is embedded in a high-thermal-conductivity material maintained at 400° C 
as shown in Figure Example 3-9a. The upper surface is exposed to a convection environment at 
30°C with h — 25 W/m' ■ °C. Determine the temperature distribution and heat loss from the upper 
surface for steady state. 

■ Solution 

For this example we choose nonsquare nodes as shown in Figure Example 3-9 b. Note also that 
nodes 1, 4, 7, 10, 13, 14, and 15 consist of two materials. We again employ the resistance 
formulation. 

For node 1 : 



1 


kA 


(2.0X0.005) 


= 0.6667 




Ax 


0.015 


i 


kA 


(0.3X0.005) 


= 0.15 


Rm— 


Ax 


0.01 



Rn+ 

1 

R n - 

For nodes 4, 7, 10: 



= hA = (25)(0.005 + 0.0075) = 0.3125 



kA 

~Ay 






(0.3X0.005) + (2.0)(0.0075) 



1 



Rm+ 

1 

Rm— 

1 

Rn+ 



(2.0X0.01) 

0.015 

(0.3X0.01) 



0.01 



0.01 

= 1.3333 
= 0.3 



= 1.65 



1 

^7- 



= 1.65 
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Figure Example 3-9 I (a) Physical system, ( b ) nodal boundaries. 
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(6) 



For node 73: 



1 



(2.0)(0.005) + (0.3)(0.005) 



Rm \ 
1 

R?n- 

1 

^/?+ 

1 

Rfi — 



0.015 



= 0.76667 



(0.3)(0.01) 



= 0.3 



0.01 

= 1.65 

_ (0.3) (0.0075) + (0.3)(0.005) 
0.01 



= 0.375 



For nodes, 5, 6, 8, 9, 11, 12: 



1 



For nodes 2, 3: 



Rm+ 

1 



Rm + 



Rm- 

1 

R n — 



Rm — 



(2.0X0.01) 

' 0.015 

(2.0)(0.015) 
0.01 



(2.0X0.005) 

0.015 



= 1.3333 
= 3.0 

= 0.6667 
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3-8 Accuracy Considerations 



— — = hA = (2.5)(0.015) = 0.375 

Rn+ 



Rn — 



= 3.0 



For nodes 14, 15: 

1 

R/n+ 

1 

Rn+ 

1 



We shall use Equation (3-32) for formulating the nodal equations. For node 1,^(1 /Rjj) = 2.7792, 
and we obtain 

+1 = ^^[(400)(0.15) + (30)(0.3125) + 72(0-6667) + 1.65r 4 ] 

For node 3, I /Rij) = 4.7083, and the nodal equation is 

T 3 = j4^[ 7 '2(0.6667)(2) + 3.07 6 + (0.375)(30)] 

4. /UoJ 

The factor of 2 on T 2 occurs because of the mirror image of T 2 to the right of + 3 . 

A similar procedure is followed for the other nodes to obtain 15 nodal equations with the 15 
unknown temperatures. These equations may then be solved by whatever computation method is 
most convenient. The resulting temperatures are: 



1 



(2.0)(0.005) + (0.3X0.005) 



Rfn ■ 

= 3.0 

_ (0.3X0.015) 
OOl 



0.015 



= 0.76667 



= 0.45 



T\ = 254.956 
7 4 = 287.334 
Tj = 310.067 
7 10 = 327.770 
7 13 = 343.516 



+2 = 247.637 
+5 = 273.921 
+8 = 296.057 
+11 = 313.941 
+14 = 327.688 



+3 = 244.454 
+ 6 = 269.844 
+9 = 291.610 
+12 = 309.423 
+15 = 323.220 



The heat flow out the top face is obtained by summing the convection loss from the nodes: 
?conv — y ' hAj(Tj — Too ) 

= (2) (25) [(0.0 125) (254. 96 - 30) + (0.015)(247.64 - 30) 



+ (0.0075) (244.45 — 30)] 



= 382.24 W per meter of depth 



As a check on this value, we can calculate the heat conducted in from the 400° C surface to nodes 
1,4, 7, 10, 13, 14, and 15: 

AT 

9cond = 2^ ^Ai — — 



+cond = 2 q J qi [(0- 005) (400 - 254.96) + (0.01X400 - 287.33) + (0.01)(400 - 310.07) 
+ (0.01)(400 - 327.77) + (0.0225)(400 - 343.52) + (0.015)(400 - 327.69) 

+ (0.0075) (400- 323.22)] 

= 384.29 W per meter of depth 

The agreement is excellent. 
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Radiation Boundary Condition 



EXAMPLE 3-10 



A l-by-2-cm ceramic strip [A = 3.0W/m ■ °C, p= 1600 kg/m 3 , and c = 0.8kj/kg • °C] is 
embedded in a high-thermal-conductivity material, as shown in Figure Example 3-10, so that 
the sides are maintained at a constant temperature of 900°C. The bottom surface of the ceramic is 
insulated, and the top surface is exposed to a convection and radiation environment at Too — 50°C; 
h = 50 W/m 2 ■ °C, and the radiation heat loss is calculated from 

q = aAe(T 4 -T , 4 ) 

where 



A = surface area 

a = 5.669 x 10“ 8 W/m 2 ■ °K 4 

e=0.7 

Solve for the steady-state temperature distribution of the nodes shown and the rate of heat loss. 
The radiation temperatures are in degrees Kelvin. 



Figure Example 3-10 
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■ Solution 

We shall employ the resistance formulation and note that the radiation can be written as 

. , t 4 t 4 , T — T„o 
C 1 — creA(T — T^) = 



Rad 



[a] 



f^rad 



= aeA(T l + T^ 0 ){T+T 00 ) 



[b] 



From symmetry T\ = T 3 , T 4 = Tg, and T-j = Tg, so we have only six unknown nodes. The resis- 
tances are now computed: 

Nodes 1,2: 



1 



1 



kA (3.0)(0.0025) 



Rm + Rm— Ax 



0.005 



= 1.5 



1 

Rn - 



(3.0) (0.005) 
0.005 



= 3.0 



1 

Rn + xonv 
1 

R 



= A A = (50)(0.005) = 0.25 



= aeA(T 2 + T£o)(T+Too) 



[c] 



11+ , rad 

The radiation term introduces nonlinearities and will force us to employ an iterative solution. 
Nodes 4, 5: 

A11 — = — = ( 3 -0)(°-005) _ 3 Q 
R Ax 0.005 
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3-8 Accuracy Considerations 



Nodes 7, 8: 



Rm + Rm — R/i + 

Because the bottom surface is insulated, l/R n - = 0. We now use Equation (3-32) 

T UTj/Rij) 

1 Ed /Rij) 

and tabulate: 



Node 


Ed /Rij) 


1 


6.25+l/7? rad 


2 


6.25+l/7? rad 


4 


12 


5 


12 


7 


6 


8 


6 



[ 3 - 33 ] 



Our nodal equations are thus expressed in degrees Kelvin because of the radiation terms and 
become 

r l = , [1-572 + 37) + (1.5)0173) + (323M0.25) 

+ <xe(0.005)(7f + 323 2 )(7) + 323)(323)] 

T 2 = 1 {/R — [1-57) (2) + 3 T 5 + (323X0.25) 

+ ffe(0.005)(r 2 + 323 2 )(T 2 + 323)(323)] 

7) = ^[(1173)(3.0) + 37) + 37) + 3 T 5 ] T 5 = ^[27)0.0) + 37) + 3 7g] 

r 7 = i[(ii73)(i.5) + 3r 4 + i.5r g ] r g = \ [ 277 ( 1 . 5 ) + 3r 5 ] 

The radiation terms create a very nonlinear set of equations. The computational algorithm we shall 
use is outlined as follows: 

1. Assume 7) = 7) = 1173 K. 

2. Compute 1 /7? rac i and ( 1 /Rij) for nodes 1 and 2 on the basis of this assumption. 

3 . Solve the set of equations for 7) through 7*). 

4 . Using new values of 7) and 7), recalculate 1 /7? rac j values. 

5 . Solve equations again, using new values. 

6. Repeat the procedure until answers are sufficiently convergent. 

The results of six iterations are shown in the table. As can be seen, the convergence is quite rapid. 
The temperatures are in kelvins. 



Iteration 


7l 


T 2 


r 4 


7s 


TV 


7*8 


1 


990.840 


944.929 


1076.181 


1041.934 


1098.951 


1070.442 


2 


1026.263 


991.446 


1095.279 


1068.233 


1113.622 


1090.927 


3 


1019.879 


982.979 


1091.827 


1063.462 


1110.967 


1087.215 


4 


1021.056 


984.548 


1092.464 


1064.344 


1111.457 


1087.901 


5 


1020.840 


984.260 


1092.347 


1064.182 


1111.367 


1087.775 


6 


1020.879 


984.313 


1092.369 


1064.212 


1111.384 


1087.798 
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As a practical matter, the iterations would be carried out using a commercial software package 
(such as those mentioned in References 22-27) and only the final set of values would be displayed 
on the computer. 

At this point we may note that in a practical problem the value of 6 will only be known within 
a tolerance of several percent, and thus there is nothing to be gained by carrying the solution to 
unreasonable limits of accuracy. 

The heat loss is determined by calculating the radiation and convection from the top surface 
(nodes 1, 2, 3): 

7rad = I> e ^ ( 7 ?-3 234 ) 

= (5.669 x 10 _8 )(0.7)(0.005)[(2)(1020.88 4 - 323 4 ) + 984.3 13 4 - 323 4 ] 

= 610.8 W/m depth 
<?conv — y ] hA[(Tj — 323) 

= (50) (0.005) [(2) ( 1 020.88 - 323) + 984.313 - 323] = 514.27 W 
9total = 610.8 + 514.27 = 1125.07 W/m depth 

This can be checked by calculating the conduction input from the 900°C surfaces: 

AT 

?cond — kAi ^ 

(2) (3.0) 

= 4-1+— 1[(0.0025)(1173 - 1020.879) + (0.005)(1173 - 1092.369) 

+ (0.0025) (1173- 1111.384)] 

= 1124.99 W/m depth 

The agreement is excellent. 



Use of Variable Mesh Size 



EXAMPLE 3-11 



One may use a variable mesh size in a problem with a finer mesh to help in regions of large 
temperature gradients. This is illustrated in Figure Example 3-11, in which Figure 3-6 is redrawn 
with a fine mesh in the corner. The boundary temperatures are the same as in Figure 3-6. We wish 
to calculate the nodal temperatures and compare with the previous solution. Note the symmetry 
of the problem: 7/ = Tj, Ty = + 4 , etc. 

Figure Example 3-11 
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3-8 Accuracy Considerations 



■ Solution 

Nodes 5, 6, 8, and 9 are internal nodes with Ax = Ay and have nodal equations in the form of 
Equation (3-24). Thus, 

600 + r 6 + r 8 - 4r 5 = o 

500 + r 5 + T 7 + T 9 - 4J 6 = 0 
ioo+r 5 + r 9 + 7’ 11 _47’ 8 = o 
7s + T(, + 7) 0 + T \2 - 4 Tg = 0 



For node 7 we can use a resistance formulation and obtain 



1/777—6 = k 



1/777-500° = 



k(Ax/6 + Ax/2) 



Ay/3 



= 2 k 



1/777- 10 = 2 k 



and we find 

1000 +76 + 27)0 -57v = 0 

Similar resistances are obtained for node 10. 

l/^io— 9 = k 

1/^10-7 = 27'= 1/77 io-l 



so that 



For node 1 , 



277 + 79 + 27) -57)o = 0 



k( Ay/6 + Ay/2) 

1/771-12 = ^7 = 2 k 

Ax/3 

k( Ax/6 + Ax/2) 

1/77 1-3 = 7 = 27/3 

Ay 

1/77 1 _ 10 = 27 



and the nodal equation becomes 



37)2 + 37)o + 73- 77) =0 



For node 11, 



, /n wn 7(Ay/6 + Ay/2) „ 

1/77 1 1 — 1 00 ° = l/77ll-12= 7 — =27 

Ax/3 

1/77 ii — g = 7 

7(Ax/3) 

1/77 ii — 13 = — =7/3 

Ay 

and the nodal equation becomes 

600 + 67)2 + 37s + 7 ) 3 - 167’ n = 0 

Similarly, the equation for node 12 is 

37c, + 67) i + 67) + 7)4 - 167) 2 = 0 
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For node 13, 

k Ay 

1/^13-100° = ' = 3fc= 1//?13-14 

Ax/3 

1/^13-11 = 1/^13—100 = */3 

and we obtain 

1000 + 9T U + T n - 207x3 = 0 

Similarly for node 14, 

100 + 97-13 + 9T 3 + T n - 207x4 = 0 
Finally, from resistances already found, the nodal equation for node 3 is 

200 + 97-14 + 27-1 - 1373=0 

We choose to solve the set of equations by the Gauss-Seidel iteration technique and thus write 
them in the form 7} = f(T j). The solution was set up on a computer with all initial values for the 
7)’s taken as zero. The results of the computations are shown in the following table. 



Node 




Number of iterations 




2 


10 


20 


30 


50 


1 


59.30662 


232.6668 


247.1479 


247.7605 


247.7875 


2 


59.30662 


232.6668 


247.1479 


247.7605 


247.7875 


3 


50.11073 


139.5081 


147.2352 


147.5629 


147.5773 


4 


50.11073 


139.5081 


147.2352 


147.5629 


147.5773 


5 


206.25 


288.358 


293.7838 


294.0129 


294.023 


6 


248.75 


359.025 


366.9878 


367.3243 


367.3391 


7 


291.45 


390.989 


398.7243 


399.0513 


399.0657 


8 


102.9297 


200.5608 


208.4068 


208.7384 


208.753 


9 


121.2334 


264.2423 


275.7592 


276.2462 


276.2677 


10 


164.5493 


302.3108 


313.5007 


313.974 


313.9948 


11 


70.95459 


156.9976 


164.3947 


164.7076 


164.7215 


12 


73.89051 


203.6437 


214.5039 


214.9634 


214.9836 


13 


70.18905 


115.2635 


119.2079 


119.3752 


119.3826 


14 


62.82942 


129.8294 


135.6246 


135.8703 


135.8811 



Again, the results of the various sets of iterations are shown merely to illustrate the rapidity of 
convergence. In actual practice only the final set of values would be displayed on the computer. 
Note that these solutions for T\=T 3 = 247.79°Cand T 3 = T^= 147.58°C are somewhat below the 
values of 250°C and 150°C obtained when only four nodes were employed, but only modestly so. 



Three-Dimensional Numerical Formulation 



EXAMPLE 3-12 



To further illustrate the numerical formulation, consider the simple three-dimensional block shown 
in Figure Example 3-12a. The blockhas dimensions of3 x 4 x 4 cm with the front surface exposed 
to a convection environment with Too = 10°C and h = 500 W/m 2 ■ °C. The four sides are main- 
tained constant at 100°C and the back surface is insulated. We choose Ax = Ay = Az = 1 cm and 
set up the nodes as shown. The front surface has nodes 11, 12, 13, 14, 15, 16; the next Az nodes are 
21, 22, 23, 24, 25, 26 and so on. We shall use the resistance formulation in the form of Equation 
(3-32) to set up the nodal equations. 
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3-8 Accuracy Considerations 



Figure Example 3-12a I Schematic. 




Figure Example 3-12b I Results. 
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■ Solution 

All of the interior nodes for z-planes 2, 3, 4 have resistances of 

1 /R = k A / Ax = (2)(0.01) 2 /0.01 = 0.02 = l/fl n _ 21 = l//? 2 l-22. etc. 

The surface conduction resistances for surface z-plane 1 are 

l//f n_ 12 = kA/Ax = (2)(0.01/2)/0.01 = 0.01 = l/fl n _ 14 , etc. 

The surface convection resistances are 

1/^H-oo = hA = (500)(0.01) 2 = 0.05 

For surface nodes like 1 1 the £](1 /Rij) term in Equation (3-32) becomes 

= (4) (0.0 1 ) + 0.02 + 0.05 = 0.11 

while, for interior nodes, we have 

J2^ R 21 - ;■) = (6X0.02) = 0.12 

For the insulated back surface nodes 

J2(V R 51-j) = (4) (0.01) + (0.02) = 0.06 

There are 30 nodes in total; 6 in each z-plane. We could write the equations for all of them but 
prefer to take advantage of the symmetry of the problem as indicated in the figure. Thus, 

7’li = T 13 = r 14 = r 16 and r 12 = r 15 , etc. 

We may then write the surface nodal equations as 

T \ , = [0.05 + 0.02 T 2 i + (0.01K100 + 100 + T u + J 12 )]/0. 1 1 

r 12 = [0.05 Too + 0.02 T 22 + (0.01)(100+ T n + T l5 + r 13 )]/0.11 

Inserting Too = 10 and simplifying we have 

T n = (2.5 + 0.02 r 21 + 0.01 r 12 )/0.1 

Tn = d-5 + 0.02 :r 22 + 0.02 ^ 0/0.1 

Following the same procedure for the other z-planes we obtain 

r 21 = (200 + r u + r 31 + r 22 )/5 
r 22 = (ioo + r 12 + r 32 + r 21 )/5 
r 31 = (200 + r 21 + 7 41 + r 32 )/5 
r 32 = (ioo + r 22 + r 42 + r 31 )/5 
r 41 = (200 + r 31 + r 51 + r 42 )/5 
r 42 = (ioo + r 32 + r 52 + 2 r 41 )/5 
r 51 = (2 + 0.02 74! + 0.01 T 52 )/0.05 
t 52 = (i + 0.02 r 42 + 0.02 r 5i )/o.05 

Solving the 10 equations gives the following results for the temperatures in each z-plane. 



z-plane 


Node 1 


Node 2 


1 


45.9 


40.29 


2 


84.36 


80.57 


3 


95.34 


93.83 


4 


98.49 


97.93 


5 


99.16 


98.94 
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3-9 Electrical Analogy for Two-Dimensional Conduction 



Figure Example 3- 12b gives a graphical display of the results, and the behavior is as expected. 
The temperature drops as the cooled front surface is approached. Node 2 is cooled somewhat more 
than node 1 because it is in contact with only a single 100° surface. 

■ Comments 

While this is a rather simple three-dimensional example, it has illustrated the utility of the resistance 
formulation in solving such problems. As with two-dimensional systems, variable mesh sizes, heat 
generation, and variable boundary conditions can be accommodated with care and patience. 



Remarks on Computer Solutions 

It should be apparent by now that numerical methods and computers give the engineer 
powerful tools for solving very complex heat-transfer problems. Many large commercial 
software packages are available, and new ones appear with increasing regularity. One char- 
acteristic common to almost all heat-transfer software is a requirement that the user under- 
stand something about the subject of heat transfer. Without such an understanding it can 
become very easy to make gross mistakes and never detect them at all. We have shown 
how energy balances are one way to check the validity of a computer solution. Sometimes 
common sense also works well. We know, for example, that a plate will cool faster when 
air is blown across the plate than when exposed to still air. Later, in Chapters 5 through 7, 
we will see how to quantify these effects and will be able to anticipate what influence they 
may have on a numerical solution to a conduction problem. A similar statement can be 
made pertaining to radiation boundary conditions, which will be examined in Chapter 8. 
These developments will give the reader a “feel” for what the effects of various boundary 
conditions should be and insight about whether the numerical solution obtained for a prob- 
lem appears realistic. Up to now, boundary conditions have been stipulated quantities, but 
experienced heat-transfer practitioners know that they are seldom easy to determine in the 
real world. 



3-9 I ELECTRICAL ANALOGY LOR 

TWO-DIMENSIONAL CONDUCTION 

Steady-state electric conduction in a homogeneous material of constant resistivity is anal- 
ogous to steady-state heat conduction in a body of similar geometric shape. For two- 
dimensional electric conduction the Laplace equation applies: 

d 2 E d 2 E _ 
dx 2 3 y 2 

where E is the electric potential. A very simple way of solving a two-dimensional heat- 
conduction problem is to construct an electrical analog and experimentally determine the 
geometric shape factors for use in Equation (3-23). One way to accomplish this is to use 
a commercially available paper that is coated with a thin conductive film. This paper may 
be cut to an exact geometric model of the two-dimensional heat-conduction system. At 
the appropriate edges of the paper, good electrical conductors are attached to simulate 
the temperature boundary conditions on the problem. An electric -potential difference is 
then impressed on the model. It may be noted that the paper has a very high resistance in 
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comparison with the conductors attached to the edges, so that a constant-potential condition 
can be maintained at the region of contact. 

Once the electric potential is impressed on the paper, an ordinary voltmeter may be used 
to plot lines of constant electric potential. With these constant-potential lines available, the 
flux lines may be easily constructed since they are orthogonal to the potential lines. These 
equipotential and flux lines have precisely the same arrangement as the isotherms and heat- 
flux lines in the corresponding heat-conduction problem. The shape factor is calculated 
immediately using the method which was applied to the curvilinear squares. 

It may be noted that the conducting-sheet analogy is not applicable to problems where 
heat generation is present; however, by addition of appropriate resistances, convection 
boundary conditions may be handled with little trouble. Schneider [2] and Ozisik [10] 
discuss the conducting-sheet method, as well as other analogies for treating conduction 
heat-transfer problems, and Kayan [4, 5] gives a detailed discussion of the conducting-sheet 
method. Because of the utility of numerical methods, analogue techniques for solution of 
heat-transfer problems are largely of historical interest. 



3-10 I SUMMARY 

There is a myriad of analytical solutions for steady-state conduction heat-transfer problems 
available in the literature. In this day of computers most of these solutions are of small 
utility, despite their exercise in mathematical facilities. This is not to say that we cannot 
use the results of past experience to anticipate answers to new problems. But, most of the 
time, the problem a person wants to solve can be attacked directly by numerical techniques, 
except when there is an easier way to do the job. As a summary, the following suggestions 
are offered: 

1. When tackling a two- or three-dimensional heat-transfer problem, first try to reduce it 
to a one-dimensional problem. An example is a cylinder with length much larger than 
its diameter. 

2. If possible, select a simple shape-factor model that may either exactly or approximately 
represent the physical situation. See comments under items 4 and 5. 

3. Seek some simple analytical solutions but, if solutions are too complicated, go directly 
to the numerical techniques. 

4 . In practical problems, recognize that convection and radiation boundary conditions are 
subject to large uncertainties. This means that, in most practical situations, undue concern 
over accuracy of solution to numerical nodal equations is unjustified. 

5 . In general, approach the solution in the direction of simple to complex, and make use 
of checkpoints along the way. 



REVIEW QUESTIONS 

1. What is the main assumption in the separation-of-variables method for solving Laplace’s 
equation? 

2. Define the conduction shape factor. 

3. What is the basic procedure in setting up a numerical solution to a two-dimensional 
conduction problem? 
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Problems 



4. Once finite-difference equations are obtained for a conduction problem, what methods 
are available to effect a solution? What are the advantages and disadvantages of each 
method, and when would each technique be applied? 

5. Investigate the computer software packages that are available at your computer center 
for solution of conduction heat-transfer problems. 



LIST OF WORKED EXAMPLES 

3-1 Buried pipe 
3-2 Cubical furnace 
3-3 Buried disk 
3-4 Buried parallel disks 
3-5 Nine-node problem 
3-6 Gauss-Seidel calculation 
3-7 Numerical formulation with heat generation 
3-8 Heat generation with nonuniform nodal elements 
3-9 Composite material with nonuniform nodal elements 
3-10 Radiation boundary condition 
3-11 Use of variable mesh size 
3-12 Three-dimensional numerical formulation 

PROBLEMS 

3-1 Beginning with the separation-of-variables solutions for X 2 — 0 and X 2 < 0 [Equations 
(3-9) and (3-10)], show that it is not possible to satisfy the boundary conditions for 
the constant temperature at y = H with either of these two forms of solution. That is. 



show that, in order to satisfy the boundary conditions 


T= T\ 


at y = 0 


T=T { 


atx = 0 


T=T X 


at x — W 


t = t 2 


at y—H 



either a trivial or physically unreasonable solution results when either Equation (3-9) 
or (3-10) is used. 

3-2 Write out the first four nonzero terms of the series solutions given in Equation 
(3-20). What percentage error results from using only these four terms at y—H 
and x = W/ 2? 

3-3 A horizontal pipe having a surface temperature of 67° C and diameter of 25 cm is 
buried at a depth of 1 .2 m in the earth at a location where k — 1 .8 W/m • °C. The earth 
surface temperature is 15°C. Calculate the heat lost by the pipe per unit length. 

3-4 A 6.0-cm-diameter pipe whose surface temperature is maintained at 210°C passes 
through the center of a concrete slab 45 cm thick. The outer surface temperatures of 
the slab are maintained at 15°C. Using the flux plot, estimate the heat loss from the 
pipe per unit length. Also work using Table 3-1. 

3-5 A 2.5-cm-diameter pipe carrying condensing steam at 101 kPa passes through the 
center of an infinite plate having a thickness of 5 cm. The plate is exposed to room 
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air at 27°C with a convection coefficient of 5.1 W/m 2 ■ °C on both sides. The plate is 
composed of an insulation material having k = 0. 1 W/m ■ °C. Calculate the heat lost 
by the steam pipe per meter of length. 

3-6 A heavy-wall tube of Monel, 2.5-cm ID and 5-cm OD, is covered with a 2.5-cm 
layer of glass wool. The inside tube temperature is 300°C, and the temperature at 
the outside of the insulation is 40°C. How much heat is lost per foot of length? Take 
k= 11 Btu /h • ft ■ °F for Monel. 

3-7 A symmetrical furnace wall has the dimensions shown in Figure P3-7. Using the flux 
plot, obtain the shape factor for this wall. 

Figure P3-7 
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3-8 A furnace of 70- by 60- by 90-cm inside dimensions is constructed of a material 
having a thermal conductivity of 0.5 Btu/h • ft • °F. The wall thickness is 6 in. The 
inner and outer surface temperatures are 500 and 100°F, respectively. Calculate the 
heat loss through the furnace wall. 

3-9 A cube 35 cm on each external side is constructed of fireclay brick. The wall thickness 
is 5.0 cm. The inner surface temperature is 500°C, and the outer surface temperature 
is 80°C. Compute the heat flow in watts. 

3-10 Two long cylinders 8.0 and 3.0 cm in diameter are completely surrounded by a medium 
with k = 1.4 W/m • °C. The distance between centers is 10 cm, and the cylinders are 
maintained at 200 and 35°C. Calculate the heat-transfer rate per unit length. 

3-11 A 10-cm-diameter sphere maintained at 30°C is buried in the earth at a place where 
k = 1 .2 W/m • °C. The depth to the centerline is 24 cm, and the earth surface temper- 
ature is 0°C. Calculate the heat lost by the sphere. 

3-12 A 20-cm-diameter sphere is totally enclosed by a large mass of glass wool. A heater 
inside the sphere maintains its outer surface temperature at 170°C while the temper- 
ature at the outer edge of the glass wool is 20°C. How much power must be supplied 
to the heater to maintain equilibrium conditions? 

3-13 A large spherical storage tank, 2 m in diameter, is buried in the earth at a location 
where the thermal conductivity is 1.5 W/m • °C. The tank is used for the storage of 
an ice mixture at 0°C, and the ambient temperature of the earth is 20°C. Calculate 
the heat loss from the tank. 

3-14 A 2.5 -cm-diameter pipe carrying condensing steam at 101 kPa passes through the 
center of a square block of insulating material having k — 0.04 W/m • °C. The block 
is 5 cm on side and 2 m long. The outside of the block is exposed to room air at 
27°C and a convection coefficient of h =5.1 W/m 2 ■ °C. Calculate the heat lost by 
the steam pipe. 
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Problems 



3-15 The solid shown in Figure P3-15 has the upper surface, including the half-cylinder 
cutout, maintained at 100°C. At a large depth in the solid the temperature is 300 K; 
k= 1 W/m • °C. What is the heat transfer at the surface for the region where L — 30 cm 
and D= 10 cm? 

Figure P3-15 



3-16 In certain locales, power transmission is made by means of underground cables. In 
one example an 8.0-cm-diameter cable is buried at a depth of 1 .3 m, and the resistance 
of the cable is 1.1 x 10 -4 f?/m. The surface temperature of the ground is 25°C, and 
k = 1 .2 W/m • °C for earth. Calculate the maximum allowable current if the outside 
temperature of the cable cannot exceed 110°C. 

3-17 A copper sphere 4.0 cm in diameter is maintained at 70°C and submerged in a large 
earth region where k— 1.3 W/m • °C. The temperature at a large distance from the 
sphere is 12°C. Calculate the heat lost by the sphere. 

3-18 Two long, eccentric cylinders having diameters of 20 and 5 cm, respectively, are 
maintained at 100 and 20°C and separated by a material with k = 2.5 W/m ■ °C. The 
distance between centers is 5.5 cm. Calculate the heat transfer per unit length between 
the cylinders. 

3-19 Two pipes are buried in the earth and maintained at temperatures of 200 and 100°C. 
The diameters are 9 and 18 cm, and the distance between centers is 40 cm. Calculate 
the heat-transfer rate per unit length if the thermal conductivity of earth at this location 
is 1.1 W/m -°C. 

3-20 A hot sphere having a diameter of 1.5 m is maintained at 300°C and buried in a 
material with k— 1.2 W/m • °C and outside surface temperature of 30°C. The depth 
of the centerline of the sphere is 3.75 m. Calculate the heat loss. 

3-21 A scheme is devised to measure the thermal conductivity of soil by immersing a long 
electrically heated rod in the ground in a vertical position. For design purposes, the rod 
is taken as 2.5 cm in diameter with a length of 1 m. To avoid improper alteration of the 
soil, the maximum surface temperature of the rod is 55°C while the soil temperature is 
10°C. Assuming a soil conductivity of 1 .7 W/m • °C, what are the power requirements 
of the electric heater in watts? 

3-22 Two pipes are buried in an insulating material having k = 0.8 W/m • °C. One pipe is 
10 cm in diameter and carries a hot fluid at 300°C while the other pipe is 2.8 cm in 
diameter and carries a cool fluid at 15°C. The pipes are parallel and separated by a 
distance of 12 cm on centers. Calculate the heat-transfer rate between the pipes per 
meter of length. 

3-23 At a certain location the thermal conductivity of the earth is 1.5 W/m • °C. At this 
location an isothermal sphere having a temperature of 5°C and a diameter of 2.0 m 
is buried at a centerline depth of 5.0 m. The earth temperature is 25°C. Calculate the 
heat gained by the sphere. 

3-24 Two parallel pipes are buried very deep in the earth at a location where they are 
in contact with a rock formation having k — 3.5 W/m • °C. One pipe has a diameter 
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of 20 cm and carries a hot fluid at 120°C while the other pipe has a diameter of 
40 cm and carries a cooler fluid at 20°C. The distance between centers of the pipes is 
1.0 m and both pipes are very long in respect to their diameters and spacing. Calculate 
the conduction heat transfer between the two pipes per unit length of pipe. Express 
as W/m length. 

3-25 Steam pipes are sometimes carelessly buried in the earth without insulation. Consider 
a 10-cm pipe carrying steam at 150°C buried at a depth of 23 cm to centerline. The 
buried length is 100 m. Assuming that the earth thermal conductivity is 1 .2 W/m • °C 
and the surface temperature is 15°C, estimate the heat lost from the pipe. 

3-26 A hot steam pipe, 5 cm in diameter and carrying steam at 150°C, is placed in the center 
of a 15-cm-thick slab of lightweight structural concrete. The outside of the concrete 
slab is exposed to a convection environment that maintains the top and bottom of the 
sheet at 20°C. Calculate the heat lost per unit length of pipe. 

3-27 Seven 1 .0-cm-diameter tubes carrying steam at 100°C are buried in a semi-infinite 
medium having a thermal conductivity of 1.2 W/m • °C and surface temperature of 
25°C. The depth to the centerline of the tubes is 5 cm and the spacing between centers 
is 3 cm. Calculate the heat lost per unit length for each tube. 

3-28 Two parallel pipes 5 cm and 10 cm in diameter are totally surrounded by loosely 
packed asbestos. The distance between centers for the pipes is 20 cm. One pipe 
carries steam at 110°C while the other carries chilled water at 3°C. Calculate the heat 
lost by the hot pipe per unit length. 

3-29 A long cylinder has its surface maintained at 135°C and is buried in a material having 
a thermal conductivity of 15.5 W/m • °C. The diameter of the cylinder is 3 cm and 
the depth to its centerline is 5 cm. The surface temperature of the material is 46°C. 
Calculate the heat lost by the cylinder per meter of length. 

3-30 A 2.5-m-diameter sphere contains a mixture of ice and water at 0°C and is buried in a 
semi-infinite medium having a thermal conductivity of 0.2 W/m • °C. The top surface 
of the medium is isothermal at 30°C and the sphere centerline is at a depth of 8.5 m. 
Calculate the heat lost by the sphere. 

3-31 An electric heater in the form of a 50- by-100-cm plate is laid on top of a semi-infinite 
insulating material having a thermal conductivity of 0.74 W/m • °C. The heater plate is 
maintained at a constant temperature of 120°C over all its surface, and the temperature 
of the insulating material a large distance from the heater is 15°C. Calculate the heat 
conducted into the insulating material. 

3-32 A thin isothermal disk, having a diameter of 1 .8 cm, is maintained at 40°C and buried 
in a semi-infinite medium at a depth of 2 cm. The medium has a thermal conductivity 
of 0.8 W/m-°C and its surface is maintained at 15°C. Calculate the heat lost by 
the disk. 

3-33 Two parallel pipes, each having a diameter of 5 cm, carry steam at 120°C and chilled 
water at 5°C, respectively, and are buried in an infinite medium of fiberglass blanket 
( k — 0.04 W/m • °C). Plot the heat transfer between the pipes per unit length as a 
function of the centerline spacing between the pipes. 

3-34 A small furnace has inside dimensions of 60 by 70 by 80 cm with a wall thickness of 
5 cm. Calculate the overall shape factor for this geometry. 

3-35 A 15-cm-diameter steam pipe at 150°C is buried in the earth near a 5-cm pipe car- 
rying chilled water at 5°C. The distance between centers is 15 cm and the thermal 
conductivity of the earth at this location may be taken as 0.7 W/m • °C. Calculate the 
heat lost by the steam pipe per unit length. 
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Problems 



3-36 

3-37 

3-38 

3-39 



Derive an equation equivalent to Equation (3-24) for an interior node in a three- 
dimensional heat-flow problem. 

Derive an equation equivalent to Equation (3-24) for an interior node in a one- 
dimensional heat-flow problem. 

Derive an equation equivalent to Equation (3-25) for a one-dimensional convection 
boundary condition. 

Considering the one-dimensional fin problems of Chapter 2, show that a nodal equa- 
tion for nodes along the fin in the Figure P3-39 may be expressed as 



hP(Ax) 2 

kA 



hP(Ax) 2 

kA 



Too ~ (T m - 1 + T m+ i) — 0 



Figure P3-39 




3-40 Show that the nodal equation corresponding to an insulated wall shown in 
Figure P3-40 is 

T m ,n+ 1 + T mn - 1 +2r m _i,„ —4 T mn =0 

Figure P3-40 
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Figure P3-41 
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3-41 For the insulated corner section shown in Figure P3-41, derive an expression for the 
nodal equation of node (m, ti) under steady-state conditions. 

3-42 Derive the equation in Table 3-2/. 

3-43 Derive an expression for the equation of a boundary node subjected to a constant heat 
flux from the environment. Use the nomenclature of Figure 3-7. 

3-44 Set up the nodal equations for a modification of Example 3-7 in which the left half of 
the wire is insulated and the right half is exposed to a connection environment with 
h = 200 W/m 2 • °C and T = 20°C. 

3-45 In a proposed solar-energy application, the solar flux is concentrated on a 5-cm-OD 
stainless-steel tube [k = 16 W/m ■ °C] 2 m long. The energy flux on the tube surface 
is 20,000 W/m 2 , and the tube wall thickness is 2 mm. Boiling water flows inside the 
tube with a convection coefficient of 5000 W/m 2 • °C and a temperature of 250°C. 
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Both ends of the tube are mounted in an appropriate supporting bracket, which main- 
tains them at 100°C. For thermal-stress considerations the temperature gradient near 
the supports is important. Assuming a one-dimensional system, set up a numerical 
solution to obtain the temperature gradient near the supports. 

3-46 An aluminum rod 2.5 cm in diameter and 15 cm long protrudes from a wall main- 
tained at 300°C. The environment temperature is 38°C. The heat-transfer coefficient 
is 17 W/m 2 • °C. Using a numerical technique in accordance with the result of Prob- 
lem 3-39, obtain values for the temperature along the rod. Subsequently obtain the 
heat flow from the wall at x = 0. Hint: The boundary condition at the end of the rod 
may be expressed by 



T m 



li Ax 
k 



hP(A.x) 2 | i 
2kA + 



-T„ 



h Ax 
k 



hP(Ax ) 2 
2kA 



— T m - 1 



= 0 



where m denotes the node at the tip of the fin. The heat flow at the base is 
qx=0 == j£{T m +\ - T m ) 

where T m is the base temperature and T m+ \ is the temperature of the first increment. 

3-47 Repeat Problem 3-46, using a linear variation of heat-transfer coefficient between 
base temperature and the tip of the fin. Assume h = 28 W/m 2 • °C at the base and 
h = 11 W/m 2 • °C at the tip. 

3-48 For the wall in Problem 3-6 a material with k= 1.4 W/m ■ °C is used. The inner and 
outer wall temperatures are 650 and 150°C, respectively. Using a numerical technique, 
calculate the heat flow through the wall. 

3-49 Repeat Problem 3-48, assuming that the outer wall is exposed to an environment at 
38°C and that the convection heat-transfer coefficient is 17 W/m 2 ■ °C. Assume that 
the inner surface temperature is maintained at 650°C. 

3-50 Repeat Problem 3-4, using the numerical technique. 

3-51 In the section illustrated in Figure P3-51 the surface 1-4-7 is insulated. The convection 
heat transfer coefficient at surface 1-2-3 is 28 W/m 2 • °C. The thermal conductivity 
of the solid material is 5.2 W/m - °C. Using the numerical technique, compute the 
temperatures at nodes 1, 2, 4, and 5. 



Figure P3-51 




t 3 = t 6 = 10°C 

3-52 A glass plate 3 by 12 by 12 in [k = 0.7 W/m ■ °C] is oriented with the 12 by 12 face in 
a vertical position. One face loses heat by convection to the surroundings at 70°F. The 
other vertical face is placed in contact with a constant-temperature block at 400°F. 
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Problems 



The other four faces are insulated. The convection heat-transfer coefficient varies 
approximately as 

h x = 0.22(7, - Too) 1 / 4 *- 1 / 4 Btu/h • ft 2 ■ °F 



Figure P3-53 
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where T s and Too are in degrees Fahrenheit, T s is the local surface temperature, and x 
is the vertical distance from the bottom of the plate, measured in feet. Determine the 
convection heat loss from the plate, using an appropriate numerical analysis. 

3-53 In Figure P3-53, calculate the temperatures at points 1,2,3, and 4 using the numerical 
method. 

3-54 For the block shown in Figure P3-54, calculate the steady-state temperature distribu- 
tion at appropriate nodal locations using the numerical method, k — 3.2 W/m • °C. 



Figure P3-54 

200°C 




3-55 The composite strip in Figure P3-55 is exposed to the convection environment at 
300°C and h — 40 W/m 2 • °C. The material properties are k,\ = 20 W/m • °C, 
kg = 1.2 W/m • °C, and kc = 0.5 W/m • °C. The strip is mounted on a plate main- 
tained at the constant temperature of 50°C. Calculate the heat transfer from the strip 
to plate per unit length of strip. Assume two-dimensional heat flow. 



Figure P3-55 




3-56 The fin shown in Figure P3-56 has a base maintained at 300°C and is exposed to 
the convection environment indicated. Calculate the steady-state temperatures of the 
nodes shown and the heat loss if k = 1.0 W/m • °C. 

Figure P3-56 
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3-57 Calculate the steady-state temperatures for nodes 1 to 16 in Figure P3-57. Assume 
symmetry. 

Figure P3-57 
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k = 10 W/m • °C 



3-58 Calculate the steady-state temperatures for nodes 1 to 9 in Figure P3-58. 

Figure P3-58 
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Problems 



3-59 Calculate the steady-state temperatures for nodes 1 to 6 in Figure P3-59. 

Figure P3-59 
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3-60 Calculate the temperatures for the nodes indicated in Figure P3-60. The entire outer 
surface is exposed to the convection environment and the entire inner surface is at 
a constant temperature of 300°C. Properties for materials A and B are given in the 
figure. 



Figure P3-60 
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3-61 A rod having a diameter of 2 cm and a length of 10 cm has one end maintained at 
200°C and is exposed to a convection environment at 25°C with h =40 W/m 2 • °C. 
The rod generates heat internally at the rate of 50 MW/m 3 and the thermal con- 
ductivity is 35 W/m • °C. Calculate the temperatures of the nodes shown in the 
Figure P3-61 assuming one-dimensional heat flow. 



Figure P3-61 
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3-62 Calculate the steady-state temperatures of the nodes in Figure P3-62. The entire outer 
surface is exposed to the convection environment at 20°C and the entire inner surface 
is constant at 500°C. Assume k — 0.2 W/m • °C. 

Figure P3-62 

h= 10 W/m 2 -“C 
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3-63 Calculate the steady-state temperatures for the nodes indicated in Figure P3-63. 

Figure P3-63 
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Problems 



3-64 The two-dimensional solid shown in Figure P3-64 generates heat internally at the rate 
of 90 MW/m 3 . Using the numerical method calculate the steady-state nodal temper- 
atures for k — 20 W/m • °C. 

Figure P3-64 
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3-65 Two parallel disks having equal diameters of 30 cm are maintained at 120°C and 
34°C. The disks are spaced a distance of 80 cm apart, on centers, and immersed in 
a conducting medium having k — 3.4 W/m ■ °C. Assuming that the disks exchange 
heat only on the sides facing each other, calculate the heat lost by the hotter disk, 
expressed in watts. 

3-66 The half-cylinder has k — 20 W/m ■ °C and is exposed to the convection environment 
at 20°C. The lower surface is maintained at 300°C. Compute the temperatures for the 
nodes shown in Figure P3-66 and the heat loss for steady state. 

Figure P3-66 




3-67 A tube has diameters of 4 mm and 5 mm and a thermal conductivity 20 W/m ■ °C. 
Heat is generated uniformly in the tube at a rate of 500 MW/m 3 and the outside 
surface temperature is maintained at 100°C. The inside surface may be assumed to be 
insulated. Divide the tube wall into four nodes and calculate the temperature at each 
using the numerical method. Check with an analytical solution. 

3-68 Repeat Problem 3-67 with the inside of the tube exposed to a convection condition 
with h =40 W/m 2 • °C. Check with an analytical calculation. 
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3-69 Rework Problem 3-57 with the surface absorbing a constant heat flux of 300 W/m 2 
instead of the convection boundary condition. The bottom surface still remains 
at 200° C. 

3-70 Rework Problem 3-60 with the inner surface absorbing a constant heat flux of 300 W/m 2 
instead of being maintained at a constant temperature of 300°C. 

3-71 Rework Problem 3-64 with the surface marked at a constant 100°C now absorbing a 
constant heat flux of 500 W/m 2 . Add nodes as necessary. 

3-72 The tapered aluminum pin fin shown in Figure P3-72 is circular in cross section with 
a base diameter of 1 cm and a tip diameter of 0.5 cm. The base is maintained at 200°C 
and loses heat by convection to the surroundings at T 0 Q = 10°C, h — 200 W/m 2 ■ °C. 
The tip is insulated. Assume one-dimensional heat flow and use the finite-difference 
method to obtain the nodal equations for nodes 1 through 4 and the heat lost by the 
fin. The length of the fin is 6 cm. 

Figure P3-72 




3-73 Write the nodal equations 1 through 7 for the symmetrical solid shown in 
Figure P3-73. Ax = Ay = 1 cm. 

Figure P3-73 
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3-74 Obtain the temperature for nodes 1 through 6 shown in Figure P3-74. 
Ax = Ay — 1 cm. 



Figure P3-74 
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Problems 



3-75 Write the nodal equations for nodes 1 through 9 shown in Figure P3-75. 
Ax = Ay = 1 cm. 



Figure P3-75 
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3-76 Write the nodal equation for nodes 1 through 12 shown in Figure P3-76. Express the 
equations in a format for Gauss-Seidel iteration. 

Figure P3-76 
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3-77 Sometimes a square grid is desired even for a circular system. Consider the quadrant of 
a circle shown in Figure P3-77 withr = 10 cm. Ax = Ay = 3 cm and k = 10 W/m • °C. 
Write the steady-state nodal equations for nodes 3 and 4. Make use of Tables 3-2 
and 3-4. 

Figure P3-77 
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3-78 Taking Figure P3-78 as a special case of Table 3-2 (/), write the nodal equations for 
nodes (m, n) and 2 for the case of Ajc = Ay. 

Figure P3-78 




3-79 Repeat Problem 3-78 for a slanted surface that is insulated; i.e., h — 0. 

3-80 If the slanted surface of Problem 3-78 is isothermal at T 0 c , what is the nodal equation 
for node (m, n ) ? 

3-81 The slanted intersection shown in Figure P3-81 involves materials A and B. Write 
steady-state nodal equations for nodes 3, 4, 5, and 6 using Table 3-2 (/ and g) as a 
guide. 

Figure P3-81 




3-82 A horizontal plate, 25 by 50 cm, is maintained at a constant temperature of 78°C and 
buried in a semi-infinite medium at a depth of 5 m. The medium has an isothermal 
surface maintained at 15°C and a thermal conductivity of 2.8 W/m • °C. Calculate the 
heat lost by the plate. 

3-83 A cube 20 cm on a side is maintained at 80°C and buried in a large medium at 10°C 
with a thermal conductivity of 2.3 W/m-°C. Calculate the heat lost by the cube. 
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Problems 



How does this compare with the heat that would be lost by a 20-cm-diameter sphere? 
Compare these heat transfers on a unit-volume basis. 

3-84 A long horizontal cylinder having a diameter of 10 cm is maintained at a temperature 
of 100°C and centered in a 30-cm-thick slab of material for which k — W/m • °C. The 
outside of the slab is at 20°C. Calculate the heat lost by the cylinder per unit length. 

3-85 Work Problem 3-84 using the flux plot. 

3-86 A horizontal plate 20 by 150 cm is buried in a large medium at a depth of 2.0 m and 
maintained at 50°C. The surface of the medium is at 10°C and has k— 1.5 W/m • °C. 
Calculate the heat lost by the plate. 

3-87 A thin disk 10 cm in diameter is maintained at 75°C and placed on the surface of 
a large medium at 15°C with k — 3 W/m • °C. Calculate the heat conducted into the 
medium. 

3-88 Repeat Problem 3-87 for a square 10 cm on a side. Compare the heat transfers on a 
per unit area basis. 

3-89 A hot steam pipe 10 cm in diameter is maintained at 200°C and centered in a square 
mineral-fiber insulation 20 cm on a side. The outside surface temperature of the 
insulation is 35°C. Calculate the heat lost by a 20-m length of pipe if the thermal 
conductivity of the insulation can be taken as 50 mW/m • °C. 

3-90 A pipe having a diameter of 10 cm passes through the center of a concrete slab having 
a thickness of 70 cm. The surface temperature of the pipe is maintained at 100°C by 
condensing steam while the outer surfaces of the concrete are at 24°C. Calculate the 
heat lost by the pipe per meter of length. 

3-91 Consider a circumferential fin of rectangular profile as shown in Figure 2-12. Set up 
nodal equations for a fin of thickness t , heat transfer coefficient /;, thermal conductivity 
k, and heat generation rate q as a function of radial coordinate r, taking increments 
of A r. Write the nodal equations for the node adjacent to the base temperature Tq, a 
node in the middle of the fin, and the node at the end of the fin. 

3-92 Set up a nodal equation for the geometry of Problem 2-123, using increments in the 
height of the truncated cone as the one-dimensional variable. Then work the problem 
with the numerical method and compare with the one-dimensional analytical solution. 

3-93 Set up nodal equations for the geometry of Problem 2-122, using increments in an 
angle 6 as the one-dimensional variable. Then work the problem using the numerical 
method and compare with the one-dimensional analytical solution. 

3-94 A cube 30 cm on a side is buried in an infinite medium with a thermal conductivity 
of 1.8 W/m • °C. The surface temperature of the cube is 30°C while the temperature 
of the medium is 10°C. Calculate the heat lost by the cube. 

3-95 A thin horizontal disk having a diameter of 15 cm is maintained at a constant surface 
temperature of 87°C and buried at a depth of 20 cm in a semi-infinite medium with 
an adiabatic surface. The thermal conductivity of the medium is 2.7 W/m • °C and the 
temperature of the medium a large distance away from the disk ( not the adiabatic the 
surface temperature) is 13°C. Calculate the heat lost by the disk in watts. 

3-96 A copper rod has an internal heater that maintains its surface temperature at 50°C 
while it is buried vertically in a semi-infinite medium. The rod is 2 cm in diamter and 
40 cm long and the isothermal surface of the medium is at 20°C. Calculate the heat 
lost by the rod if the thermal conductivity of the medium is 3.4 W/m • °C. 

3-97 Rework Problem 2-122, using a numerical approach with five nodes operating in 
increments of the radial angle 6, and compare with the analytical results of 
Problem 2-122. 
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Design-Oriented Problems 

3-98 A liner of stainless steel (k — 20 W/m • °C), having a thickness of 3 mm, is placed on 
the inside surface of the solid in Problem 3-62. Assuming now that the inside surface 
of the stainless steel is at 500°C, calculate new values for the nodal temperatures in 
the low-conductivity material. Set up your nodes in the stainless steel as necessary. 

3-99 A basement for a certain home is 4 x 5 m with a ceiling height of 3 m. The walls 
are concrete having a thickness of 10 cm. In the winter the convection coefficient 
on the inside is 10 W/m 2 • °C and the soil on the outside has k = 1.7 W/m-°C. 
Analyze this problem and determine an overall heat transfer coefficient U defined 
by qions — U Ai ns ide (7i ns ide - T s0 ;i). Determine the heat loss when 7i nsid e = 26°C and 
r soi i = i5°c. 

3-100 A groundwater heat pump is a refrigeration device that rejects heat to the ground 
through buried pipes instead of to the local atmosphere. The heat rejection rate for 
such a machine at an Oklahoma location is to be 22 kW in a location where the 
ground temperature at depth is 17°C. The thermal conductivity of the soil at this 
location may be taken as 1 .6 W/m • °C. Water is to be circulated through a length of 
horizontal buried pipe or tube with the water entering at 29°C and leaving at 23.5°C. 
The convection coefficient on the inside of the pipe is sufficiently high that the inner 
pipe wall temperature may be assumed to be the same as the water temperature. 
Select an appropriate pipe/tube material, size, and length to accomplish the required 
cooling. You may choose standard steel pipe sizes from Table A- 1 1 . Standard tubing 
or plastic pipe sizes are obtained from other sources. Examine several choices before 
making your final selection and give reasons for that selection. 

3-101 Professional chefs claim that gas stove burners are superior to electric burners 
because of the more uniform heating afforded by the gas flame and combustion prod- 
ucts around the bottom of a cooking pan. Advocates of electric stoves note the lack of 
combustion products to pollute the air in the cooking area, but acknowledge that gas 
heat may be more uniform. Manufacturers of thick-bottomed cookware claim that 
their products can achieve uniformity of cooking as good as gas heat because of the 
“spreading” of heat through an 8-mm-thick aluminum layer on the bottom of the pan. 
You are asked to verify this claim. For the evaluation assume a 200-mm-diameter 
pan with an 8-mm-thick aluminum bottom and the interior exposed to boiling water, 
which produces h — 1500 W/m 2 • °C at 1 atm (100°C). Observe the approximate 
spacing for the circular element in an electric burner and devise an appropriate 
numerical model to investigate the uniformity-of-heating claim. Consider such fac- 
tors as contact resistance between the burner element and the bottom of the pan, and 
radiation transfer that might be present. Consider different heating rates (different 
burner element temperatures) and their effect. When the study is complete, make 
recommendations as to what the cookware manufacturers might prudently claim for 
their thick-bottomed product. Discuss uncertainties in your analysis. 

3-102 The fin analyses of Section 2-10 assumed one-dimensional heat flows in the fins. 
Devise a numerical model similar to that shown in Problem 3-57 to examine the 
validity of this assumption. Restrict the analysis to aluminum with k — 200 W/m ■ °C. 
Examine several different combinations of fin thickness, fin length, and convection 
coefficient to determine the relative effects on temperature variation across the fin 
thickness. State conclusions as you think appropriate. 

3-103 A small building 5 m wide by 7 m long by 3 m high (inside dimensions) is mounted 
on a flat concrete slab having a thickness of 15 cm. The walls of the building are 
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constructed of concrete also, with a thickness of 7 cm. The inside of the building is 
used for cold storage at — 20°C and the outside of the building is exposed to ambient 
air at 30°C, with a convection coefficient of 15 W/m 2 ■ °C. The inside convection 
coefficient for the building is estimated at 10 W/m 2 • °C and the floor slab is in contact 
with earth having k — 1.8 W/m • °C. The earth temperature may be assumed to be 
15°C. Calculate the heat gained by the building in the absence of any insulating 
material on the outside. Next, select two alternative insulation materials for the 
outside of the building from Table 2-1 and/or Table A-3. The insulation objective 
is to raise the outside surface temperature of the insulation to 26°C for the ambient 
temperature of 30°C. The refrigeration system operates in such a manner that 1 kW 
will produce 4000 kJ/hr of cooling, and electricity costs $0.085/kWh. Economics 
dictates that the insulation should pay for itself in a three-year period. What is the 
allowable cost per unit volume of insulation to accomplish this payback objective, 
for the two insulating materials selected? Suppose an outside surface temperature of 
24°C is chosen as the allowable value for the insulation. What would the allowable 
costs be for a three-year payback in this case? Make your own assumptions as to the 
annual hours of operation for the cooling system. 
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Unsteady-State Conduction 



4-1 I INTRODUCTION 



If a solid body is suddenly subjected to a change in environment, some time must elapse 
before an equilibrium temperature condition will prevail in the body. We refer to the equilib- 
rium condition as the steady state and calculate the temperature distribution and heat transfer 
by methods described in Chapters 2 and 3. In the transient heating or cooling process that 
takes place in the interim period before equilibrium is established, the analysis must be 
modified to take into account the change in internal energy of the body with time, and the 
boundary conditions must be adjusted to match the physical situation that is apparent in the 
unsteady-state heat-transfer problem. Unsteady-state heat-transfer analysis is obviously of 
significant practical interest because of the large number of heating and cooling processes 
that must be calculated in industrial applications. 

To analyze a transient heat-transfer problem, we could proceed by solving the general 
heat-conduction equation by the separation-of-variables method, similar to the analytical 
treatment used for the two-dimensional steady-state problem discussed in Section 3-2. We 
give one illustration of this method of solution for a case of simple geometry and then refer 
the reader to the references for analysis of more complicated cases. Consider the infinite 
plate of thickness 2 L shown in Figure 4-1. Initially the plate is at a uniform temperature T , , 
and at time zero the surfaces are suddenly lowered to T = 7j. The differential equation is 



d 2 T _ 1 dT 
dx 2 a dr 



[ 4 - 1 ] 



The equation may be arranged in a more convenient form by introduction of the variable 
6=T — 7j. Then 



d 2 0 

dx 2 

with the initial and boundary conditions 



i de 

a dr 



[ 4 - 2 ] 



e = 0i = Ti- 7j 


at r = 0,0<x<2 L 


[«] 


6 = 0 


at x = 0, r > 0 


[b] 


6 = 0 


at x = 2L, r > 0 


[c] 
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4-1 Introduction 



Figure 4-1 I Infinite plate 

subjected to sudden 
cooling of surfaces. 



T 




Assuming a product solution f)(x. x) = X (x)'H(r) produces the two ordinary differential 
equations 



d“X 7 
— t +X 2 X = 0 
dx z 

dH 7 

+aX 2 H = 0 

dr 



where X 2 is the separation constant. In order to satisfy the boundary conditions it is necessary 
that X 2 > 0 so that the form of the solution becomes 

0 — (Ci cos Xx + C 2 sin Xx)e~ k “ T 



From boundary condition ( b ), Ci = 0 for r > 0. Because C 2 cannot also be zero, we find 
from boundary condition (c) that sin 2 LX — 0, or 






mt 
2 L 



n = 1,2,3,... 



The final series form of the solution is therefore 

OO 



>=J2 C » e 



,—[n7t/2L] z oir , 



n= 1 



riTtX 

~ 2L 



This equation may be recognized as a Fourier sine expansion with the constants C„ deter- 
mined from the initial condition (a) and the following equation: 

1 f 2L mrx 4 

C n — — / 0j sin — — dx — — 6-, n = 1, 3, 5, . . . 

L Jo 2 L nix 



The final series solution is therefore 

= T ~ T \ _ 4 i e -[«V2t] 2 «r sin njtx 

0i Tj — 7j it n 2 L 

n = 1 



n = l,3,5... 



[4-3] 



We note, of course, that at time zero (r = 0) the series on the right side of Equation (4-3) 
must converge to unity for all values of x. 
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In Section 4-4, this solution will be presented in graphical form for calculation purposes . 
For now, our purpose has been to show how the unsteady-heat-conduction equation can be 
solved, for at least one case, with the separation-of-variables method. Further information 
on analytical methods in unsteady-state problems is given in the references. 



4-2 I LUMPED-HEAT-CAPACITY SYSTEM 

We continue our discussion of transient heat conduction by analyzing systems that may be 
considered uniform in temperature. This type of analysis is called the lumped-heat-capacity 
method. Such systems are obviously idealized because a temperature gradient must exist 
in a material if heat is to be conducted into or out of the material. In general, the smaller 
the physical size of the body, the more realistic the assumption of a uniform temperature 
throughout; in the limit a differential volume could be employed as in the derivation of the 
general heat-conduction equation. 

If a hot steel ball were immersed in a cool pan of water, the lumped-heat-capacity 
method of analysis might be used if we could justify an assumption of uniform ball tem- 
perature during the cooling process. Clearly, the temperature distribution in the ball would 
depend on the thermal conductivity of the ball material and the heat-transfer conditions 
from the surface of the ball to the surrounding fluid (i.e., the surface-convection heat- 
transfer coefficient). We should obtain a reasonably uniform temperature distribution in the 
ball if the resistance to heat transfer by conduction were small compared with the convection 
resistance at the surface, so that the major temperature gradient would occur through the 
fluid layer at the surface. The lumped-heat-capacity analysis, then, is one that assumes that 
the internal resistance of the body is negligible in comparison with the external resistance. 

The convection heat loss from the body is evidenced as a decrease in the internal energy 
of the body, as shown in Figure 4-2. Thus, 

q = hA(T-T 00 ) = -c P V C ^ [4-4] 

dr 

where A is the surface area for convection and V is the volume. The initial condition is 
written 

T —Tq at r = 0 



so that the solution to Equation (4-4) is 



T _ -[hA/pcV] r 

Tq — Tqq 



[4-5] 



Figure 4-2 I Nomenclature for single-lump heat-capacity 
analysis. 

dT 

q = M (T- = -cpV 




(a) (b) 
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4-2 Lumped-Heat-Capacity System 



where is the temperature of the convection environment. The thermal network for the 
single-capacity system is shown in Figure 4-2 b. In this network we notice that the thermal 
capacity of the system is “charged” initially at the potential 7b by closing the switch S. 
Then, when the switch is opened, the energy stored in the thermal capacitance is dissipated 
through the resistance l/h A . The analogy between this thermal system and an electric system 
is apparent, and we could easily construct an electric system that would behave exactly like 
the thermal system as long as we made the ratio 



hA 

pcV 



1 



1 

Rih — -7— 

hA 



C * = pcV 



RthCth 

equal to 1 /R e C e , where R e and C e are the electric resistance and capacitance, respectively. 
In the thermal system we store energy, while in the electric system we store electric charge. 
The flow of energy in the thermal system is called heat, and the flow of charge is called 
electric current. The quantity cpV/hA is called the time constant of the system because it 
has the dimensions of time. When 

cpV 

X ~~hA 



it is noted that the temperature difference T — has a value of 36.8 percent of the initial 
difference Tq — T a Q . 

The reader should note that the lumped-capacity formulation assumes essentially uni- 
form temperature throughout the solid at any instant of time so that the change in internal 
energy can be represented by pcVdT/dr. It does not require that the convection boundary 
condition have a constant value of h. In fact, variable values of h coupled with radiation 
boundary conditions are quite common. The specification of “time constant” in terms of 
the 36.8 percent value stated above implies a constant boundary condition. 

For variable convection or radiation boundary conditions, numerical methods (see 
Section 4-6) are used to advantage to predict lumped capacity behavior. A rather general 
setup of a lumped-capacity solution using numerical methods and Microsoft Excel is given 
in Section D-6 of the Appendix. In some cases, multiple lumped-capacity formulations can 
be useful. An example involving the combined convection-radiation cooling of a box of 
electronic components is also given in this same section of the Appendix. 



Applicability of Lumped-Capacity Analysis 



We have already noted that the lumped-capacity type of analysis assumes a uniform temper- 
ature distribution throughout the solid body and that the assumption is equivalent to saying 
that the surface-convection resistance is large compared with the internal-conduction resis- 
tance. Such an analysis may be expected to yield reasonable estimates within about 5 percent 
when the following condition is met: 

h(V/A) 

' <0.1 [ 4 - 6 ] 

k 

where k is the thermal conductivity of the solid. In sections that follow, we examine those 
situations for which this condition does not apply. We shall see that the lumped-capacity 
analysis has a direct relationship to the numerical methods discussed in Section 4-7. If one 
considers the ratio V/A =j as a characteristic dimension of the solid, the dimensionless 
group in Equation (4-6) is called the Biot number: 

hs 

— = Biot number = Bi 
k 

The reader should recognize that there are many practical cases where the lumped-capacity 
method may yield good results. In Table 4-1 we give some examples that illustrate the 
relative validity of such cases. 
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Table 4-1 I Examples of lumped-capacity systems. 



Physical situation 


k, W/m ■ °C 


Approximate 
value of h , 
W/m 2 • °C 


h(V/A) 

k 


1 . 3.0-cm steel cube cooling in room air 


40 


7.0 


8.75 x 10“ 4 


2. 5.0-cm glass cylinder cooled by a 50-m/s airstream 


0.8 


180 


2.81 


3. Same as situation 2 but a copper cylinder 


380 


180 


0.006 


4. 3.0-cm hot copper cube submerged in water 
such that boiling occurs 


380 


10,000 


0.132 



We may point out that uncertainties in the knowledge of the convection coefficient of 
±25 percent are quite common, so that the condition Bi = h(V/A)/k <0.1 should allow for 
some leeway in application. 

Do not dismiss lumped-capacity analysis because of its simplicity. Because of uncer- 
tainties in the convection coefficient, it may not be necessary to use more elaborate analysis 
techniques. 



Steel Ball Cooling in Air 



EXAMPLE 4-1 



A steel ball [c = 0.46 kJ/kg • °C, k = 35 W/m ■ °C] 5.0 cm in diameter and initially at a uniform 
temperature of 450°C is suddenly placed in a controlled environment in which the temperature 
is maintained at 100°C. The convection heat-transfer coefficient is iO W/m ~ ■ °C. Calculate the 
time required for the ball to attain a temperature of 150°C. 

■ Solution 

We anticipate that the lumped-capacity method will apply because of the low value of h and high 
value of k. We can check by using Equation (4-6): 



h(V/A) _ (10)[(4/3)7r(0.025) 3 ] 
k 4^(0. 025) 2 (35) 

so we may use Equation (4-5). We have 



= 0.0023 <0.1 



T = 150°C p = 7800 kg/m 3 [486 lb„,/ft 3 ] 
roo = 100°C h = 10 W/m 2 ■ °C [1.76Btu/h • ft 2 • °F] 
7b = 450°C c = 460 J/kg ■ °C [0. 1 1 Btu/lb m ■ °F] 



hA 

pcV 



(10)4?r(0. 025)2 



(7800) (460) (4xr/3) (0.025) J 



■ = 3.344 x 10 -4 s _l 



T-Tr 



°° _ e ~[hA/pcV\z 



To — Tex 
150- 100 _ 3.344x 10 -4r 

450- 100 " 

r = 5819 s = 1.62 h 



4-3 I TRANSIENT HEAT FLOW IN A 
SEMI-INFINITE SOLID 

Consider the semi-infinite solid shown in Figure 4-3 maintained at some initial temperature 
Tj. The surface temperature is suddenly lowered and maintained at a temperature 7b, and we 
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4-3 Transient Heat Flow in a Semi-Infinite Solid 



Figure 4-3 I Nomenclature for transient 
heat flow in a semi-infinite 
solid. 



T 0 


Ta 


1 

II 

O i 





seek an expression for the temperature distribution in the solid as a function of time. This 
temperature distribution may subsequently be used to calculate heat flow at any x position 
in the solid as a function of time. For constant properties, the differential equation for the 
temperature distribution 7Tx. r) is 



d 2 T _ 1 3 T 
dx 2 a dr 



[4-7] 



The boundary and initial conditions are 



T(x, 0) = Ti 

no, r) = T 0 



for r > 0 



This is a problem that may be solved by the Laplace-transform technique. The solution is 
given in Reference 1 as 



T(x, r) - Tq x 

= erl — == 

7) — Tq 2yfar 



[4-8] 



where the Gauss error function is defined as 



erf 



J 



x/l^/orz 



2^/ar y/jr 



dr) 



[4-9] 



It will be noted that in this definition t? is a dummy variable and the integral is a function of 
its upper limit. When the definition of the error function is inserted in Equation (4-8), the 
expression for the temperature distribution becomes 



T(x, r) - 7p 
Ti — 7o 





[4-10] 



The heat flow at any x position may be obtained from 



3 T 

q x = -kA — 
ax 



Performing the partial differentiation of Equation (4-10) gives 



3 T 
dx 



= (Tj - To)^=e~ x2/4az 
yjit 

_ Ti — c -x 2 /4ctT 

y/na r 



3 

dx 



x 



[4-11] 
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Figure 4-4 I Response of semi-infinite solid to (a) sudden change in surface temperature and 
(b) instantaneous surface pulse of Qo/A J/m 2 . 





At the surface (x = 0) the heat flow is 



q o = 



kA(T 0 - Ti) 



[4-12] 



The surface heat flux is determined by evaluating the temperature gradient at x — 0 from 
Equation (4-11). A plot of the temperature distribution for the semi-infinite solid is given 
in Figure 4-4. Values of the error function are tabulated in Reference 3, and an abbreviated 
tabulation is given in Appendix A. 



Constant Heat Flux on Semi-Infinite Solid 



For the same uniform initial temperature distribution, we could suddenly expose the surface 
to a constant surface heat flux qo/A. The initial and boundary conditions on Equation (4-7) 
would then become 



T(x, 0) = Ti 



qo 

A 




The solution for this case is 



2go\/ (xr/jt 

T —T= exp 

kA 




for r > 0 



kA \ 2 yfax ) 



[4- 13a] 



Energy Pulse at Surface 

Equation (4- 13a) presents the temperature response that results from a surface heat flux that 
remains constant with time. A related boundary condition is that of a short, instantaneous 
pulse of energy at the surface having a magnitude of Qo/A. The resulting temperature 
response is given by 



T —Ti — [goM/Oc^ar) 1 / 2 ] exp(— x 2 /4ar) 



[4-13*] 
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4-3 Transient Heat Flow in a Semi-Infinite Solid 



In contrast to the constant-heat-flux case where the temperature increases indefinitely for 
all x and times, the temperature response to the instantaneous surface pulse will die out with 
time, or 

T — Tj — » 0 for all x as r — >• oo 

This rapid exponential decay behavior is illustrated in Figure 4-4/?. 



EXAMPLE 4-2 



Semi-Infinite Solid with Sudden Change 
in Surface Conditions 



A large block of steel [k = 45 W/m • °C, a = 1.4x 10“ 5 m 2 /s] is initially at a uniform temperature 
of 35°C. The surface is exposed to a heat flux ( a ) by suddenly raising the surface temperature to 
250°C and ( b ) through a constant surface heat flux of 3.2 x 10 s W/m 2 . Calculate the temperature 
at a depth of 2.5 cm after a time of 0.5 min for both these cases. 

■ Solution 

We can make use of the solutions for the semi-infinite solid given as Equations (4-8) and (4- 13a). 
For case a, 

x 0.025 

= 0.61 



2V«t (2)[(1.4 x 10 5 )(30)] 1 / 2 
The error function is determined from Appendix A as 

erf — 5= = erf 0.61 = 0.61164 
2jax 

We have 7) = 35°C and 7b = 250°C, so the temperature at x = 2.5 cm is determined from 
Equation (4-8) as 

T(x, r) = T 0 + (7) - 7b) erf 



= 250+ (35 -250)(0.61164)= 118.5°C 



For the constant-heat-flux case /?, we make use of Equation (4- 13a). Since qo/A is given as 

the numerical values to give 

(2) (3. 2 x 10 5 )[(1.4 x 10— : 5 )(30 )/tt] 1 / 2 _ (0 61) 2 



3.2 x 10 5 W/m 2 , we can insert the numerical values to give 



T(x, r) = 35 + ■ 



45 



(0.025) (3.2 x 10 5 ) 



45 



(1-0.61164) 



= 79.3°C x = 2.5 cm, r = 30 s 

For the constant-heat-flux case the surface temperature after 30 s would be evaluated with x = 0 
in Equation (4- 13a). Thus, 

(2) (3 .2 x 10 5 )[(1.4 x 10 _5 )(30)/7r] 1 / 2 

T(x = 0) = 35 + — — — — — = 199.4 C 

45 



EXAMPLE 4-3 



Pulsed Energy at Surface of Semi-Infinite Solid 



An instantaneous laser pulse of 10 MJ/m 2 is imposed on a slab of stainless steel having properties 
of p = 7800 kg/m 3 , c = 460 J/kg ■ °C, and a = 0.44 x 10 -5 m 2 /s. The slab is initially at a uniform 
temperature of 40 °C. Estimate the temperature at the surface and at a depth of 2.0 mm after a time 
of 2 s. 
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■ Solution 

This problem is a direct application ofEquation (4-13&). We have Qg/A= 10 7 J/nr andatx = 0 

To - T t = Q Q /Apc(Ttar) 1 - 2 

= 1 0 7 / (7 800) (460) [ jr(0.44 x 10 _5 )(2)] 0 ' 5 = 530°C 



and 



and 



r 0 = 40 + 530 = 570°C 
At x = 2.0 mm = 0.002 m, 

T-Ti = (530)exp[— (0.002) 2 / (4) (0.44 x 10 _5 )(2)] = 473°C 
T = 40 + 473 = 513°C 



Heat Removal from Semi-Infinite Solid 



EXAMPLE 4-4 



A large slab of aluminum at a uniform temperature of 200° C suddenly has its surface temperature 
lowered to 70°C. What is the total heat removed from the slab per unit surface area when the 
temperature at a depth 4.0 cm has dropped to 120°C? 

■ Solution 

We first find the time required to attain the 120°C temperature and then integrate Equation (4-12) 
to find the total heat removed during this time interval. For aluminum, 

a = 8.4 x 10 _5 m 2 /s k = 215 W/m • °C [124Btu/h ■ ft • °F] 

We also have 

T, = 200° C To = 70° C T(x, t) = 1 20° C 
Using Equation (4-8) gives 

120-70 x 

= erf — — =0.3847 



200 - 70 



2 v'cxr 



From Figure 4-4 or Appendix A, 



and 



2y/ax 



= 0.3553 



(0.04U 



■ = 37.72 s 



(4)(0. 3553) 2 (8. 4 x 10“ 5 ) 

The total heat removed at the surface is obtained by integrating Equation (4-12): 



Qo 

A 



Jo A Jo 



k(T 0 - Ti) 



dz = 2k{T 0 ~ T{) — 



= (2)(215)(70 — 200) 



37.72 



1 1/ 2 



jt(8.4x 10“ 5 ) 



= -21.13 x 10 6 J/m 2 [-1861 Btu/ft 2 ] 



4-4 I CONVECTION BOUNDARY CONDITIONS 

In most practical situations the transient heat-conduction problem is connected with a con- 
vection boundary condition at the surface of the solid. Naturally, the boundary conditions 
for the differential equation must be modified to take into account this convection heat 
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4-4 Convection Boundary Conditions 



transfer at the surface. For the semi-infinite-solid problem, the convection boundary con- 
dition would be expressed by 

Heat convected into surface = heat conducted into surface 



or 



hA(Too - T) x=0 =-kA 



dT 

dx 



x=0 



[ 4 - 14 ] 



The solution for this problem is rather involved and is worked out in detail by Schneider 
[1]. The result is 



T-Ti 
Too — Ti 



1 - erf X - 



exp 



hx 

k 



h 2 ar 

k 2 



x 



1 — erf 





[ 4 - 15 ] 



where 

X — x/(2o/ar) 

Ti = initial temperature of solid 
Too = environment temperature 

This solution is presented in graphical form in Figure 4-5. 

Solutions have been worked out for other geometries. The most important cases are 
those dealing with (1) plates whose thickness is small in relation to the other dimensions, 
(2) cylinders where the diameter is small compared to the length, and (3) spheres. Results 
of analyses for these geometries have been presented in graphical form by Heisler [2], 
and nomenclature for the three cases is illustrated in Figure 4-6. In all cases the convection 
environment temperature is designated as Too and the center temperature for x = Oor r = 0 is 
To . At time zero, each solid is assumed to have a uniform initial temperature 7} . Temperatures 
in the solids are given in Figures 4-7 to 4-13 as functions of time and spatial position. In 
these charts we note the definitions 



9 = T(x, r) - Too or T(r, r) - Too 
Oi = Tt - Too 
Oq —To - Too 

If a centerline temperature is desired, only one chart is required to obtain a value for 6q and 
then Tq. To determine an off-center temperature, two charts are required to calculate the 
product 

9 _9 0 9 

9i Oi Oo 

For example. Figures 4-7 and 4-10 would be employed to calculate an off-center temperature 
for an infinite plate. 

The heat losses for the infinite plate, infinite cylinder, and sphere are given in 
Figures 4-14 to 4-16, where go represents the initial internal energy content of the body in 
reference to the environment temperature 

go = pcV(Ti - Too) = pcV9t [ 4 - 16 ] 



In these figures g is the actual heat lost by the body in time r. 




-(.T-T 00 )/(T i -Too) = 



Figure 4-5 



Temperature distribution in the semi-infinite solid with convection boundary condition. 




(4ar) 1/2 



Figure 4-6 I Nomenclature for one-dimensional solids suddenly subjected to convection 
environment at T 0 G : (a) infinite plate of thickness 2 L; ( b ) infinite cylinder of 
radius rg\ (c) sphere of radius rg. 
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Figure 4-7 I ( Continued ). ( b ) expanded scale for 0 < Fo < 4, from Reference 2. 




§ 

n 

§ 




(b) 



If one considers the solid as behaving as a lumped capacity during the cooling or heating 
process, that is, small internal resistance compared to surface resistance, the exponential 
cooling curve of Figure 4-5 may be replotted in expanded form, as shown in Figure 4-13 
using the Biot-Fourier product as the abscissa. We note that the following parameters apply 
for the bodies considered in the Heisler charts. 

(^AOinf plate = VL 

( AjV) j I, f cylinder — 2/f() 

(A/V) sphere = 3/rp 



Obviously, there are many other practical heating and cooling problems of interest. The 
solutions for a large number of cases are presented in graphical form by Schneider [7], and 
readers interested in such calculations will find this reference to be of great utility. 



The Biot and Fourier Numbers 

A quick inspection of Figures 4-5 to 4-16 indicates that the dimensionless temperature 
profiles and heat flows may all be expressed in terms of two dimensionless parameters 
called the Biot and Fourier numbers: 

hs 

Biot number = Bi = — 
k 

ax kr 

Fourier number = Fo = — = y 

s l pcs- 

In these parameters s designates a characteristic dimension of the body; for the plate it is 
the half-thickness, whereas for the cylinder and sphere it is the radius. The Biot number 
compares the relative magnitudes of surface-convection and internal-conduction resistances 
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to heat transfer. The Fourier modulus compares a characteristic body dimension with an 
approximate temperature-wave penetration depth for a given time r. 

A very low value of the Biot modulus means that internal-conduction resistance is 
negligible in comparison with surface-convection resistance. This in turn implies that the 
temperature will be nearly uniform throughout the solid, and its behavior may be approxi- 
mated by the lumped-capacity method of analysis. It is interesting to note that the exponent 
of Equation (4-5) may be expressed in terms of the Biot and Fourier numbers if one takes 
the ratio V/A as the characteristic dimension ,v. Then, 



hA hr 
pcV pcs 



hs kr 
k pcs - 



= Bi Fo 



Applicability of the Heisler Charts 

The calculations for the Heisler charts were performed by truncating the infinite series 
solutions for the problems into a few terms. This restricts the applicability of the charts to 
values of the Fourier number greater than 0.2. 

at 

Fo= >0.2 

s z 

For smaller values of this parameter the reader should consult the solutions and charts given 
in the references at the end of the chapter. Calculations using the truncated series solutions 
directly are discussed in Appendix C. 
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0 Q ie, = (T tt -TJI(T-TJ 



Figure 4-9 I ( Continued ). (b) expanded scale for 0 < Fo < 3, from Reference 2. 




(b) 



Figure 4-10 I Temperature as a function of center temperature in an 
infinite plate of thickness 2 L, from Reference 2. 



0 




J^ = J_ 

hL Bi 
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Figure 4-11 I Temperature as a function of axis temperature in an 
infinite cylinder of radius rg, from Reference 2. 



0 




_k_ = J_ 
hr 0 Bi 



Figure 4-12 I Temperature as a function of center temperature for a 
sphere of radius rg, from Reference 2. 
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Figure 4-13 I Temperature variation with time for solids that may be 
treated as lumped capacities: (a) 0 < BiFo < 10, 

(b) 0.1 < BiFo < 1.0, (c)0< BiFo <0.1. 

Note: (A/VOinf plate = ^/L, (A/V) ; n f C yl = -Ao- 
(A/VOspheje — 3/ r 0- See Equations (4-5) and (4-6). 
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Figure 4-13 I ( Continued ). 




0 0.02 0.04 0.06 0.08 0.1 



BiFo = 



h(AW)T 

pc 



(c) 



Figure 4-14 I Dimensionless heat loss Q/Qo of an infinite plane of thickness 2 L with time, 
from Reference 6. 
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Figure 4-15 I Dimensionlesss heat loss Q/Qo of an infinite cylinder of radius r$ with time, 
from Reference 6. 




Figure 4-16 I Dimensionless heat loss Q/Qo of a sphere of radius ro with time, from 
Reference 6. 
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Sudden Exposure of Semi-Infinite 
Slab to Convection 



EXAMPLE 4-5 



The slab of Example 4-4 is suddenly exposed to a convection-surface environment of 70°C with 
a heat-transfer coefficient of 525 W/nr ■ °C. Calculate the time required for the temperature to 
reach 120°C at the depth of 4.0 cm for this circumstance. 

■ Solution 

We may use either Equation (4-15) or Figure 4-5 for solution of this problem, but Figure 4-5 is 
easier to apply because the time appears in two terms. Even when the figure is used, an iterative 
procedure is required because the time appears in both of the variables h^/ar/k and x/{2^/on). 
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4-4 Convection Boundary Conditions 



We seek the value of x such that 



T-Tj 
Too ~ Tj 



120 - 200 
70 - 200 



0.615 



[«] 



We therefore try values of r and obtain readings of the temperature ratio from Figure 4-5 until 
agreement with Equation (a) is reached. The iterations are listed below. Values of k and a are 
obtained from Example 4-4. 



T, S 


IiaJclt 


X 


T — T( 


k 


2 «JCLT 


Too ~ ^ 


1000 


0.708 


0.069 


0.41 


3000 


1.226 


0.040 


0.61 


4000 


1.416 


0.035 


0.68 



Consequently, the time required is approximately 3000 s. 



EXAMPLE 4-6 



Aluminum Plate Suddenly Exposed to Convection 



A large plate of aluminum 5.0 cm thick and initially at 200° C is suddenly exposed to the convection 
environment of Example 4-5. Calculate the temperature at a depth of 1.25 cm from one of the faces 
1 min after the plate has been exposed to the environment. How much energy has been removed 
per unit area from the plate in this time? 

■ Solution 

The Heisler charts of Figures 4-7 and 4-10 may be used for solution of this problem. We first 
calculate the center temperature of the plate, using Figure 4-7 , and then use Figure 4- 1 0 to calculate 
the temperature at the specified x position. From the conditions of the problem we have 

B t = Ti -T 0 o = 200 - 70 = 130 
2L = 5.0 cm L = 2.5 cm r=lmin = 60s 
k = 215 W/m • °C [124 Btu/h-ft-°F] 

/z = 525 W/m 2 -°C [92.5 Btu/h ■ ft 2 ■ °F] 



a = 8.4 x 10 -5 m 2 /s [3.26 ft 2 /h] 



Then 



= 2.5 


- 1.25= 1.25 cm 


OLT 


(8.4 x 10 _5 )(60) 


L 2 


(0.025) 2 


X 


1.25 


— = 


= 0.5 



= 8.064 .-■ = ■ 



215 



2.5 



From Figure 4-7 



hL (525) (0.025) 



S-“* 

0O = r o -r oo = (O.61)(13O) = 79.3 



= 16.38 



From Figure 4-10 at jc/L = 0.5, 



| = 0.98 
#0 



and 



9 = T - Too = (0.98) (79.3) = 77.7 
T = 77.7 + 70= 147. 7°C 




CHAPTER4 Unsteady-State Conduction 



161 



We compute the energy lost by the slab by using Figure 4-14. For this calculation we require the 
following properties of aluminum: 

p = 2700 kg/m 3 c = 0.9kJ/kg-°C 



For Figure 4-14 we need 

h 2 ax (525) 2 (8.4 x l(r 5 )(60) 



k 2 

From Figure 4-14 
For unit area 



(215)2 



hL (525)10.025) 

= 0.03 — = =0.061 

k 215 



Q 

— =0.41 

Qo 



Q o pcve 

— = — — = Pc(2L)0i 

A A 

= (2700) (900) (0.05) (130) 
= 15.8 x 10 6 J/m 2 



so that the heat removed per unit surface area is 



j = (15.8 x 10 6 )(0.41) = 6.48 x 10 6 J/m 2 [571 Btu/ft 2 ] 



Long Cylinder Suddenly Exposed to Convection 



EXAMPLE 4-7 



A long aluminum cylinder 5.0 cm in diameter and initially at 200° C is suddenly exposed to a 
convection environment at 70°C and h — 525 W/m 2 ■ °C. Calculate the temperature at a radius of 
1 .25 cm and the heat lost per unit length 1 min after the cylinder is exposed to the environment. 

■ Solution 

This problem is like Example 4-6 except that Figures 4-8 and 4-11 are employed for the solution. 
We have 

0 t = Ti - Too = 200 - 70 = 130 a = 8.4 x 10 -5 m 2 /s 
rp = 2.5 cm z = 1 min = 60 s 
k = 215 W/m • °C h = 525 W/m 2 ■ °C r= 1.25 cm 

p = 2700 kg/m 3 c = 0.9 kj/kg ■ °C 



We compute 



ax (8.4 x 10“ 5 )(60) 



(0.025) 2 



= 0.5 



r _ 1.25 
From Figure 4-8 



and from Figures 4-11 at r/rq = 0.5 



= 8.064 = ■ 



% 

0 { 



215 



hr 0 (525) (0.025) 



= 16.38 



= 0.38 



— = 0.98 

% 
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4-5 Multidimensional Systems 



so that 



and 



8 8 0 8 

^ = 7 ^ 7 - = (0.38) (0.98) = 0.372 

Uj 8j 8 0 



8=T-Too = (0.372)(130) = 48.4 
T = 70 + 48.4= 118.4°C 



To compute the heat lost, we determine 

h 2 ctr (525) 2 (8.4x 10 _5 )(60) 



k 2 

Then from Figure 4-15 



hrn (525)(0.025) 

= 0.03 — = - =0.061 

(215) 2 k 215 



Q 

— =0.65 
Qo 



For unit length 

^0 = P^i_ = pcnr 2 dj _ (2700) (900)jr(0.025) 2 ( 130) = 6.203 x 10 5 J/m 
and the actual heat lost per unit length is 

j- = (6.203 x 10 5 )(0.65) = 4.032 x 10 5 J/m [116.5 Btu/ft] 



4-5 I MULTIDIMENSIONAL SYSTEMS 



The Heisler charts discussed in Section 4-4 may be used to obtain the temperature distri- 
bution in the infinite plate of thickness 2 L, in the long cylinder, or in the sphere. When a 
wall whose height and depth dimensions are not large compared with the thickness or a 
cylinder whose length is not large compared with its diameter is encountered, additional 
space coordinates are necessary to specify the temperature, the charts no longer apply, and 
we are forced to seek another method of solution. Fortunately, it is possible to combine the 
solutions for the one-dimensional systems in a very straightforward way to obtain solutions 
for the multidimensional problems. 

It is clear that the infinite rectangular bar in Figure 4-17 can be formed from two 
infinite plates of thickness 2Li and 2Lj, respectively. The differential equation governing 
this situation would be 



d 2 T d 2 T _ 1 3 T 

dx 2 3 z 2 (x 3r 



[ 4 - 17 ] 



and to use the separation-of-variables method to effect a solution, we should assume a 
product solution of the form 

T{x, z, r) — X(x)Z(z)®(t) 



It can be shown that the dimensionless temperature distribution may be expressed as a 
product of the solutions for two plate problems of thickness 2L\ and 2Li, respectively: 



/ r-Too X _ / T - Too \ / T - 7’qq \ 

\Tj~ T 0 o / bar U- W2Li plate \^i ~ T oo ) 2L 2 plate 



[ 4 - 18 ] 



where 7] is the initial temperature of the bar and is the environment temperature. 
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Figure 4-17 I Infinite rectangular bar. 




For two infinite plates the respective differential equations would be 

3 2 Fi _ 1 dTi 3 2 T 2 _ 1 dT 2 

dx 2 a dr 3 z 2 a dr 

and the product solutions assumed would be 

T, = T (x, r) T 2 = T 2 (z, r) 

We shall now show that the product solution to Equation (4-17) can be formed from a simple 
product of the functions (7) , T 2 ), that is, 

T(x, z, r) — T\ {x, r)T 2 (z, r) [4-21] 



[4-19] 

[4-20] 



The appropriate derivatives for substitution in Equation (4-17) are obtained from Equa- 
tion (4-21) as 

3 2 T d 2 T\ 3 2 T d 2 T 2 

= Ti = T\ =■ 

dx 2 “ dx 2 d z 2 dz 2 



3 T 3 T 2 

— = Fi- 
St 3t 



+ t 2 



d^ 

dr 



Using Equations (4-19), we have 



3 T d 2 Ti 

— = aT \ — f 
dr dz 2 



+ aT 2 



d 2 T, 

dx 2 



Substituting these relations in Equation (4-17) gives 



3 2 Ti d 2 Ti 1 

T 2 — ^ + 7!— f = - 
dx 2 dz~ a 




+ olT 2 




or the assumed product solution of Equation (4-21) does indeed satisfy the original dif- 
ferential equation (4-17). This means that the dimensionless temperature distribution for 
the infinite rectangular bar may be expressed as a product of the solutions for two plate 
problems of thickness 2 L\ and 2L 2 , respectively, as indicated by Equation (4-18). 

In a manner similar to that described above, the solution for a three-dimensional block 
may be expressed as a product of three infinite-plate solutions for plates having the thickness 
of the three sides of the block. Similarly, a solution for a cylinder of finite length could be 
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4-5 Multidimensional Systems 



expressed as a product of solutions of the infinite cylinder and an infinite plate having 
a thickness equal to the length of the cylinder. Combinations could also be made with 
the infinite-cylinder and infinite -plate solutions to obtain temperature distributions in semi- 
infinite bars and cylinders. Some of the combinations are summarized in Figure 4- 1 8, where 

C(0) = solution for infinite cylinder 
P(X) — solution for infinite plate 
S(X) — solution for semi-infinite solid 



Figure 4-18 I Product solutions for 
temperatures in 
multidimensional systems: 

(a) semi-infinite plate; 

(b) infinite rectangular bar; 

(c) semi-infinite rectangular 
bar; ( d ) rectangular 
parallelepiped; 

( e ) semi-infinite cylinder; 
(/) short cylinder. 
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The general idea is then 

0 

Ji 



combined 

solid 



Bi 



intersection 
solid 1 



intersection 
solid 2 



intersection 
solid 3 



Heat Transfer in Multidimensional Systems 

Langston [16] has shown that it is possible to superimpose the heat-loss solutions for one- 
dimensional bodies, as shown in Figures 4-14, 4-15, and 4-16, to obtain the heat for a 
multidimensional body. The results of this analysis for intersection of two bodies is 



_G 

Go 



total 



Q_ 

Go 



Q_ 

Go 



1 - — 



Q 
QoJ i. 



[4-22] 



where the subscripts refer to the two intersecting bodies. For a multidimensional body 
formed by intersection of three one-dimensional systems, the heat loss is given by 



Q_ 

Go 



total 



Q_ 

Go 



Q_ 

Go 



1- ^ 



G 

Go 



Q_ 

Go 



3 L 



1 - — 



G 

Go 



l- — 



G 

QoJ 2. 

[4-23] 



If the heat loss is desired after a given time, the calculation is straightforward. On the other 
hand, if the time to achieve a certain heat loss is the desired quantity, a trial-and-error or 
iterative procedure must be employed. The following examples illustrate the use of the 
various charts for calculating temperatures and heat flows in multidimensional systems. 



Semi-Infinite Cylinder Suddenly Exposed 

to Convection 



EXAMPLE 4-8 



A semi-infinite aluminum cylinder 5 cm in diameter is initially at a uniform temperature of 200° C. 
It is suddenly subjected to a convection boundary condition at 70°C with h = 525 W/m 2 ■ °C. 
Calculate the temperatures at the axis and surface of the cylinder 10 cm from the end 1 min after 
exposure to the environment. 

■ Solution 

This problem requires a combination of solutions for the infinite cylinder and semi-infinite slab in 
accordance with Figure 4-18e. For the slab we have 

jc = 10 cm a = 8.4 x 10 -5 m 2 /s k = 215 W/m • °C 

so that the parameters for use with Figure 4-5 are 

hy/ar (525)[(8.4x 10 _5 )(60)] 1 ' /2 



215 

0.1 



2y/ar (2)[(8.4 x lQ- 5 )(60)] x / 2 



= 0.173 



= 0.704 



From Figure 4-5 



= 1 -0.036 = 0.964= S(X) 



\ Bi / semi-infinite slab 

For the infinite cylinder we seek both the axis- and surface-temperature ratios. The parameters 
for use with Figure 4-8 are 

k ax 8n 

r 0 = 2.5 cm — = 16.38 -= = 8.064 -^=0.38 



hr 0 



Bi 
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4-5 Multidimensional Systems 



This is the axis-temperature ratio. To find the surface-temperature ratio, we enter Figure 4-1 1 , using 

r 8 

— = 1.0 —=0.91 

r 0 9 0 



Thus 



C(©) = 




0.38 at r = 0 

(0.38K0.97) = 0.369 atr = r 0 



Combining the solutions for the semi-infinite slab and infinite cylinder, we have 



semi— infinite cylinder 



= C(0)S(X) 



= (0.38)(0.964) = 0.366 
= (0.369)(0.964) = 0.356 



at r = 0 
at r = r 0 



The corresponding temperatures are 

T = 70 + (0.366)(200- 70) = 117.6 atr = 0 
T = 70+ (0.356) (200 -70) = 116.3 at r = r 0 



EXAMPLE 4-9 



Finite-Length Cylinder Suddenly Exposed 
to Convection 



A short aluminum cylinder 5 .0 cm in diameter and 1 0.0 cm long is initially at a uniform temperature 
of 200°C. It is suddenly subjected to a convection environment at 70°C, and h = 525 W/m 2 • °C. 
Calculate the temperature at a radial position of 1 .25 cm and a distance of 0.625 cm from one end 
of the cylinder 1 min after exposure to the environment. 

■ Solution 

To solve this problem we combine the solutions from the Heisler charts for an infinite cylinder and 
an infinite plate in accordance with the combination shown in Figure 4- 1 8 f. For the infinite-plate 
problem 

L = 5 cm 

The x position is measured from the center of the plate so that 

x 4.375 

* = 5 — 0.625 = 4.375 cm - = ^—=0.875 



For aluminum 



a = 8.4 x 10 -5 m 2 /s £ = 215 W/m ■ °C 
215 ax (8.4 x 10 5 ) (60) 



= 8 19 — = 

hL (525) (0.05) L 1 

From Figures 4-7 and 4-10, respectively. 



(0.05) 2 



= 2.016 



8q 8 

-p =0.75 — = 0.95 

8j 8 q 



so that 



= (0.75)(0.95) =0.7125 



plate 



For the cylinder rp = 2.5 cm 

r 1.25 



r 0 



2.5 



= 0.5 



215 



hr 0 (525) (0.025) 



= 16.38 
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ax _ (8.4 x 10 -5 )(60) 
“ (0.025) 2 

and from Figures 4-8 and 4-11, respectively, 

#0 



= 8.064 



so that 



= 0.38 —=0.98 

9 0 



6 , 

- =(0.38)(0.98) =0.3724 



cyl 



Combining the solutions for the plate and cylinder gives 

' 9 ' 



Thus 



= (0.7 125) (0.3724) = 0.265 

v ) short cylinder 

T = + (0.265X7} - T^) = 70+ (0.265) (200 - 70) = 104.5°C 



Heat Loss for Finite-Length Cylinder 



EXAMPLE 4-10 



Calculate the heat loss for the short cylinder in Example 4-9. 

■ Solution 

We first calculate the dimensionless heat-loss ratio for the infinite plate and infinite cylinder that 
make up the multidimensional body. For the plate we have L = 5 cm = 0.05 m. Using the properties 
of aluminum from Example 4-9, we calculate 

hL (525)10.05) 
k 



215 



= 0.122 



h 2 ax _ (525) 2 (8.4 x 10“ 5 )(60) 
k 2 ~ (215) 2 

From Figure 4-14, for the plate, we read 

— \ = 0.22 
QoJ n 



= 0.03 



For the cylinder xq = 2.5 cm = 0.025 m, so we calculate 

hr 0 (525)(0.025) 



215 



= 0.061 



and from Figure 4-15 we can read 



Q 

Qo 



= 0.55 



The two heat ratios may be inserted in Equation (4-22) to give 

Q 



— ) = 0.22 + (0.55)(1 - 0.22) = 0.649 

Q o 



The specific heat of aluminum is 0.896 kj/kg • °C and the density is 2707 kg/m 3 , so we calculate 

Qo as 

Qo = pcVdi = (2707) (0.896)7r(0.025) 2 (0. 1) (200 - 70) 

= 61.9 kj 
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The actual heat loss in the 1-min time is thus 

Q = (61.9 kJ) (0.649) = 40.2 kj 



4-6 I TRANSIENT NUMERICAL METHOD 



The charts described in Sections 4-4 and 4-5 are very useful for calculating temperatures 
in certain regular-shaped solids under transient heat-flow conditions. Unfortunately, many 
geometric shapes of practical interest do not fall into these categories; in addition, one is 
frequently faced with problems in which the boundary conditions vary with time. These 
transient boundary conditions as well as the geometric shape of the body can be such that 
a mathematical solution is not possible. In these cases, the problems are best handled by 
a numerical technique with computers. It is the setup for such calculations that we now 
describe. For ease in discussion we limit the analysis to two-dimensional systems. An 
extension to three dimensions can then be made very easily. 

Consider a two-dimensional body divided into increments as shown in Figure 4-19. 
The subscript m denotes the x position, and the subscript n denotes the y position. Within 
the solid body the differential equation that governs the heat flow is 



fd 2 T d 2 T\ _ dT 

\ dx 2 dy 2 ) ^ dr 



[ 4 - 24 ] 



assuming constant properties. We recall from Chapter 3 that the second partial derivatives 
may be approximated by 



d 2 r 


1 




dx 2 


, A x j (Tm+\,n ”1“ T m —l ,n 2 T m n ) 

(A xY 


[ 4 - 25 ] 


d 2 T 


1 




dy 2 


^ f K so (Xm,n+\ “ 1 “ Tm,n— 1 

(A yY 


[ 4 - 26 ] 



Figure 4-19 I Nomenclature for numerical 
solution of two-dimensional 
unsteady-state conduction 
problem. 
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The time derivative in Equation (4-24) is approximated by 

ot 7 -P+l y'P 

u ‘ 1 m,n 1 m,n 



In this relation the superscripts designate the time increment. Combining the relations above 
gives the difference equation equivalent to Equation (4-24) 

T p _l T p —?T P T p 4 -T p —7T P 1 tP+ 1 -rP 

1 m+\,n ' 1 m—\ ,n m * n 1 m,n+l ' 1 m,n—l m > n * ‘ m.n 1 m,n r. 1( ,i 

{Kx? (A W Ar 1 J 



. tP 

1 m — l,n 



1 r rP~^~^ ’j’P 

A A m .n J- tn i 



Thus, if the temperatures of the various nodes are known at any particular time, the 
temperatures after a time increment Ar may be calculated by writing an equation like 
Equation (4-28) for each node and obtaining the values of T,„ + „ . The procedure may be 
repeated to obtain the distribution after any desired number of time increments. If the 
increments of space coordinates are chosen such that 



Ax = Ay 



the resulting equation for T„ un becomes 



r pP + 1 _ . 



'T’P I T'P 

' 1 m— 1 ,n 



r ri J I r T 1 r 

1 m,n -\- 1 ' 1 m,n— 



n-l) + 1 



4 a Ar 



If the time and distance increments are conveniently chosen so that 

(Ax) 2 

2 — —4 [ 4 - 30 ] 

a Ar 

it is seen that the temperature of node (m, n ) after a time increment is simply the arithmetic 
average of the four surrounding nodal temperatures at the beginning of the time increment. 
When a one-dimensional system is involved, the equation becomes 



7’P+i a /jP 

m (Ax) 2 1 



-i)+ 1_ 



2 a At 



and if the time and distance increments are chosen so that 



the temperature of node m after the time increment is given as the arithmetic average of the 
two adjacent nodal temperatures at the beginning of the time increment. 

Some general remarks concerning the use of numerical methods for solution of transient 
conduction problems are in order at this point. We have already noted that the selection of 
the value of the parameter 

( A *) 2 



governs the ease with which we may proceed to effect the numerical solution; the choice 
of a value of 4 for a two-dimensional system or a value of 2 for a one -dimensional system 
makes the calculation particularly easy. 

Once the distance increments and the value of M are established, the time increment 
is fixed, and we may not alter it without changing the value of either Ax or M, or both. 
Clearly, the larger the values of Ax and Ar, the more rapidly our solution will proceed. 
On the other hand, the smaller the value of these increments in the independent variables, 
the more accuracy will be obtained. At first glance one might assume that small distance 
increments could be used for greater accuracy in combination with large time increments 
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to speed the solution. This is not the case, however, because the finite-difference equa- 
tions limit the values of At that may be used once Ax is chosen. Note that if M < 2 in 
Equation (4-31), the coefficient of T,„ becomes negative, and we generate a condition that 
will violate the second law of thermodynamics. Suppose, for example, that the adjoining 
nodes are equal in temperature but less than T^ n . After the time increment Ar, Tjl may not 
be lower than these adjoining temperatures; otherwise heat would have to flow uphill on 
the temperature scale, and this is impossible. A value of M < 2 would produce just such an 
effect; so we must restrict the values of M to 

(Ax) 2 _ M > 2 one-dimensional systems 

oi Ar [M>4 two-dimensional systems 



This restriction automatically limits our choice of Ar, once Ax is established. 

It so happens that the above restrictions, which are imposed in a physical sense, may also 
be derived on mathematical grounds. It may be shown that the finite-difference solutions will 
not converge unless these conditions are fulfilled. The problems of stability and convergence 
of numerical solutions are discussed in References 7, 13, and 15 in detail. 

The difference equations given above are useful for determining the internal temper- 
ature in a solid as a function of space and time. At the boundary of the solid, a convection 
resistance to heat flow is usually involved, so that the above relations no longer apply. In 
general, each convection boundary condition must be handled separately, depending on the 
particular geometric shape under consideration. The case of the flat wall will be considered 
as an example. 

For the one-dimensional system shown in Figure 4-20 we may make an energy balance 
at the convection boundary such that 



37 ' 
-kA — 
dx 



— hA{T w — Too) 



wall 



The finite-difference approximation would be given by 




(T m+ 1 



- r,„) = h A.v(r,„+i - Too) 



[4-33] 



Figure 4-20 I Nomenclature for 

numerical solution of 
unsteady-state conduction 
problem with convection 
boundary condition. 



m — 1 m m + 1 




Environment 

To 



Surface, T w = T m+l 
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or 

_ T m + (h Ax/k)Too 

m+1 1+hAx/k 



To apply this condition, we should calculate the surface temperature T m +\ at each time 
increment and then use this temperature in the nodal equations for the interior points of the 
solid. This is only an approximation because we have neglected the heat capacity of the 
element of the wall at the boundary. This approximation will work fairly well when a large 
number of increments in x are used because the portion of the heat capacity that is neglected 
is then small in comparison with the total. We may take the heat capacity into account in a 
general way by considering the two-dimensional wall of Figure 3-7 exposed to a convection 
boundary condition, which we duplicate here for convenience as Figure 4-21. We make a 
transient energy balance on the node ( m , n) by setting the sum of the energy conducted and 
convected into the node equal to the increase in the internal energy of the node. Thus 



r rP r rP A 'T'P r rP A r rP r rP 

, * 1 m — l,n ±m ’ n , , 1-1 ±m ^ n , , ^ Y m,n-1 1 m t n 

k Ay : \-k— h k 



Ax 



Ay 



Ay 



+h Ay (Too - 7 )P n ) = pc ^ Ay 



At 



If Ajc = Ay, the relation for T,n + n becomes 
a At 



jP+ 1 _ 



(Ax) 2 



h Ax 

2 — : Too ■ 



'2 T>- 



jP , jP 

m,n- 1-1 m,n— 1 



(Ax) 2 Ax " 

a At k 



TP 

m,n 



[4-34] 



The corresponding one-dimensional relation is 

U } [4-35] 

Notice now that the selection of the parameter (Ax ) 2 /a Ar is not as simple as it is for the 
interior nodal points because the heat-transfer coefficient influences the choice. It is still 



jp + 1 — 



a At 
(Ax) 2 



h Ax 

2 — r — ■ 



■2 C, 



(Ax) 
a At 



h Ax 



Figure 4-21 I Nomenclature for nodal 
equation with convective 
boundary condition. 
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possible to choose the value of this parameter so that the coefficient of T,„ or 7„,„ will be 
zero. These values would then be 

' h Ax 



(Ax) 2 

«At 



k 

h Ax 



- 1 J for the one-dimensional case 
- 2 ) for the two-dimensional case 



To ensure convergence of the numerical solution, all selections of the parameter (Ax) 2 /a At 
must be restricted according to 



(Ax) 2 
a At 




for the one-dimensional case 
for the two-dimensional case 



Forward and Backward Differences 



The equations above have been developed on the basis of a. forward-difference technique 
in that the temperature of a node at a future time increment is expressed in terms of the 
surrounding nodal temperatures at the beginning of the time increment. The expressions 
are called explicit formulations because it is possible to write the nodal temperatures Tm + n 
explicitly in terms of the previous nodal temperatures Tm,n- In this formulation, the calcula- 
tion proceeds directly from one time increment to the next until the temperature distribution 
is calculated at the desired final state. 

The difference equation may also be formulated by computing the space derivatives 
in terms of the temperatures at the p + 1 time increment. Such an arrangement is called 
a backward-difference formulation because the time derivative moves backward from the 
times for heat conduction into the node. The equation equivalent to Equation (4-28) would 
then be 



| rj-< PW 1 r ^-rP "t” 1 'T'P - t | 7 , P~\~ 1 '-\ r rP~t~^- 

1 m+l,n 1 m-l,n ~ Z1 m,n 1 m,n+\ ^ 1 m,n-l ~ Zlm ’ n 



i 'rP ' ^ t -P 

1 1 m,n 1 m,n 



(Ax) 2 



(Av) 2 a At 



[ 4 - 36 ] 



The equivalence to Equation (4-29) is 



TP 

m.n 



^ ( -rP ' + 1 _i_ -rP +1 I -rP ~ ^ r rP Jr ^ \ 

(Ar) 2 ' 1 m—l,n ' 1 m,n+ 1 ' J 




4a At 
(Ax) 2 



tP+ l 
m,n 



[ 4 - 37 ] 



We may now note that this backward-difference formulation does not permit the explicit 
calculation of the T p+l in terms of T p . Rather, a whole set of equations must be written 
for the entire nodal system and solved simultaneously to determine the temperatures T p+l . 
Thus we say that the backward-difference method produces an implicit formulation for the 
future temperatures in the transient analysis. The solution to the set of equations can be 
performed with the methods discussed in Chapter 3. 

The Biot and Fourier numbers may also be defined in the following way for problems 
in the numerical format: 



h Ax 

Bi = 

k 



[ 4 - 38 ] 



Fo = 



a Ax 
(Ax) 2 



[ 4 - 39 ] 



By using this notation. Tables 4-2 and 4-3 have been constructed to summarize some typical 
nodal equations in both the explicit and implicit formulations. For the cases of Ax = Ay 
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displayed in Table 4-2, the most restrictive stability requirement (smallest Ar) is exhibited 
by an exterior corner node, assuming all the convection nodes have the same value of Bi. 



Table 4-2 I Explicit nodal equations. (Dashed lines indicate element volume.) * 



Stability 

Physical situation Nodal equation for Ay = Ay requirement 


(i a ) Interio 


r node 


m, n+1 


T &= Fo + <„ +1 + 2*., „ + r' „_!) Fo < 1 

+[l-4(Fo)]7£„ 


m — 1, n ^ 


m, n 


1 

m + 1, 7i 


| hn,n - 1 ° + '*+1, j + 

Ay -4r£„) + r£„ 




t- , ■ 1 

1 


i 

i 

m, 7i - 1 


t 

Ay 

1 











- A.y Ay - 



( b ) Convection boundary node 




T ' P n + n = Fo [27^ „ + 7£„ +1 + + 2(Bi)7£] Fo(2 + Bi) < \ 

+ [1 — 4(Fo) — 2(Fo)(Bi)]Tm,n 
Tm+n = Fo [2Bi (7& - T^ n ) + 2 T^_ l n + T^ n+l 

+ T m,n-l- AT ’n^ + T >",n 



(c) Exterior corner with convection 
boundary 




(d) Interior comer with convection 
boundary 




t’/2+I 



+ 1 = 2(Fo)[^_ ln + r f ^_ 1 + 2(Bi)r t £] 
+ [1 -4(Fo)-4(Fo)(Bi)]T^„ 
^+ I =2Fo[7^_ M + r^_ 1 -2^ i „ 

+2Bi (TL-TLM + TP 



Fo(l + Bi)<i 



T, P n + n = § (Fo) [2< II+1 + 2^ + , „ Fo(3 + Bi) < | 

+ 2r m-l,„ + C-l +2(B1):r » ] 

+|1 -4(Fo)- i(Fo)(Bi)|<„ 

^+ I = (4/3)Fo[^ n+1 + ^ +ln 

+ 7 ’m-l,„ - 3r »,n + Bi (?& - „)] + T&* 
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Table 4-2 I ( Continued ). 







Stability 


Physical situation 


Nodal equation for Ax = Ay 


requirement 



( e ) Insulated boundary 







m — 1, n 


r 

m, n 


t ' 

Ay 

1 


l 

L 




1 r 

* 

<1 



r rP ~ b 1 
1 m,n 



= FoPCl,» + Cl + t— l 1 

+[l-4(Fo)]<„ 



Fo<i 



^Convection surfaces may be made insulated by setting h = 0 (Bi = 0). 



Table 4-3 I Implicit nodal equations. (Dashed lines indicate volume element.) 

Physical situation Nodal equation for Ax = Ay 



(a) Interior node [1 +4(Fo)]^+‘ - Fo (r^+| „ + T^ +l + t£ J „ 

rj,p+ 1 \ _ jP _ Q 







m + l,/2 




m- 1, n 






" T 

Ay 


l 

772,72 


1 

722 + 1, 72 




l 

l 


1 

1 


. 




722 - 1, 72 




■«-A.t-» 


■«— A.r -*■ 





(Z?) Convection boundary node 




[1 + 2(Fo)(2 + Bi)]^+' - Fo [ T P+ l +1 + T^_ x 
+ 27 'm-‘,n + 2(Bi)r£ +1 ] - r£„= o 



(c) Exterior corner with convection boundary 

/i, 




[1 +4(Fo)(l + Bi)]r,S 1 -2(Fo)[^+| + r^j 
+2(Bi)7’| ) +1 ] - t£'„=0 
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Table 4-3 I ( Continued ). 

Physical situation Nodal equation for Ax = Ay 



(< d) Interior corner with convection 
boundary 







m, n + 1 






m - 1, n 


m, n 


m + 1, n 


t 

Ay 

1 


' 1 ' 
1 


i m, n - 1 







[*- Ax— 



1 + 4(Fo) 



Hi 



T P+ 1 2(Fo) 

1 in . n 



x L m-l,« ^ I m,n—\ 



+ 2 C+1 +KX\,n+^ T £ 1 ]- 



nP 

m.n 



= 0 



(e) Insulated boundary [1 +4(Fo)]r^+ 1 -Fo(2 T^\ n + T^ +X + T P ^_^ - T p n = 0 




m, n + 1 



m.n - 1 



The advantage of an explicit forward-difference procedure is the direct calculation 
of future nodal temperatures; however, the stability of this calculation is governed by the 
selection of the values of Ax and At. A selection of a small value of Ax automatically 
forces the selection of some maximum value of Ar. On the other hand, no such restriction 
is imposed on the solution of the equations that are obtained from the implicit formulation. 
This means that larger time increments can be selected to speed the calculation. The obvious 
disadvantage of the implicit method is the larger number of calculations for each time step. 
For problems involving a large number of nodes, however, the implicit method may result in 
less total computer time expended for the final solution because very small time increments 
may be imposed in the explicit method from stability requirements. Much larger increments 
in Ar can be employed with the implicit method to speed the solution. 

Most problems will involve only a modest number of nodes and the explicit formulation 
will be quite satisfactory for a solution, particularly when considered from the standpoint 
of the more generalized formulation presented in the following section. 

For a discussion of many applications of numerical analysis to transient heat conduction 
problems, the reader is referred to References 4, 8, 13, 14, and 15. 

It should be obvious to the reader by now that finite-difference techniques may be 
applied to almost any situation with just a little patience and care. Very complicated problems 
then become quite easy to solve with only modest computer facilities. The use of Microsoft 
Excel for solution of transient heat-transfer problems is discussed in Appendix D. 

Finite-element methods for use in conduction heat-transfer problems are discussed in 
References 9 to 13. A number of software packages are available commercially. 
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4-7 I THERMAL RESISTANCE AND CAPACITY 
FORMULATION 



As in Chapter 3, we can view each volume element as a node that is connected by thermal 
resistances to its adjoining neighbors. For steady-state conditions the net energy transfer 
into the node is zero, while for the unsteady-state problems of interest in this chapter the 
net energy transfer into the node must be evidenced as an increase in internal energy of the 
element. Each volume element behaves like a small “lumped capacity,” and the interaction 
of all the elements determines the behavior of the solid during a transient process. If the 
internal energy of a node i can be expressed in terms of specific heat and temperature, then 
its rate of change with time is approximated by 



A E 
At 



= pcAV 



pP 

At 



where AV is the volume element. If we define the thermal capacity as 

Q — PiCj A Vi 



[ 4 - 40 ] 



then the general resistance-capacity formulation for the energy balance on a node is 



j 



j,p 






Ri 



= C r 



'j'j 



At 



[ 4 - 41 ] 



where all the terms on the left are the same as in Equation (3-3 1 ). The resistance and volume 
elements for a variety of geometries and boundary conditions were given in Tables 3-3 and 
3-4. Physical systems where the internal energy E involves phase changes can also be 
accommodated in the above formulation but are beyond the scope of our discussion. 

The central point is that use of the concepts of thermal resistance and capacitance 
enables us to write the forward-difference equation for all nodes and boundary conditions 
in the single compact form of Equation (4-41). The setup for a numerical solution then 
becomes a much more organized process that can be adapted quickly to the computational 
methods at hand. 

Equation (4-41) is developed by using the forward-difference concept to produce an 
explicit relation for each T p+ 1 . As in our previous discussion, we could also write the energy 
balance using backward differences, with the heat transfers into each zth node calculated in 
terms of the temperatures at the p + 1 time increment. Thus, 



<n 



■£- 



j-./7+l 



Ri 



= Q 



77 



p + 1 



At 



[ 4 - 42 ] 



Now, as before, the set of equations produces an implicit set that must be solved 
simultaneously for the T p+l , etc. The solution can be carried out by a number of methods 
as discussed in Chapter 3. If the solution is to be performed with a Gauss-Seidel iteration 
technique, then Equation (4-42) should be solved for T p+ ' and expressed as 



, p+1 _ qi + J2S T j +1 / R ‘J ) + ^ Ci / Ar}T i 

^,0/%) + C ( /Ar 



[ 4 - 43 ] 



It is interesting to note that in the steady-state limit of Ar-> oo this equation becomes 
identical with Equation (3-32), the formulation we employed for the iterative solution in 
Chapter 3. 
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The stability requirement in the explicit formulation may be examined by solving 
Equation (4-41) for Tf +l : 



At 






At ■ 



Ci 



Ri 



[ 4 - 44 ] 



The value of q, can influence the stability, but we can choose a safe limit by observing the 
behavior of the equation for q ,• = 0. Using the same type of thermodynamic argument as 
with Equation (4-31), we find that the coefficient of T[’ cannot be negative. Our stability 
requirement is therefore 







— >0 

Ra ~ 



[ 4 - 45 ] 



Suppose we have a complicated numerical problem to solve with a variety of boundary 
conditions, perhaps nonuniform values of the space increments, etc. Once we have all the 
nodal resistances and capacities formulated, we then have the task of choosing the time 
increment Ar to use for the calculation. To ensure stability we must keep At equal to or 
less than a value obtained from the most restrictive nodal relation like Equation (4-45). 

Solving for Ar gives 



Ar < 



C t 



£/w 



for stability 



[ 4 - 46 ] 



While Equation (4-44) is very useful in establishing the maximum allowable time 
increment, it may involve problems of round-off errors in computer solutions when small 
thermal resistances are employed. The difficulty may be alleviated by expressing Tf +l in 
the following form for calculation purposes: 



T P+\ 



\ r 

c7 



<7r 



r rP r rP 

: 



Ri 



[ 4 - 47 ] 



In Table 4-2 the nodal equations for Ax = Ay are listed in the formats of both 
equations (4-44) and (4-47). The equations listed in Table 4-2 in the form of Equation 
(4-47) do not include the heat-source term. If needed, the term may be added using 

qi = ki A Vi 



where qi is the heat generation per unit volume and A V, is the volume element shown by 
dashed lines in the table. For radiation input to the node, 

<?/ = <?" rad x AA/ 

where q" , is the net radiant energy input to the node per unit area and A A,- is the area of 
the node for radiant exchange, which may or may not be equal to the area for convection 
heat transfer. 

We should remark that the resistance-capacity formulation is easily adapted to take into 
account thermal-property variations with temperature. One need only calculate the proper 
values of p, c, and k for inclusion in the C, and Rjj. Depending on the nature of the problem 
and accuracy required, it may be necessary to calculate new values of C, and R u for each 
time increment. Example 4-17 illustrates the effects of variable conductivity. 
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Steady State as a Limiting Case of Transient Solution 

As we have seen, the steady-state numerical formulation results when the right side of 
Equation (4-41) is set equal to zero. It also results when the calculation of the unsteady case 
using either Equation (4-44) or (4-47) is carried out for a large number of time increments. 
While the latter method of obtaining a steady-state solution may appear rather cumbersome, 
it can proceed quite rapidly with a computer. We may recall that the Gauss-Seidel iteration 
method was employed for the solution of many steady-state numerical problems, which 
of course entailed many computer calculations. If variable thermal resistances resulting 
from either variable thermal conductivities or variations in convection boundary condi- 
tions are encountered, the steady-state limit of a transient solution may offer advantages 
over the direct steady-state solution counterpart. We will recall that when variable thermal 
resistances appear, the resulting steady-state nodal equations become nonlinear and their 
solution may be tedious. The transient solution for such cases merely requires that each 
resistance be recalculated at the end of each time increment Ar, or the resistances may be 
entered directly as variables in the nodal equations. The calculations are then carried out 
for a sufficiently large number of time increments until the values of the 7) p+1 no longer 
change by a significant amount. At this point, the steady-state solution is obtained as the 
resulting values of the 7', . 

The formulation and solution of transient numerical problems using Microsoft Excel 
is described in Section D-5 of the Appendix, along with worked examples. An example 
is also given of a transient solution carried forward a sufficient length of time to achieve 
steady-state conditions. 



A steel rod [k = 50 W/m • °C] 3 mm in diameter and 10 cm long is initially at a uniform temperature 
of 200° C. At time zero it is suddenly immersed in a fluid having h = 50 W/nr ■ °C and Toe = 40°C 
while one end is maintained at 200° C. Determine the temperature distribution in the rod after 100 s. 
The properties of steel are p = 7800 kg/m 3 and c = 0.47 kj/kg • °C. 



■ Solution 

The selection of increments on the rod is as shown in the Figure Example 4-11. The cross-sectional 
area of the rod is A = 7r( 1 .5 ) 2 = 7.069 mm 2 . The volume element for nodes 1. 2, and 3 is 



Node 4 has a A V of half this value, or 88.36 mm 3 . We can now tabulate the various resistances 
and capacities for use in an explicit formulation. For nodes 1, 2, and 3 we have 




Sudden Cooling of a Rod 



Figure Example 4-11 




AT = AAx= (7.069) (25) = 176.725 mm 3 



Rm+ — ^ 



■m— — 



Ax 

~kA 



(50)(7.069 x 10 -6 ) 



0.025 



= 70.731°CAV 



and 



1 



1 



= 84.883°CAV 



h(nd Ax) (50)?r(3 x lQ- 3 )(0.025) 
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C = pc AV = (7800) (470) (1. 7673 x 10 -7 ) = 0.6479 J/°C 



For node 4 we have 



1 Ax 

R m+ = — =2829°C/W = — = 70.731 C/W 

hA kA 



pc AV n 

C =—_ — = 0.3240 J/°C 



— 



2 ' hndAx 

To determine the stability requirement we form the following table: 



= 169.77°C/W 



Node 


Ed/%) 


C'i 


C; 


Ed /*«)'* 


1 


0.04006 


0.6479 


16.173 


2 


0.04006 


0.6479 


16.173 


3 


0.04006 


0.6479 


16.173 


4 


0.02038 


0.3240 


15.897 



Thus node 4 is the most restrictive, and we must select Ar< 15.9 s. Since we wish to find the 
temperature distribution at 100 s, let us use Ar= 10 s and make the calculation for 10 time 
increments using Equation (4-47) for the computation. We note, of course, that qj = 0 because 
there is no heat generation. The calculations are shown in the following table. 



Time 

increment 




Node temperature 




T\ 


t 2 


T 3 


T 4 


0 


200 


200 


200 


200 


1 


170.87 


170.87 


170.87 


169.19 


2 


153.40 


147.04 


146.68 


145.05 


3 


141.54 


128.86 


126.98 


125.54 


4 


133.04 


115.04 


111.24 


109.70 


5 


126.79 


104.48 


98.76 


96.96 


6 


122.10 


96.36 


88.92 


86.78 


7 


118.53 


90.09 


81.17 


78.71 


8 


115.80 


85.23 


75.08 


72.34 


9 


113.70 


81.45 


70.31 


67.31 


10 


112.08 


78.51 


66.57 


63.37 



We can calculate the heat- transfer rate at the end of 100 s by summing the convection heat 
losses on the surface of the rod. Thus 



*=E 



Tj — Too 
Rio o 



and 



200-40 112.08 + 78.51 + 66.57 -(3) (40) / 1 1 \ 

~ (2X84.883) + 84.883 + \ 169.77 + 2829 J 

= 2.704 W 



(63.37-40) 



Implicit Formulation 



EXAMPLE 4-12 



We can illustrate the calculation scheme for the implicit formulation by reworking Example 4-11 
using only two time increments, that is, Ar = 50 s. 
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For this problem we employ the formulation indicated by Equation (4-43), with Ar = 50 s. 
The following quantities are needed. 



Node 


Ci_ 

At 


1 C, 

Rij + At 


1 


0.01296 


0.05302 


2 


0.01296 


0.05302 


3 


0.01296 


0.05302 


4 


0.00648 


0.02686 



We have already determined the R,j in Example 4-11 and thus can insert them into Equation (4-43) 
to write the nodal equations for the end of the first time increment, taking all TP = 200°C. We use 
the prime to designate temperatures at the end of the time increment. For node 1, 

200 T' 40 



0.053027’,' = 



1 70.731 + 70.731 ^ 84.833 



+ (0.0 1296) (200) 



For node 2, 



0. 05302 r, = 



T{ 



+ 



T' 

i 3 



+ ■ 



40 



70.731 70.731 84.833 



+ (0.0 1296) (200) 



For nodes 3 and 4, 



0.05302 7l( = 



T' 



T' 

1 4 



70.731 70.731 



0.026867,! = 



T'l 



40 

+ + 



40 

84.833 
40 



+ (0.01296)(200) 



: + (0.00648)(200) 



70.731 ' 2829 169.77 

These equations can then be reduced to 

0.05302^-0.01414^ =5.8911 

—0.014147^ + 0.05302^ - O.OI 414 T 3 = 3.0635 

-0.0141472 + 0.0530273 - 0.0141474 = 3.0635 
-0.014147^+0.026867^= 1.5457 

which have the solution 

7j' = 145.81°C Tj = 130.12°C 
7j = 125.43°C T 4 = 123.56°C 

We can now apply the backward-difference formulation a second time using the double prime to 
designate the temperatures at the end of the second time increment: 



0.053027" = 



200 



- + 



r rll 

*2 



70.731 70.731 



+ 



40 



0.053027" = 



‘1 



■ + ; 



7" 



70.731 70.731 



0.05302 Tv = 



7" 



■ + ; 



, j'!! 

1 A 



70.731 70.731 

7" 40 



■ + ■ 






84.833 

40 

84.833 

40 

84.833 
40 



+ (0.01296)(145.81) 
+ (0.01296)(130.12) 
+ (0.01296)(125.43) 



0.0268677 = 

4 70.731 2829 169.77 



+ (0.00648)(123.56) 



and this equation set has the solution 

7" = 123.81°C 7-j' = 97.27°C 



= 88.32°C 



74 = 85.59°C 
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We find this calculation in substantial disagreement with the results of Example 4-11. With a 
larger number of time increments, better agreement would be achieved. In a problem involving a 
large number of nodes, the implicit formulation might involve less computer time than the explicit 
method, and the purpose of this example has been to show how the calculation is performed. 



Cooling of a Ceramic 



EXAMPLE 4-13 



A 1 by 2 cm ceramic strip [k = 3.0 W/m • °C] is embedded in a high-thermal-conductivity material, 
as shown in Figure Example 4-13, so that the sides are maintained at a constant temperature 
of 300°C. The bottom surface of the ceramic is insulated, and the top surface is exposed to a 
convection environment with h = 200 W/nr ■ °C and T 0 o = 50° C. At time zero the ceramic is 
uniform in temperature at 300°C. Calculate the temperatures at nodes 1 to 9 after a time of 
12 s. For the ceramic p = 1600 kg/m 3 and c = 0.8 kj/kg ■ °C. Also calculate the total heat loss in 
this time. 



Figure Example 4-13 

2 cm - 



T 

1 cm 



h, T„ = 50°C 




300°C 





4 ’ 
4 


2 ’ 
5 


3 

6 




7 


OO 


9 



> 



T = 300°C 



Insulated 



■ Solution 

We treat this as a two-dimensional problem with Ax = Ay = 0.5 cm. From symmetry T\ = Ty, 
T4 = 7g, and T-j = Tg, so we have six unknown nodal temperatures. We now tabulate the various 
nodal resistances and capacities. For nodes 4 and 5 



Ax 0.005 

R m + = R m — — Rn+ — Rn— = — — = 0.3333 

+ + kA (3.0)10.005) 



For nodes 1 and 2 



Ax (0.005) (2) 

R m+ = R m - = — = = 0.6667 C/W 



Rn+ = 



1 



kA (3.0) (0.005) 

1 



h Ax (200) (0.005) 



= 1.0°C/W 



R n - = 0.3333°C/W 



For nodes 7 and 8 



R m+ = R,n- = 0.6667°C/W R n+ = 0.3333°C/W R n - = 00 



For nodes 1, 2, 7, and 8 the capacities are 



pc(Ax) 2 



(1600)(800)(0.005) 2 

2 



16 J/°C 



For nodes 4 and 5 

C = pc(Ax) 2 = 32 J/°C 
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The stability requirement for an explicit solution is now 


determined by tabulating the following 


quantities: 


















E — 

K ‘J 






Ci 




Node 




c t 






1 




7 


16 




2.286 




2 




7 


16 




2.286 




4 




12 


32 




2.667 




5 




12 


32 




2.667 




7 




6 


16 




2.667 




8 




6 


16 




2.667 




Thus the two convection nodes control the stability requirement, and we must choose At < 2.286 s. 
Let us choose At = 2.0 s and make the calculations for six time increments with Equation (4-47). 
We note once again the symmetry considerations when calculating the temperatures of nodes 2, 
5, and 8, that is, T\ = 73 , etc. The calculations are shown in the following table. 








Node temperature 






Time increment 


T\ 


t 2 


n 


T S 


t 7 


7'8 


0 


300 


300 


300 


300 


300 


300 


1 


268.75 


268.75 


300 


300 


300 


300 


2 


258.98 


253.13 


294.14 


294.14 


300 


300 


3 


252.64 


245.31 


289.75 


287.55 


297.80 


297.80 


4 


284.73 


239.48 


285.81 


282.38 


295.19 


293.96 


5 


246.67 


235.35 


282.63 


277.79 


292.34 


290.08 


6 


243.32 


231.97 


279.87 


273.95 


289.71 


286.32 



The total heat loss during the 12-s time interval is calculated by summing the heat loss of each 
node relative to the initial temperature of 300°C. Thus 

q = Y, C i ( 300 - 7 -) 

where q is the heat loss. For this summation, since the constant-temperature boundary nodes 
experience no change in temperature, they can be left out. Recalling that T\ = Ty, T 4 = 7g, and 
T-] = Tg, we have 

J2 Q( 300 - Ti) = nodes (1, 2, 3, 7, 8, 9) + nodes (4, 5, 6) 

= 1 6[(6) (300) - (2) (243.2) - 231.97 - (2)(289.71 ) 

- 286.32] + 32[(3)(300) - (2)(279.87) - 273.95] 

= 5572.3 J/m length of strip 

The average rate of heat loss for the 12-s time interval is 
q 5572.3 

— = = 464.4 W [1585 Btu/h] 

At 12 1 



EXAMPLE 4-14 



Cooling of a Steel Rod, Nonuniform h 



A nickel-steel rod having a diameter of 2.0 cm is 1 0 cm long and initially at a uniform temperature 
of 200°C. It is suddenly exposed to atmospheric air at 30°C while one end of the rod is maintained 
at 200° C. The convection heat- transfer coefficient can be computed from 

h = 9.0 AT 0115 W/m 2 -°C 
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where AT is the temperature difference between the rod and air surroundings. The properties of 
nickel steel may be taken as k = 12 W/m ■ °C, c = 0.48 kj/kg ■ °C, and p = 7800 kg/m 3 . Using the 
numerical method, (a) determine the temperature distribution in the rod after 250, 500, 750, 1000, 
1250 s, and for steady state; ( b ) determine the steady-state temperature distribution for a constant 
h = 22. 1 1 W/m 2 ■ °C and compare with an analytical solution. 



Figure Example 4-14 




T = 0 



T= 250 s 

T= 500 s 

T= 750 s 

T= 1000 s 
T= 1250 s 

Steady state 

x 



T\ T 2 T 3 T 4 T 5 

Ax = 2 cm 













■ Solution 

Five nodes are chosen as shown in Figure Example 4-14 with Ax = 2.0 cm. The capacitances are 
then 



Cl = C 2 = C 3 = C 4 = ^00)(480M0.02) 2 (0.02) = 23 . 524 ^ 
c 5 = lCi = 11.762 J/°C 



The resistances for nodes 1, 2, 3, and 4 are 



1 

Rm+ 



1 _ kA 

R m — Ax 



(12)7t(0.02) 2 
(4) (0.02) 



= 0.188496 



— =hP Ax =(9.0)jr(0.02)(0.02)(T-30) 0 175 = (1.131 x 10 _2 )(T - 30) 0175 
Roo 



For node 5 

- 1 — = 0.188496 
Rm— 

— l — = hA = 9.0 n{ °'° 2) ( T - 30)°' 175 = (2.827 x 10 _3 )(T - 30) OJ75 
Rm+ 4 
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= = (5.655 x 10“ 3 )(r - 30) 0175 

^5oo 

where Too = 30° C for all nodes. We can compute the following table for worst-case conditions 
of T = 200° C throughout the rod. The stability requirement so established will then work for all 
other temperatures. 



Node 


»WL n 


C; 

£(!/«, 7 )’ 


1 


0.4048 


58.11 


2 


0.4048 


58.11 


3 


0.4048 


58.11 


4 


0.4048 


58.11 


5 


0.2093 


56.197 



Thus, time steps below 56 s will ensure stability. The computational procedure is compli- 
cated by the fact that the convection-resistance elements must be recalculated for each time step. 
Selecting Ar = 50 s, we have: 



Node 


At/C; 


1 


2.1255 


2 


2.1255 


3 


2.1255 


4 


2.1255 


5 


4.251 



We then use the explicit formulation of Equation (4-47) with no heat generation. The computational 
algorithm is thus: 

1. Compute Roo values for the initial condition. 

2. Compute temperatures at next time increment using Equation (4-47). 

3. Recalculate R 0 Q values based on new temperatures. 

4 . Repeat temperature calculations and continue until the temperature distributions are obtained 
at the desired times. 



Results of these calculations are shown in the accompanying figure. 

To determine the steady-state distribution we could carry the unsteady method forward a 
large number of time increments or use the steady-state method and an iterative approach. The 
iterative approach is required because the equations are nonlinear as a result of the variations in 
the convection coefficient. 

We still use a resistance formulation, which is now given as Equation (3-31): 



E 




= 0 



The computational procedure is: 

1. Calculate R 0 0 values for all nodes assuming all Tj = 200°C. 

2. Formulate nodal equations for the 7)’s. 

3. Solve the equations by an appropriate method. 

4 . Recalculate R 0 Q values based on 7) values obtained in step 3. 

5 . Repeat the procedure until there are only small changes in T[ s. 
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The results of this iteration are shown in the following table: 



Iteration 


T\, °C 


T 2 ,° C 


t 3 ,°c 


t 4 ,°c 


r s , °c 


1 


148.462 


114.381 


92.726 


80.310 


75.302 


2 


151.381 


119.557 


99.409 


87.853 


83.188 


3 


151.105 


119.038 


98.702 


87.024 


82.306 


4 


151.132 


119.090 


98.774 


87.109 


82.396 



This steady-state temperature distribution is also plotted with the transient profiles. 

The value of h for 7) = 200°C is 22. 1 1 W/m 2 ■ °C, so the results of the first iteration correspond 
to a solution for a constant h of this value. The exact analytical solution is given in Equation (2-34) 
as 

8 T — Too coshm(L — x) + [h/km] sinh/n(L — x) 



^0 To - Too 


cosh mL + [h/km] sinh mL 


The required quantities are 






fhP\ 1/2 
m = — I = 
\ kA ) 


'(22.11)^(0.02)" 
. (12)tt(0.01) 2 . 


1/2 

= 19.1964 



mL = (19.1964)(0.1) = 1.91964 



h/km = 



22.22 



( 12) ( 19. 1964) 



= 0.09598 



The temperatures at the nodal points can then be calculated and compared with the numerical 
results in the following table. As can be seen, the agreement is excellent. 



Node 


x , m 


(#/#o)num 


(0/^o)anaI 


Percent deviation 


1 


0.02 


0.6968 


0.6949 


0.27 


2 


0.04 


0.4964 


0.4935 


0.59 


3 


0.06 


0.3690 


0.3657 


0.9 


4 


0.08 


0.2959 


0.2925 


1.16 


5 


0.1 


0.2665 


0.2630 


1.33 



We may also check the heat loss with that predicted by the analytical relation in Equation (2-34). 
When numerical values are inserted we obtain 

? anal = l 1-874 W 

The heat loss for the numerical model is computed by summing the convection loss from the six 
nodes (including base node at 200°C). Using the temperatures for the first iteration corresponding 
to h = 22.11 W/m 2 ■ °C, 

q = (22.11)^(0.02) (0.02) [(200 - 30) + (148.462 - 30) 

+ (114.381 - 30) + (92.726 - 30) + (80.31 - 30) 

+ (75.302 — 30)^)] + (22.1 l)?r(0. 01)2(75. 302 — 30) 

= 12.082 W 

We may make a further check by calculating the energy conducted in the base. This must be the 
energy conducted to node 1 plus the convection lost by the base node or 

9 (200 - 148.462) 

q = ( 12 )tt( 0 . 01 ) 2 - _ L + (22.1 l)7r(0. 02) (0.01) (200 - 30) 

= 12.076 W 
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This agrees very well with the convection calculation and both are within 1.8 percent of the 
analytical value. 

The results of this example illustrate the power of the numerical method in solving problems 
that could not be solved in any other way. Furthermore, only a modest number of nodes, and 
thus modest computation facilities, may be required to obtain a sufficiently accurate solution. For 
example, the accuracy with which h will be known is typically ±10 to 15 percent. This would 
overshadow any inaccuracies introduced by using relatively large nodes, as was done here. 



EXAMPLE 4-15 



Radiation Heating and Cooling 



The ceramic wall shown in Figure Example 4- 15a is initially uniform in temperature at 20° C and 
has a thickness of 3.0 cm. It is suddenly exposed to a radiation source on the right side at 1000°C. 
The left side is exposed to room air at 20° C with a radiation surrounding temperature of 20° C. 
Properties of the ceramic ar ek = 3.0 W/m ■ °C, p = 1600 kg/m 3 , and c = 0.8 kJ/kg ■ °C. Radiation 
heat transfer with the surroundings at T r may be calculated from 

q r = aeA{T 4 - T 4 ) W [a] 

where a = 5.669 x 10 s , e = 0.8, and T is in degrees Kelvin. The convection heat-transfer coef- 
ficient from the left side of the plate is given by 

h=\.92AT x ! 4 W/m 2 ■ °C [ b ] 



Convection on the right side is negligible. Determine the temperature distribution in the plate 
after 15, 30, 45, 60, 90, 120, and 150 s. Also determine the steady-state temperature distribution. 
Calculate the total heat gained by the plate for these times. 

■ Solution 

We divide the wall into five nodes as shown and must express temperatures in degrees Kelvin 
because of the radiation boundary condition. For node 1 the transient energy equation is 



rre(293 4 - T ’f 4 ) - 1.92 (rf 
Similarly, for node 5 



-293 



■r+so?- 1 ?)-* 



Ax T[ +l - 7j 

2 At 






ae{ 1273 4 - T f 4 



) + h( T !- T ?) =fC 



Ax Ef +1 - Ef 
2 At 



[c] 



[d] 



Equations (c) and (d) may be subsequently written 



T P + 1 _ At 

1 “ c[ L 



ere (293 2 + T[ 2 )C293 + Tf)( 293) - 1 ,92(Tf - 293) 1/4 (293) + - T[ 



+ 1- 



At 

cT L 



cre(293 z + E ] p2 )( 293 + T() - 1.92 (T( - 293) 1/4 + 



1/4. 



Ax 



T P + 1 _ 

5 “c 5 



cre(1273 2 + r/ 2 )(1273 + Ef)(1273) + -Ef 
J J Ax ^ 



rpP 

1 1 



[e] 



+ 1_ Q 



e(1273 2 ± E/ 2 )(1273 + TF) + - - 



Ax 



where C\ = C5 = pc Ax/2. For the other three nodes the expressions are much simpler: 



rP + 1 



At k 



Tl ' = 



C 2 Ax 



(T{ ±r 3 o± 1- 



2k At 
C 2 Ax 



[/] 



[g] 




Figure Example 4-15 I (a) Nodal system, ( b ) transient response, (c) heat added. 




(a) ( b ) 




6 18 30 60 90 120 150 

T, S 

(c) 
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n/>+l 


A T k n n 


3 “ 

nP+l 


C 3 Ax ~ +I + ) + 

A T k n n 

(T 1 4- 4- 


4 _ 


C 4 Ax U 3 +Js) + 



2k At 
C3 Ax 

2k At 
C 4 Ax 



rpP 

J 3 



[A] 

[i] 



where C2 = C3 = C4 = pc Ax. So, to determine the transient response, we simply choose a suitable 
value of At and march through the calculations. The stability criterion is such that the coefficients 
of the last term in each equation cannot be negative. For Equations (g), (h), and (i) the maximum 
allowable time increment is 



C 3 Ax (1600)(800)(0.0075) 2 
2k (2) (3) 



For Equation (/), the worst case is at the start when — 20°C = 293 K. We have 



C 5 = 



(1600)(800)(0.0075) 

2 



= 4800 



so that 



^ T max 



4800 

“ (5.669 x 10 _8 )(0.8)(1273 2 + 293 2 )(1273 + 293) + 3.0/0.0075 
= 9.43 s 



For node 1 [Equation (e)] the most restrictive condition occurs when = 293. We have 

Cj =C 5 =4800 



so that 

4800 

Tmax ~~ (5.669 x 10 _8 )(0.8)(293 2 + 293 2 )(293 + 293) + 3.0/0.0075 
= 11.86s 

So, from these calculations we see that node 5 is most restrictive and we must choose At < 9.43 s. 

The calculations were performed with At = 3.0 s, and the results are shown in 
Figure Example 4-15 b, c. Note that a straight line is obtained for the steady-state temperature 
distribution in the solid, which is what would be expected for a constant thermal conductivity. To 
compute the heat added at any instant of time we perform the sum 

<2(T) = ^q(7;-293) [/] 

and plot the results in Figure Example 4- 15c. 



EXAMPLE 4-16 



Transient Conduction with Heat Generation 



The plane wall shown has internal heat generation of 50 MW/m 2 and thermal properties of k = 
19 W/m • °C, p = 7800 kg/m 2 , and C = 460 J/kg • °C. It is initially at a uniform temperature of 
100°C and is suddenly subjected to the heat generation and the convective boundary conditions 
indicated in Figure Example 4- 16 A. Calculate the temperature distribution after several time 
increments. 



■ Solution 

We use this resistance and capacity formulation and write, for unit area, 
1/1? 12 =kA/Ax= (19)(1)/0.001 = 19,000 W/°C 
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Figure Example 4-16a 



h A =400 w/m 2 .°C 
T a = 120°C 














1 


2 


3 


4 


5 




Ax 


Ax 









h B = 500 W/m 2 *°c 
/T„ = 20°C 



Ax = 1.0 mm 



All the conduction resistances have this value. Also, 

l/R lA = /!A = (400)(l) = 400W/°C 
1 /Rib = hA = (500) (1) = 500 W/°C 

The capacities are 

Cl = C 6 = p(Ax/2)c = (7800) (0.00 1/2) (460) = 1794 J/°C 
C 2 = C 3 = C 4 = C 5 = p( Ax)c = 3588 J/°C 

We next tabulate values. 



Node 


EU/ff,y) 


Ci 


Ci 

Ed/%) 


1 


19,400 


1794 


0.092 


2 


38,000 


3588 


0.094 


3 


38,000 


3588 


0.094 


4 


38,000 


3588 


0.094 


5 


38,000 


3588 


0.094 


6 


19,500 


1794 


0.092 



Any time increment Ar less than 0.09 s will be satisfactory. The nodal equations are now written 
in the form of Equation (4-47) and the calculation marched forward on a computer. 

The heat-generation terms are 

qi = q A Vi 

so that 

q\ = 96 = ( 50 x 10 6 )(l)(0.001/2) = 25,000 W 

q 2 = q 3 = q 4 = q 5 = (50 x 1 06) ( 1 ) (0.00 1 ) = 50,000 W 

The computer results for several time increments of 0.09 s are shown in the following table. 
Because the solid stays nearly uniform in temperature at any instant of time it behaves almost like 
a lumped capacity. The temperature of node 3 is plotted versus time in Figure Example 4- 1 6B to 
illustrate this behavior. 



Node 


Number of time increments (At = 0.09 s) 


5 


20 


100 


200 


1 


106.8826 


123.0504 


190.0725 


246.3855 


2 


106.478 


122.8867 


190.9618 


248.1988 


3 


106.1888 


122.1404 


190.7033 


248.3325 


4 


105.3772 


120.9763 


189.3072 


246.7933 


5 


104.4622 


119.2217 


186.7698 


243.5786 


6 


102.4416 


117.0056 


183.0735 


238.6773 
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4-7 Thermal Resistance and Capacity Formulation 



Number of time increments (Ar = 0.09 s) 



Node 


500 


800 


1200 


3000 


1 


320.5766 


340.1745 


346.0174 


347.2085 


2 


323.6071 


343.5267 


349.4654 


350.676 


3 


324.2577 


344.3137 


350.2931 


351.512 


4 


322.5298 


342.536 


348.5006 


349.7165 


5 


318.4229 


338.1934 


344.0877 


345.2893 


6 


311.9341 


331.2853 


337.0545 


338.2306 



Figure Example 4-16b 




EXAMPLE 4-17 



Numerical Solution for Variable Conductivity 



A 4.0-cm-thick slab of stainless steel (18% Cr, 8% Ni) is initially at a uniform temperature of 
0°C with the left face perfectly insulated as shown in Figure Example 4- 17a. The right face is 
suddenly raised to a constant 1000°C by an intense radiation source. Calculate the temperature 
distribution after (a) 25 s, ( b ) 50 s, (c) 100 s, ( d ) an interval long enough for the slab to reach a 
steady state, taking into account variation in thermal conductivity. Approximate the conductivity 
data in Appendix A with a linear relation. Repeat the calculation for the left face maintained at 0°C. 



Figure Example 4-17a 




Ax = 1 cm 
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■ Solution 

From Table A-2 we have k = 16.3 W/m • °C at 0°C and k = 31 W/m • °C at 1000°C. A linear 
relation for k is assumed so that 

k = fc 0 (l + f)T) 

where 7 is in degrees Celsius. Inserting the data gives 

k= 16.3(1 + 9.02 x 10 _4 7) W/m • °C 

We also have p = 7817 kg/m 3 and c = 460 J/kg ■ °C, and use the thermal resistance-capacitance 
formula assuming that the resistances are evaluated at the arithmetic mean of their connecting 
nodal temperatures; i.e., R 3 - 4 is evaluated at (T3 + T 4 )/2. 

First, the thermal capacities are evaluated for unit area: 

Ci = p(Ax/2)c = (7817) (0.01 /2) (460) = 17,980 J/m 2 ■ °C 

C 2 = C 3 = C 4 = p(Ax)c = (7817X0.01)1460) = 35,960 J/m 2 ■ °C 

For the resistances we have the form, for unit area, 

1 /R = k/ Ax — fco(l + fST)/Ax 

Evaluating at the mean temperatures between nodes gives 

V* 1-2 = (16.3)[1 +4.51 x 10-4(7! + r 2 )]/0.01 = l/*2-l 
l//f 2 — 3 = (16.3)[1 +4.51 x 10 _4 (r 2 + 7 3 )]/0.01 = l/R 3 -2 
l/R 3 -4 = (16.3)[1 +4.51 X 10“ 4 (7 3 + 7 4 )]/0.01 = l/R 4 — 3 
1/^4-1000 = (16.3)[1 +4.51 x 10-4(74 + 7 iooo)]/ 0.01 = l//f 10 00-4 



The stability requirement is most severe on node 1 because it has the lowest capacity. To be on the 
safe side we can choose a large k of about 31 W/m ■ °C and calculate 



Ar, 



(17,980) (0.01) 

31 



= 5.8 s 



The nodal equations are now written in the form of Equation (4-47); that is to say, the equation 
for node 2 would be 



7++ 1 - 

2 ~ c 2 



1630 [1+ 4.51 x 10- 4 (7f + 7 p )](7f - 7 P ) 



+ 1630 [1 + 4.51 x 10“ 4(7/’ + 7 2 p )]( 7/’ - 7 P ) l + 7 P 



A computer solution has been performed with Ar = 5 s and the results are shown in the tables. The 
steady-state solution for the insulated left face is, of course, a constant 1000°C. The steady-state 
distribution for the left face at 0°C corresponds to Equation (2-2) of Chapter 2. Note that, because 
of the nonconstant thermal conductivity, the steady-state temperature profile is not a straight line. 



Temperatures for left face at constant 0°C, At = 5 s 


Node 


25 s 


50 s 


100 s 


Steady state 


1 


0 


0 


0 


0 


2 


94.57888 


236.9619 


308.2699 


317.3339 


3 


318.7637 


486.5802 


565.7786 


575.9138 


4 


653.5105 


748.1359 


793.7976 


799.7735 
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4-8 Summary 



Temperatures for left face insulated, At 


= 5 s 




Node 


25 s 


50 s 


100 s 


Steady state 


1 


30.55758 


232.8187 


587.021 


1000 


2 


96.67601 


310.1737 


623.5018 


1000 


3 


318.7637 


505.7613 


721.5908 


1000 


4 


653.5105 


752.3268 


855.6965 


1000 



These temperatures are plotted in Figure Example 4- 17b. 



Figure Example 4-17b 




.r cm 



The purpose of this example has been to show how the resistance-capacity formulation can 
be used to take into account property variations in a rather straightforward way. These variations 
may or may not be important when one considers uncertainties in boundary conditions. 



4-8 I SUMMARY 

In progressing through this chapter the reader will have noted analysis techniques of varying 
complexity, ranging from simple lumped-capacity systems to numerical computer solutions. 
At this point some suggestions are offered for a general approach to follow in the solution 
of transient heat-transfer problems. 

1. First, determine if a lumped-capacity analysis can apply. If so, you may be led to a 
much easier calculation. 
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2. Check to see if an analytical solution is available with such aids as the Heisler charts 
and approximations. 

3. If analytical solutions are very complicated, even when already available, move directly 
to numerical techniques. This is particularly true where repetitive calculations must be 
performed. 

4. When approaching a numerical solution, recognize the large uncertainties present in 
convection and radiation boundary conditions. Do not insist upon a large number of 
nodes and computer time (and chances for error) that cannot possibly improve upon 
the basic uncertainty in the boundary conditions. 

5. Finally, recognize that it is a rare occurrence when one has a “pure” conduction problem; 
there is almost always a coupling with convection and radiation. The reader should keep 
this in mind as we progress through subsequent chapters that treat heat convection and 
radiation in detail. 



REVIEW QUESTIONS 

1. What is meant by a lumped capacity? What are the physical assumptions necessary for 
a lumped-capacity unsteady-state analysis to apply? 

2. What is meant by a semi-infinite solid? 

3. What initial conditions are imposed on the transient solutions presented in graphical 
form in this chapter? 

4. What boundary conditions are applied to problems in this chapter? 

5. Define the error function. 

6. Define the Biot and Fourier numbers. 

7. Describe how one-dimensional transient solutions may be used for solution of two- 
and three-dimensional problems. 



LIST OF WORKED EXAMPLES 

4-1 Steel ball cooling in air 

4-2 Semi-infinite solid with sudden change in surface conditions 
4-3 Pulsed energy at surface of semi-infinite solid 
4-4 Heat removal from semi-infinite solid 
4-5 Sudden exposure of semi-infinite slab to convection 
4-6 Aluminum plate suddenly exposed to convection 
4-7 Long cylinder suddenly exposed to convection 
4-8 Semi-infinite cylinder suddenly exposed to convection 
4-9 Finite-length cylinder suddenly exposed to convection 
4-10 Heat loss for finite-length cylinder 
4-11 Sudden cooling of a rod 
4-12 Implicit formulation 
4-13 Cooling of a ceramic 
4-14 Cooling of a steel rod, nonuniform h 
4-15 Radiation heating and cooling 
4-16 Transient conduction with heat generation 
4-17 Numerical solution for variable conductivity 
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PROBLEMS 

4-1 A copper sphere initially at a uniform temperature 7o is immersed in a fluid. Electric 
heaters are placed in the fluid and controlled so that the temperature of the fluid 
follows a periodic variation given by 

T 0 o — T m — A sin cor 
where 

T m = time-average mean fluid temperature 
A = amplitude of temperature wave 
w = frequency 

Derive an expression for the temperature of the sphere as a function of time and the 
heat-transfer coefficient from the fluid to the sphere. Assume that the temperatures 
of the sphere and fluid are uniform at any instant so that the lumped-capacity method 
of analysis may be used. 

4-2 An infinite plate having a thickness of 2.5 cm is initially at a temperature of 150°C, 
and the surface temperature is suddenly lowered to 30°C. The thermal diffusivity of 
the material is 1.8 x 10 -6 m 2 /s. Calculate the center-plate temperature after 1 min 
by summing the first four nonzero terms of Equation (4-3). Check the answer using 
the Heisler charts. 

4-3 What error would result from using the first four terms of Equation (4-3) to compute 
the temperature at r = 0 and x—L ? (Note: temperature = 7J.) 

4-4 A solid body at some initial temperature 7o is suddenly placed in a room where the 
air temperature is Too and the walls of the room are very large. The heat-transfer 
coefficient for the convection heat loss is h , and the surface of the solid may be 
assumed black. Assuming that the temperature in the solid is uniform at any instant, 
write the differential equation for the variation in temperature with time, considering 
both radiation and convection. 

4-5 A 20 by 20 cm slab of copper 5 cm thick at a uniform temperature of 260°C sud- 
denly has its surface temperature lowered to 35°C. Using the concepts of thermal 
resistance and capacitance and the lumped-capacity analysis, find the time at which 
the center temperature becomes 90°C; p — 8900 kg/m 3 , c p — 0.38 kJ/kg ■ °C, and 
k — 370 W/m • °C. 

4-6 A piece of aluminum weighing 6 kg and initially at a temperature of 300°C is 
suddenly immersed in a fluid at 20°C. The convection heat-transfer coefficient is 
58 W/m 2 • °C. Taking the aluminum as a sphere having the same weight as that given, 
estimate the time required to cool the aluminum to 90°C, using the lumped-capacity 
method of analysis. 

4-7 Two identical 7.5-cm cubes of copper at 425 and 90°C are brought into contact. 
Assuming that the blocks exchange heat only with each other and that there is no 
resistance to heat flow as a result of the contact of the blocks, plot the temperature 
of each block as a function of time, using the lumped-capacity method of analysis. 
That is, assume the resistance to heat transfer is the conduction resistance of the two 
blocks. Assume that all surfaces are insulated except those in contact. 

4-8 Repeat Problem 4-7 for a 7.5-cm copper cube at 425°C in contact with a 7.5-cm 
steel cube at 90°C. Sketch the thermal circuit. 

4-9 An infinite plate of thickness 2 L is suddenly exposed to a constant-temperature 
radiation heat source or sink of temperature T s . The plate has a uniform initial 
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temperature of T , . The radiation heat loss from each side of the plate is given by 
q = aeA(T 4 — 7/ 4 ), where a and e are constants and A is the surface area. Assuming 
that the plate behaves as a lumped capacity, that is, k — >• oo, derive an expression for 
the temperature of the plate as a function of time. 

4-10 A stainless-steel rod (18% Cr, 8% Ni) 6.4 mm in diameter is initially at a uni- 
form temperature of 25°C and is suddenly immersed in a liquid at 150°C with 
h — 120 W/m 2 • °C. Using the lumped-capacity method of analysis, calculate the 
time necessary for the rod temperature to reach 120°C. 

4-11 A 5-cm-diameter copper sphere is initially at a uniform temperature of 200°C. It 
is suddenly exposed to an environment at 20°C having a heat-transfer coefficient 
h — 28 W/m 2 • °C. Using the lumped-capacity method of analysis, calculate the time 
necessary for the sphere temperature to reach 90°C. 

4-12 A stack of common building brick 1 m high, 3 m long, and 0.5 m thick leaves an oven, 
where it has been heated to a uniform temperature of 300°C. The stack is allowed 
to cool in a room at 35°C with an air-convection coefficient of 15 W/m 2 • °C. The 
bottom surface of the brick is on an insulated stand. How much heat will have been 
lost when the bricks cool to room temperature? How long will it take to lose half 
this amount, and what will the temperature at the geometric center of the stack be 
at this time? 

4-13 A copper sphere having a diameter of 3.0 cm is initially at a uniform temperature of 
50°C. It is suddenly exposed to an airstream of 10°C with h = 15 W/m 2 • °C. How 
long does it take the sphere temperature to drop to 25°C? 

4-14 An aluminum sphere, 5.0 cm in diameter, is initially at a uniform temperature of 
50°C. It is suddenly exposed to an outer-space radiation environment at 0 K (no 
convection). Assuming the surface of aluminum is blackened and lumped-capacity 
analysis applies, calculate the time required for the temperature of the sphere to drop 
to— 110°C. 

4-15 An aluminum can having a volume of about 350 cm 3 contains beer at 1°C. Using 
a lumped-capacity analysis, estimate the time required for the contents to warm to 
15°C when the can is placed in a room at 20°C with a convection coefficient of 
15 W/m 2 • °C. Assume beer has the same properties as water. 

4-16 A 12-mm-diameter aluminum sphere is heated to a uniform temperature of 400°C 
and then suddenly subjected to room air at 20°C with a convection heat-transfer 
coefficient of 10 W/m 2 • °C. Calculate the time for the center temperature of the 
sphere to reach 200°C. 

4-17 A 4-cm-diameter copper sphere is initially at a uniform temperature of 200°C. It 
is suddenly exposed to a convection environment at 30°C with h — 20 W/m 2 • °C. 
Calculate the time necessary for the center of the sphere to reach a temperature 
of 80°C. 

4-18 When a sine-wave temperature distribution is impressed on the surface of a semi- 
infinite solid, the temperature distribution in the solid is given by 




where 

T x z — temperature at depth x and time r after start of temperature wave 
at surface 

T m = mean surface temperature 
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n — frequency of wave, cycles per unit time 
A — amplitude of temperature wave at surface 



4-19 

4-20 

4-21 

4-22 

4-23 

4-24 

4-25 

4-26 

4-27 

4-28 

4-29 



If a sine-wave temperature distribution is impressed on the surface of a large slab of 
concrete such that the temperature varies from 35 to 90°C and a complete cycle is 
accomplished in 15 min, find the heat flow through a plane 5 cm from the surface 2 h 
after the start of the initial wave. 



Using the temperature distribution of Problem 4-18, show that the time lag between 
maximum points in the temperature wave at the surface and at a depth .r is given by 





A thick concrete wall having a uniform temperature of 54°C is suddenly subjected 
to an airstream at 10°C. The heat-transfer coefficient is 10 W/m 2 • °C. Calculate the 
temperature in the concrete slab at a depth of 7 cm after 30 min. 

A very large slab of copper is initially at a temperature of 300°C. The surface tem- 
perature is suddenly lowered to 35°C. What is the temperature at a depth of 7.5 cm 
4 min after the surface temperature is changed? 

On a hot summer day a concrete driveway may reach a temperature of 50°C. Suppose 
that a stream of water is directed on the driveway so that the surface temperature is 
suddenly lowered to 10°C. How long will it take to cool the concrete to 25°C at a 
depth of 5 cm from the surface? 

A semi-infinite slab of copper is exposed to a constant heat flux at the surface of 
0.5 MW/m 2 . Assume that the slab is in a vacuum, so that there is no convection at 
the surface. What is the surface temperature after 5 min if the initial temperature of 
the slab is 20°C? What is the temperature at a distance of 15 cm from the surface 
after 5 min? 

A semi-infinite slab of material having £ = 0.1 W/m • °C and a — 1.1 x 10 -7 m 2 /s is 
maintained at an initially uniform temperature of 20°C. Calculate the temperature at 
a depth of 5 cm after 100 s if (a) the surface temperature is suddenly raised to 150°C, 
(b) the surface is suddenly exposed to a convection source with h = 40 W/m 2 • °C and 
150°C, and (c) the surface is suddenly exposed to a constant heat flux of 350 W/m 2 . 
Abrick wall having a thickness of 10 cm is initially uniform in temperature at 25°C. 
One side is insulated. The other side is suddenly exposed to a convection environment 
with T — 0°C and h = 200 W/m 2 • °C. Using whatever method is suitable, plot the 
temperature of the insulated surface as a function of time. How might this calculation 
be applicable to building design? 

A large slab of copper is initially at a uniform temperature of 90°C. Its surface 
temperature is suddenly lowered to 30°C. Calculate the heat-transferrate through a 
plane 7.5 cm from the surface 10 s after the surface temperature is lowered. 

A large slab of aluminum at a uniform temperature of 30°C is suddenly exposed 
to a constant surface heat flux of 15 kW/m 2 . What is the temperature at a depth of 
2.5 cm after 2 min? 

For the slab in Problem 4-27, how long would it take for the temperature to reach 
150°C at the depth of 2.5 cm? 

Apiece of ceramic material [£ = 0.8 W/m • °C, p — 2700 kg/m 3 , c = 0.8 kJ/kg • °C] 
is quite thick and initially at a uniform temperature of 30°C. The surface of the mate- 
rial is suddenly exposed to a constant heat flux of 650 W/m 2 . Plot the temperature 
at a depth of 1 cm as a function of time. 
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4-30 An aluminum sphere having a diameter of 5 .6 cm is initially at a uniform temperature 
of 355°C and is suddenly exposed to a convection environment at 7’ = 23°C with a 
convection heat transfer coefficient of 78 W/m 2 • °C. Calculate the time for the center 
of the sphere to cool to a temperature of 73°C. Express the answer in seconds. 

4-31 A large thick layer of ice is initially at a uniform temperature of — 20°C. If the 
surface temperature is suddenly raised to — 1°C, calculate the time required for 
the temperature at a depth of 1.5 cm to reach — 11°C. The properties of ice are 
p = 57 lb m /ft 3 , c p = 0.46 Btu/lbm • °F, k = 1 .28 Btu/h • ft • °F, a = 0.048 ft 2 /h. 

4-32 A large slab of concrete (stone 1-2-4 mix) is suddenly exposed to a constant radiant 
heat flux of 900 W/m 2 . The slab is initially uniform in temperature at 20°C. Calculate 
the temperature at a depth of 10 cm in the slab after a time of 9 h. 

4-33 A very thick plate of stainless steel (18% Cr, 8% Ni) at a uniform temperature of 
300°C has its surface temperature suddenly lowered to 100°C. Calculate the time 
required for the temperature at a depth of 3 cm to attain a value of 200° C. 

4-34 A large slab has properties of common building brick and is heated to a uniform 
temperature of 40°C. The surface is suddenly exposed to a convection environment 
at 2°C with h — 25 W/m 2 • °C. Calculate the time for the temperature to reach 20°C 
at a depth of 8 cm. 

4-35 A large block having the properties of chrome brick at 200° C is at a uniform temper- 
ature of 30°C when it is suddenly exposed to a surface heat flux of 3 x 10 4 W/m 2 . 
Calculate the temperature at a depth of 3 cm after a time of 10 min. What is the 
surface temperature at this time? 

4-36 A slab of copper having a thickness of 3.0 cm is initially at 300°C. It is suddenly 
exposed to a convection environment on the top surface at 80°C while the bottom 
surface is insulated. In 6 min the surface temperature drops to 140°C. Calculate the 
value of the convection heat-transfer coefficient. 

4-37 A large slab of aluminum has a thickness of 10 cm and is initially uniform in tem- 
perature at 400°C. Suddenly it is exposed to a convection environment at 90°C with 
h — 1400 W/m 2 • °C. How long does it take the centerline temperature to drop to 
180°C? 

4-38 A horizontal copper plate 10 cm thick is initially uniform in temperature at 250° C. 
The bottom surface of the plate is insulated. The top surface is suddenly exposed to 
a fluid stream at 80°C. After 6 min the surface temperature has dropped to 150°C. 
Calculate the convection heat-transfer coefficient that causes this drop. 

4-39 A large slab of aluminum has a thickness of 10 cm and is initially uniform in tem- 
perature at 400°C. It is then suddenly exposed to a convection environment at 90°C 
with h — 1400 W/m 2 • °C. How long does it take the center to cool to 180°C? 

4-40 A plate of stainless steel (18% Cr, 8% Ni) has a thickness of 3.0 cm and is initially 
uniform in temperature at 500°C. The plate is suddenly exposed to a convection 
environment on both sides at 40°C with h = 150 W/m 2 • °C. Calculate the times for 
the center and face temperatures to reach 120°C. 

4-41 A steel cylinder 10 cm in diameter and 10 cm long is initially at 300°C. It is suddenly 
immersed in an oil bath that is maintained at 40°C, with h — 280 W/m 2 • °C. Find 
(a) the temperature at the center of the solid after 2 min and ( b ) the temperature at 
the center of one of the regular faces after 2 min. 

4-42 Derive an expression for the heat flux per unit area at depth x and time r when 
a semi-infinite solid is suddenly exposed to an instantaneous energy pulse at the 
surface of strength Qo/A. 
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4-43 Buildings of various constructions exhibit different responses to thermal changes in 
climate conditions. Consider a 10-cm-thick wall of normal weight structural concrete 
(c = 0.9 kJ/kg • °C) suddenly exposed to a “blue norther” at — 10°C with a convection 
coefficient of 65 W/m 2 • °C. The wall is initially at 15°C. Estimate the time required 
for the wall temperature to drop to 5°C. State the assumptions. 

4-44 A semi-infinite solid of aluminum is coated with a special chemical material that 
reacts suddenly to ultraviolet radiation and releases energy in the amount of 
1.0 MJ/m 2 . If the solid is initially uniform in temperature at 20°C, calculate the 
temperature at a depth of 2.3 cm after 1.8 s. 

4-45 A semi-infinite solid of stainless steel (18% Cr, 8% Ni) is initially at a uniform 
temperature of 0°C. The surface is pulsed with a laser with 10 MJ/m 2 instanta- 
neous energy. Calculate the temperature at the surface and depth of 1 cm after a 
time of 3 s. 

4-46 What strength pulse would be necessary to produce the same temperature effect at 
a depth of 1 .2 cm as that experienced at a depth of 1 .0 cm? 

4-47 Calculate the heat flux atx—l cm and r = 3 s for the conditions of Problem 4-45. 

4-48 A semi-infinite solid of aluminum is to be pulsed with a laser at the surface such that 
a temperature of 600°C will be attained at a depth of 2 mm, 0.2 s after the pulse. 
The solid is initially at 30°C. Calculate the strength of pulse required, expressed in 
MJ/m 2 . 

4-49 A slab of polycrystalline aluminum oxide is to be pulsed with a laser to produce a 
temperature of 900°C at a depth of 0.2 mm after a time of 0.2 s. The solid is initially 
at 40°C. Calculate the strength of pulse required expressed in MJ/m 2 . 

4-50 Repeat Problem 4-49 for window glass. 

4-51 An aluminum bar has a diameter of 11 cm and is initially uniform in tempera- 
ture at 300°C. If it is suddenly exposed to a convection environment at 50°C with 
h — 1200 W/m 2 • °C, how long does it take the center temperature to cool to 80°C? 
Also calculate the heat loss per unit length. 

4-52 A fused-quartz sphere has a thermal diffusivity of 9.5 x 10 -7 m 2 /s, a diameter of 
2.5 cm, and a thermal conductivity of 1.52 W/m - °C. The sphere is initially at a 
uniform temperature of 25°C and is suddenly subjected to a convection environment 
at 200°C. The convection heat-transfer coefficient is 110 W/m 2 • °C. Calculate the 
temperatures at the center and at a radius of 6.4 mm after a time of 3 min. 

4-53 Lead shot may be manufactured by dropping molten-lead droplets into water. Assum- 
ing that the droplets have the properties of solid lead at 300°C, calculate the time 
for the center temperature to reach 120°C when the water is at 100°C with h — 
5000 W/m 2 • °C, d = 1 .5 mm. 

4-54 A steel sphere 10 cm in diameter is suddenly immersed in a tank of oil at 10°C. The 
initial temperature of the sphere is 220°C; h — 5000 W/m 2 • °C. How long will it 
take the center of the sphere to cool to 120°C? 

4-55 A boy decides to place his glass marbles in an oven at 200°C. The diameter of the 
marbles is 15 mm. After a while he takes them from the oven and places them in 
room air at 20°C to cool. The convection heat-transfer coefficient is approximately 
14 W/m 2 • °C. Calculate the time the boy must wait until the center temperature of 
the marbles reaches 50° C. 

4-56 A lead sphere with d = 1 .5 mm and initial temperature of 200°C is suddenly exposed 
to a convection environment at 100°C and h — 5000 W/m 2 • °C. Calculate the time 
for the center temperature to reach 120°C. 




CHAPTER4 Unsteady-State Conduction 



199 



4-57 A long steel bar 5 by 10 cm is initially maintained at a uniform temperature of 
250°C. It is suddenly subjected to a change such that the environment temperature 
is lowered to 35°C. Assuming a heat-transfer coefficient of 23 W/m 2 • °C, use a 
numerical method to estimate the time required for the center temperature to reach 
90°C. Check this result with a calculation using the Heisler charts. 

4-58 A steel bar 2.5 cm square and 7.5 cm long is initially at a temperature of 250°C. 
It is immersed in a tank of oil maintained at 30°C. The heat-transfer coefficient is 
570 W/m 2 • °C. Calculate the temperature in the center of the bar after 3 min. 

4-59 A cube of aluminum 10 cm on each side is initially at a temperature of 300°C and 
is immersed in a fluid at 100°C. The heat-transfer coefficient is 900 W/m 2 -°C. 
Calculate the temperature at the center of one face after 1 min. 

4-60 A short concrete cylinder 15 cm in diameter and 30 cm long is initially at 25°C. 
It is allowed to cool in an atmospheric environment in which the temperature is 
0°C. Calculate the time required for the center temperature to reach 10°C if the 
heat-transfer coefficient is 17 W/m 2 • °C. 

4-61 Assume that node m in Problem 3-39 occurs along a circular rod having a diameter of 
2 cm with A.r = 1 cm. The material is glass with k — 0.8 W/m • °C, p — 2700 kg/m 3 , 
c — 0.84 kl/kg • °C. The convection surrounding condition is h = 50 W/m 2 • °C and 
= 35°C. Write the transient nodal equation for node m and determine the corre- 
sponding maximum allowable time increment, expressed in seconds. 

4-62 A 4.0 -cm cube of aluminum is initially at 450°C and is suddenly exposed to a 
convection environment at 100°C with h = 120 W/m 2 • °C. How long does it take 
the cube to cool to 250°C? 

4-63 A cube of aluminum 11 cm on each side is initially at a temperature of 400°C. It is 
suddenly immersed in a tank of oil maintained at 85°C. The convection coefficient 
is 1100 W/m 2 • °C. Calculate the temperature at the center of one face after a time 
of 1 min. 

4-64 An aluminum cube 5 cm on a side is initially at a uniform temperature of 100°C and 
is suddenly exposed to room air at 25°C. The convection heat-transfer coefficient is 
20 W/m 2 • °C. Calculate the time required for the geometric center temperature to 
reach 50°C. 

4-65 A stainless steel cylinder (18% Cr, 8% Ni) is heated to a uniform temperature of 
200°C and then allowed to cool in an environment where the air temperature is 
maintained constant at 30°C. The convection heat-transfer coefficient may be taken 
as 200 W/m 2 • °C. The cylinder has a diameter of 10 cm and a length of 15 cm. 
Calculate the temperature of the geometric center of the cylinder after a time of 
10 min. Also calculate the heat loss. 

4-66 A cylinder having a diameter of 15 cm and a length of 30 cm is initially uniform in 
temperature at 300°C. It is suddenly exposed to a convection environment at 20°C 
with h = 35 W/m 2 • °C. Properties of the solid are k — 2.3 W/m • °C, p = 300 kg/m 3 , 
and c = 840 J/kg • °C. Calculate the time for (a) the center and (b) the center of one 
face to reach a temperature of 120°C. Also calculate the heat loss for each case. 

4-67 A rectangular solid is 15 by 10 by 20 cm and has the properties of fireclay brick. It is 
initially uniform in temperature at 300°C and then suddenly exposed to a convection 
environment at 80°C and h = 1 10 W/m 2 • °C. Calculate the time for (a) the geometric 
center and (b) the center of each face to reach a temperature of 190°C. Also calculate 
the heat loss for each of these times. 

4-68 Calculate the heat loss for both cases in Problem 4-45. 
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Figure P4-72 
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4-69 Calculate the heat loss for the bar in Problem 4-58 per unit length. 

4-70 Calculate the heat loss for the cube in Problem 4-59. 

4-71 Develop a backward-difference formulation for a boundary node subjected to a 
convection environment. Check with Table 4-3. 

4-72 The stainless-steel plate is surrounded by an insulating block as shown in 
Figure P4-72 and is initially at a uniform temperature of 50°C with a convec- 
tion environment at 50°C. The plate is suddenly exposed to a radiant heat flux of 
20 kW/m 2 . Calculate the temperatures at the indicated nodes after 10 s, 1 min, and 
10 min. Take the properties of stainless steel as k = 16 W/m ■ °C, p — 7800 kg/m 3 , 
and c = 0.46 kJ/kg ■ °C, h — 30 W/m 2 • °C. Assume all the radiation is absorbed. 

4-73 The composite plate shown in Figure P4-73 has one face insulated and is initially 
at a uniform temperature of 100°C. At time zero the face is suddenly exposed to a 
convection environment at 10°C and li = 70 W/m 2 • °C. Determine the temperatures 
at the indicated nodes after 1 s, 10 s, 1 min, and 10 min. 



Material 


k, W/m • °C 


p, kg/m 3 


c, kJ/kg. °C 


A 


20 


7800 


0.46 


B 


1.2 


1600 


0.85 


C 


0.5 


2500 


0.8 



Figure P4-74 
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4-74 The corner shown in Figure P4-74 is initially uniform at 200°C and then sud- 
denly exposed to convection around the edge with h — 50 W/m 2 • °C and T = 30°C. 
Assume the solid has the properties of fireclay brick. Examine nodes 1, 2, 3, and 
4 and determine the maximum time increment which may be used for a transient 
numerical calculation. 

4-75 An aluminum rod 2.5 cm in diameter and 20 cm long protrudes from a wall main- 
tained at 200°C and is exposed to a convection environment with h = 50 W/m 2 • °C 
and a temperature of 20° C. Using Ax — 4 cm write a transient nodal equation for 
the node at the tip of the fin and determine the maximum allowable time increment 
for that node. 

4-76 Write the nodal equation for node 3 in Figure P4-76 for use in a transient analysis. 
Determine the stability criterion for this node. 



Figure P4-76 



Figure P4-77 
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Material 






A 


B 




k 


2.32 


0.48 


W/m • °C 


P 


3000 


1440 


kg/m 3 


c 


0.84 


1.0 


kj/kg • °C 



4-77 Write a nodal equation for analysis of node (m, n ) in Figure P4-77 to be used in a 
transient analysis of the solid. 
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4-78 Write the nodal equation and establish the stability criteria for node 1 in 
Figure P4-78 (transient analysis). Materials A and B have the properties given in 
Problem 4-73. 



Figure P4-78 
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4-79 Write the transient equation for node 1 in Figure P4-79 and determine the maximum 
allowable time increment that may be employed in the calculation. The properties 
of materials A, B, and C are the same as those given in Problem 4-73. 

Figure P4-79 
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4-80 Calculate the maximum time increment that can be used for node 5 in Figure P4-80 
for a transient numerical analysis. Also write the nodal equation for this node. 

Figure P4-80 




A = gypsum plaster 
B = duralumin 



4-81 The corner shown in Figure P4-81 is initially uniform at 300°C and then suddenly 
exposed to a convection environment at 50°C with h = 60 W/m 2 • °C. Assume the 
solid has the properties of fireclay brick. Examine nodes 1, 2, 3, 4, and 5 and deter- 
mine the maximum time increment which may be used for a transient numerical 
calculation. 

Figure P4-81 




4-82 Write a steady-state nodal equation for node 3 in Figure P4-82 assuming unit depth 
perpendicular to the page and using the node spacing shown. The thermal conduc- 
tivity of the solid is 15 W/m ■ °C and the convection heat-transfer coefficient on the 
side surface is 25 W/m 2 ■ °C. 

Figure P4-82 
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4-83 Devise a nodal equation that will take into account a change in the phase of the 
material. Assume that the volume remains constant during the change from the solid 
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to liquid or liquid to solid phase, and that the energy required to liquefy or solidify 
a unit mass is 

4-84 Write the transient nodal equation for node 7 in Figure P4-84 and determine the 
maximum allowable time increment for the node. Properties of materials A and B 
are given in the figure. 

Figure P4-84 




1 cm 



( B ) 1.5 cm 



1 cm h 2 cm 





A 


B 




p 


7800 


2600 


kg/m 3 


c 


0.8 


0.5 


kJ/kg-°C 


k 


16 


100 
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4-85 For the section shown in Figure P4-85, calculate the maximum time increment 
allowed for node 2 in a transient numerical analysis. Also write the entire nodal 
equation for this node. 

Figure P4-85 



h = 40 W/m 2 -°C 
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Materials 
A B 

k 10 2 W/m-°C 

p 6500 2000 kg/m 3 
c 



0.3 0.7 



kJ/kg"°C 
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4-86 A transient numerical analysis is to be performed on the composite material section 
shown in Figure P4-86. Calculate the maximum time increment that can be used for 
node 5 to ensure convergence. 

Figure P4-86 

1.0 cm 

H ~ 1 



1 2 3 10 cm 




A = gypsum plaster 
B = Al-Cu (duralumin) 
C= 18% Cr, 8% Ni 



4-87 For the section shown in Figure P4-87, calculate the maximum time increment 
allowed for node 4 in a transient numerical environment. Also write the complete 
nodal equation for node 4. 

Figure P4-87 
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4-88 Write the transient nodal temperature equation for node 1 in Figure P4-88. Also 
determine the maximum allowable time increment for the node. The right face is 
exposed to the convection condition shown. Properties for materials A and B are 
given in the figure. 
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A 


B 




k 


200 


30 


W/m— °C 


P 


2700 


7800 


kg/m 3 


c 


900 


800 


J/kg-°C 



4-89 Write the nodal equation for a transient analysis of node 2 in Figure P4-89 and 
determine the stability criterion for this node. The properties for materials A and B 
are given in the figure. 

Figure P4-89 

h = 120 W/m 2 -°C 
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4-90 A node like that shown in Table 3-2<ihas bothx and y increments equal to 1.0 cm. The 
convection boundary condition is at50°C and h — 60 W/m 2 ■ °C. The solid material is 
stainless steel (18% Cr, 8% Ni). Using the thermal resistance and 
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capacitance formulation for a transient analysis, write the nodal equation for this 
node and determine the maximum allowable time increment. 

4-91 The solid in Problem 3-51 is initially uniform in temperature at 10°C. At time zero 
the right face is suddenly changed to 38°C and the left face exposed to the convection 
environment. Nodes 3 and 6 remain at 10°C. Select an appropriate value for Ar and 
calculate the temperatures of nodes 1, 2, 4, and 5 after 10 time increments. Carry 
the calculation forward to verify the steady-state distribution. Take p — 3000 kg/m 3 
and c = 840 J/kg • °C. 

4-92 The solid in Problem 3-53 has k= 11 W/m • °C and is initially uniform in temperature 
at 1000°C. At time zero the four surfaces are changed to the values shown. Select an 
appropriate Ar and calculate the temperatures of nodes 1, 2, 3, and 4 after 10 time 
increments. Also obtain the limiting steady-state temperatures. Take p — 2800 kg/m 3 
and c = 940 J/kg ■ °C. 

4-93 The fin in Problem 3-56 is initially uniform in temperature at 300°C and then sud- 
denly exposed to the convection environment. Select an appropriate Ar and calcu- 
late the nodal temperatures after 10 time increments. Take p = 2200 kg/m 3 and c = 
820 J/kg • °C. 

4-94 The fin in Problem 3-57 is initially uniform in temperature at 200°C and then is sud- 
denly exposed to the convection environment shown while maintaining the bottom 
face at 200°C. Select an appropriate Ar and calculate the nodal temperatures after 
10 time increments. Repeat for 100 Ar. Take p = 7800 kg/m 3 and c — 460 J /kg • °C. 

4-95 The solid in Problem 3-58 is initially uniform in temperature at 100°C and then 
suddenly exposed to the convection condition while the right and bottom faces are 
held constant at 100°C. Select a value for Ar and calculate the nodal temperatures 
after 10 time increments. Take p = 3000 kg/m 3 and c — 800 J/kg • °C. 

4-96 The solid in Problem 3-59 is initially uniform in temperature at 50°C and suddenly 
is exposed to the convection condition. Select a value for Ar and calculate the nodal 
temperatures after 10 time increments. Take p — 2500 kg/m 3 and c = 900 J/kg • °C. 

4-97 The solids in Problem 3-60 are initially uniform in temperature at 300°C and sud- 
denly are exposed to the convection boundary, while the inner temperature is kept 
constant at 300°C. Select a value for Ar and calculate the nodal temperatures after 
10 time increments. Take pa — 2900 kg/m 3 , ca — 810 J/kg • °C, pg = 7800 kg/m 3 , 
and cb =470 J/kg • °C. 

4-98 The fin in Problem 3-61 is initially uniform in temperature at 200°C, and then sud- 
denly exposed to the convection boundary and heat generation. Select a value for A r 
and calculate the nodal temperatures for 10 time increments. Take p — 7600 kg/m 3 
and c — 450 J/kg • °C. The base stays constant at 200°C. 

4-99 The solid in Problem 3-62 is initially uniform in temperature at 500°C and suddenly 
exposed to the convection boundary while the inner surface is kept constant at 500°C. 
Select a value for Ar and calculate the nodal temperatures after 10 time increments. 
Take p = 500 kg/m 3 and c = 810 J/kg • °C. 

4-100 Repeat Problem 4-99 for the steel liner of Problem 3-98. Take p — 7800 kg/m 3 and 
c = 460 J/kg • °C for the steel. 

4-101 The plate in Problem 3-63 is initially uniform in temperature at 100°C and suddenly 
exposed to the convection boundary. Select a value for Ar and calculate the nodal 
temperatures after 10 time increments. Take p — 7500 kg/m 3 and c — 440 J/kg • °C. 

4-102 The solid shown in Problem 3-64 is initially uniform in temperature at 100°C and 
suddenly exposed to the convection boundary and heat generation while the right 




CHAPTER4 Unsteady-State Conduction 



207 



face is kept at 100°C. Select a value for Ar and calculate the nodal temperatures 
after 10 time increments. Take p = 7600 kg/m 3 and c = 460 J/kg • °C. 

4-103 A steel rod 12.5 mm in diameter and 20 cm long has one end attached to a heat 
reservoir at 250°C. The bar is initially maintained at this temperature throughout. 
It is then subjected to an airstream at 30°C such that the convection heat-transfer 
coefficient is 35 W/m 2 • °C. Estimate the time required for the temperature midway 
along the length of the rod to attain a value of 190°C. 

4-104 A concrete slab 15 cm thick has a thermal conductivity of 0.87 W/m • °C and has 
one face insulated and the other face exposed to an environment. The slab is initially 
uniform in temperature at 300°C, and the environment temperature is suddenly 
lowered to 90°C. The heat-transfer coefficient is proportional to the fourth root of 
the temperature difference between the surface and environment and has a value 
of 11 W/m 2 • °C at time zero. The environment temperature increases linearly with 
time and has a value of 200°C after 20 min. Using the numerical method, obtain the 
temperature distribution in the slab after 5, 10, 15, and 20 min. 

4-105 The two-dimensional body of Figure 3-6 has the initial surface and internal tem- 
peratures as calculated. At time zero the 500°C face is suddenly lowered to 30°C. 
Taking Ax — Ay = 15 cm and a= 1.29 x 10 -5 m 2 /s, calculate the temperatures at 
nodes 1, 2, 3, and 4 after 30 min. Perform the calculation using both a forward- and 
a backward-difference method. For the backward-difference method use only two 
time increments. Take k = 45 W/m ■ °C. 

4-106 The strip of material shown in Figure P4-106 has a thermal conductivity of 
20 W/m • °C and is placed firmly on the isothermal surface maintained at 50°C. 
At time zero the strip is suddenly exposed to an airstream with = 300°C and 
h = 40 W/m 2 ■ °C. Using a numerical technique, calculate the temperatures at nodes 
1 to 8 after 1 s, 10 s, 1 min, and steady state; p — 7000 kg/m 3 and c — 0.5 kl/kg ■ °C. 

Figure P4-106 



12 3 4 




4-107 Rework Problems 4-7 and 4-8 using the numerical technique. 

4-108 Rework Problem 4-103 using the numerical technique. 

4-109 Ablackened stainless-steel sphere of 10 cm diameter is initially uniform in tempera- 
ture at 1000°K and is suddenly placed in outer space where it loses heat by radiation 
(no convection) according to 

q rad = oA 7' 4 T in degrees Kelvin 
a — 5.669 x 10“ 8 W/m 2 • K 4 

Calculate the temperatures of the nodes shown in Figure P4-109 for several incre- 
ments of time and the corresponding heat losses. Use the values of k, p, and c from 
Problem 4-72. 

4-110 A hollow concrete sphere [k — 1.3 W/m-°C, a — lx 10~ 7 m 2 /s] has inside and 
outside diameters of 0.5 and 1.0 m and is initially uniform in temperature at 200°C. 



Figure P4-109 
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The outside surface is suddenly lowered to 20°C. Calculate the nodal temperatures 
shown in Figure P4-110 for several increments of time. Assume the inside surface 
acts as though it were insulated. 

Figure P4-110 



4-111 Repeat Problem 4-62 with the top surface also losing heat by radiation according to 

q rad = cr Ae{T 4 — T^) T in degrees Kelvin 
a = 5.669 x 10“ 8 W/m 2 -K 4 
e = 0.7 

4-112 A fireproof safe is constructed of loosely packed asbestos contained between thin 
sheets of stainless steel. The safe is built in the form of a cube with inside and out- 
side dimensions of 0.5 and 1.0 m. If the safe is initially uniform in temperature at 
30°C and the outside is suddenly exposed to a convection environment at 600°C, 
h = 100 W/m 2 ■ °C, calculate the time required for the inside temperature to reach 
150°C. Assume the inside surface is insulated, and neglect the resistance and capac- 
itance of the stainless steel. Take the properties of asbestos as k = 0.16 W/m • °C, 
a = 3.5 x 10~ 7 m 2 /s. 

4-113 The half-cylinder in Problem 3-66 is initially uniform in temperature at 300°C and 
then suddenly exposed to the convection boundary while the bottom side is main- 
tained at 300°C. Calculate the nodal temperatures for several time increments, and 
compute the heat loss in each period. Take a = 0.5 x 1 0 2 m 2 /s. 

4-114 Alarge slab of brick [k— 1 .07 W/m • °C, a — 5.4 x 10 _7 m 2 /s] is initially at a uniform 
temperature of 20°C. One surface is suddenly exposed to a uniform heat flux of 
4500 W/m 2 . Calculate and plot the surface temperature as a function of time. Also 
calculate the heat flux through the plane 2.0 cm deep when the surface temperature 
reaches 150°C. 

4-115 A ceramic plate having a thickness of 2.0 cm is heated to a uniform temperature of 
1000°K and suddenly exposed to radiation on both sides at 300°K. The properties 
of the solid are k = 1.2 W/m • ° C, p = 2500 kg/m 3 , c = 0.9 kl/kg ■ °C, and e = 0.85. 
Divide the plate into eight segments (Ax = 0.25 cm) and, using a numerical tech- 
nique, obtain information to plot the center and surface temperatures as a function 
of time. 

4-116 Suppose the ceramic of Problem 4-115 is in the form of a long cylinder having 
a diameter of 2.0 cm. Divide the cylinder into four increments (Ar = 0.25 cm) 
and obtain information to plot the center and surface temperatures as a function 
of time. 
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4-117 A granite sphere having a diameter of 15 cm and initially at a uniform temperature of 
120°C is suddenly exposed to a convection environment with h — 350 W/m 2 ■ ° C 
and T — 30°C. Calculate the temperature at a radius of 4.5 cm after 21 min and 
the energy removed from the sphere in this time. Take the properties of granite as 
k = 3.2 W/m • °C and a = 13 x 10“ 7 m 2 /s. 

4-118 A 10-cm-thick brick wall having the properties of common building brick initially 
at a uniform temperature of 80°C is suddenly exposed to a convection environment 
of — 20°C and h — 100 W/m 2 • °C. Using Ax = 2.5 cm, calculate the time for 
the center temperature to reach 50°C using the numerical method. Also determine 
the maximum time increment for these calculations. 

4-119 A chrome steel plate (1% Cr) is heated in an oven to a uniform temperature of 
200°C and then subjected to a convection environment having T 0 0 = 20°C and h = 
300 W/m 2 ■ °C on both sides. The plate thickness is 10 cm. Taking Ax — 1 cm, 
calculate the center temperature after 5 and 10 min using the numerical method. 
Also solve using the Heisler charts. 

4-120 A long slab of oak 4.1 by 9.2 cm is initially at 20°C and is placed in an oven with 
Too — 200°C and h — 40 W/m 2 • °C. Calculate the time required for the surface to 
reach 120°C. Repeat for the geometric center. 

4-121 Consider two solids initially at uniform temperatures of 200°C with k= 1.4 W/m - °C 
and a — 7 x 10 -7 m 2 /s: (a) a semi-infinite solid and (b) an infinite plate 10 cm 
thick. Both solids are suddenly exposed to a convection environment at 25°C with 
h — 40 W/m 2 • °C. Calculate the temperatures at the center of the plate and for 
x = 5 cm in the semi-infinite solid for 5, 10, 20, and 30 min. What do you conclude 
from these calculations? 

4-122 Make the calculations for Problem 4-121 based on a lumped-capacity analysis and 
comment on the results. 

4-123 For the square grid imposed on the degular quadrant shown in Figure P4-123, write 
the transient explicit nodal equations for nodes 3 and 4. Take k — 10 W/m • °C, 
p = 2000 kg/m 3 , and c — 840 J/kg • °C. Use information from Tables 3-2 and 3-4. 
What is the maximum allowable time increment for each node? 

Figure P4-123 




4-124 Taking Figure P4-124 as a special case of Table 3-2 (/), write an explicit formulation 
for nodes ( m , n) and 2 using the resistance-capacity formulation and the information 
of Table 3-4. 
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Figure P4-124 




4-125 Repeat Problem 4-124 for a slanted surface that is (a) insulated and ( b ) isothermal 
at Too. 

4-126 The slanted intersection shown in Figure P4-126 is an intersection of materials A 
and B. Write the transient nodal equations for nodes 3, 4, and 6 using information 
from Tables 3-2 (/) and 3-3(/and g). 

Figure P4-126 




4-127 The solid of Problem 3-74 is initially uniform in temperature at 100°C, but suddenly 
the two surfaces are lowered to 0 and 40°C. If the solid has k — 20 W/m • °C and 
a — 5x 10 -6 m 2 /s, find the steady-state temperature of each node and the nodal 
temperatures after 1 min. 

4-128 The solid in Problem 3-76 is initially at a uniform temperature of 150°C and then 
suddenly exposed to the given boundary conditions with h — 50 W/m 2 ■ °C and 
Too =20°C. Taking the properties as k = 61 W/m - °C and a— 1.7 x 10 -5 m 2 /s, 
determine the steady-state values of the 12 nodes and the nodal temperature after 
10 min. 

4-129 The pin fin of Problem 3-72, initially uniform in temperature at 200°C, is suddenly 
exposed to the convection environment. Determine (a) the steady-state temperature 



CHAPTER4 Unsteady-State Conduction 



211 



distribution by a transient analysis taken to a long time and ( b ) the distribution for 
a time approximately equal to half the “long” time. 

4-130 The solid in Problem 3-73 is initially uniform in temperature at 100°C before sud- 
denly being exposed to h — 100 W/m 2 • °C and 7/o = 0°C. Take the properties as 
k = 2 W/m • °C and a — 7 x 10 -7 m 2 /s. Determine (a) the steady-state temperature 
distribution by taking a transient analysis to a long time and ( b ) the temperature 
distribution at a time approximately half the “long” time. 

4-131 The truncated cone shown in Problem 2-123 is insulated on the sides and initially at 
a uniform temperature of 20°C. While the large end is maintained at 20°C, the small 
end is suddenly raised to 320°C. Set up a 5-node model to predict the temperature 
distribution in the cone as a function of time and perform the calculations. Carry 
the calculation through to steady state and compare with the analytical results for 
Problem 2-123. 

4-132 The one-dimensional solid shown in Problem 2-122 is initially at a uniform tem- 
perature of 20° C. One end is maintained at 20° C while the other end is suddenly 
raised to 70°C. Set up a five-node model to predict the temperature distribution in 
the cylindrical segment as a function of time and radial angle 6. Perform the calcu- 
lations and carry through to steady state to compare with the analytical results of 
Problem 2-122. 

4-133 The noninsulated cylindrical segment of Problem 2-130 is initially at a uniform 
temperature of 100°C. It is then suddenly exposed to the convection environment 
at 30°C, while maintaining one end of the segment at 100°C. The other end of 
the segment is suddenly lowered to 50°C at the same time as the exposure to the 
convection environment. Set up a numerical model using five nodes in the angle 6 
that may be used to predict the temperature behavior as a function of time. Perform 
the calculations and carry through to steady state to compare with the analytical 
results of Problem 2-130. 

4-134 Apply the lumped-capacity criterion of Equation (4-6) [h(V/A)/k < 0.1] to each of 
the geometries treated with the Heisler charts. Approximately what percent error 
would result for each geometry in the value of 0/6o if a lumped capacity is assumed 
for the conditions of Equation (4-6)? 

4-135 Because of symmetry, the temperature gradient dT/dx at the centerline of an infinite 
plate will be zero when both sides are subjected to the same boundary condition in a 
cooling process. This may be interpreted that a half plate will act like a plate with one 
side insulated (dT/dx — 0), and the Heisler charts may be employed for the solution 
of problems with this boundary condition. Suppose an aluminum plate having a 
thickness of 5 cm is placed on an insulating material and is initially at a uniform 
temperature of 200°C. The exposed surface of the plate is suddenly subjected to a 
convection boundary with h — 5000 W/m 2 • °C and T 0 Q — 25°C. How long will it 
take for the back surface of the plate to reach a temperature of 90°C? 

4-136 Rework Problem 4-135 for the surface temperature suddenly lowered to 25°C. This 
is equivalent to h — »• oo. 

4-137 Rework Problem 4-135, assuming the plate behaves as a lumped capacity. 

4-138 Rework Problem 4-135, assuming the aluminum plate behaves as a semi-infinite 
solid with the desired temperature occurring at x — 5 cm. Perform the same kind of 
calculation for Problem 4-136. 

4-139 A concrete driveway having a thickness of 18 cm attains an essentially uniform tem- 
perature of 30°C on a warm November day in Texas. A “blue norther” arrives, which 
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suddenly subjects the driveway to a convection boundary with h = 23 W/m 2 ■ °C and 
= 0°C. How long will it take for the surface temperature of the driveway to drop 
to 5°C? Work the problem two ways, using different assumptions. 



Design-Oriented Problems 

4-140 A 5-lb roast initially at 70°F is placed in an oven at 350°F. Assuming that the heat- 
transfer coefficient is 2.5 Btu/h • ft 2 • °F and that the thermal properties of the roast 
may be approximated by those of water, estimate the time required for the center of 
the roast to attain a temperature of 200° F. 

4-141 The 4.0 -mm-diameter stainless-steel wire shown in Figure P4-141 is initially at 
20°C and is exposed to a convection environment at 20°C where h may be taken 
as 200 W/m 2 • °C. An electric current is applied to the wire such that there is 
a uniform internal heat generation of 500 MW/m 3 . The left side of the wire is 
insulated as shown. Set up the nodal equations and stability requirement for cal- 
culating the temperature in the wire as a function of time, using increments of 
Ar = 0.5mmand A0 = 7r/4. Take the properties of stainless steel ask = 16 W/m- °C, 
p = 7800 kg/m 3 , and c = 0.46 kJ/kg ■ °C. 

4-142 Write a computer program which will solve Example 4-16 for different input prop- 
erties. For nomenclature take T(N) = temperature of node N at beginning of time 
increment, TP(N) = temperature of node at end of time increment, X = number of 
nodes, W = width of plate, TA = temperature of left fluid, HA = convection coefficient 
of left fluid, TB = temperature of right fluid, HB = convection coefficient of right 
fluid, DT = time increment, C = specific heat, D = density, K = thermal conductivity, 
Q = heat-generation rate per unit volume, TI = total time. Write the program so that 
the user can easily rerun the program for new times and print out the results for each. 

4-143 The stainless-steel plate shown in Figure P4-143 is initially at a uniform tempera- 
ture of 150°C and is suddenly exposed to a convection environment at 30°C with 
h = 17 W/m 2 • °C. Using numerical techniques, calculate the time necessary for the 
temperature at a depth of 6.4 mm to reach 65°C. 

Figure P4-143 




4-144 Repeat Problem 4-143 with the top surface also losing heat by radiation accord- 
ing to 

*7 rad = a Ae(T 4 — T^) T in degrees Kelvin 
cr = 5.669 x 10“ 8 W/m 2 -K 4 
e = 0.7 

Repeat the calculation for 10 and 20 min. 

4-145 Oranges with a diameter of about 3 in are to be cooled from room temperature of 25°C 
to 3°C using an air-convection environment with h — 45 W/m 2 • °C and Too — 0°C. 



Figure P4-141 
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Assuming that the oranges have the properties of water at 10°C, calculate the time 
required for the cooling and the total cooling required for 100 oranges. 

4-146 The rate at which cooling can be accomplished is of considerable importance in the 
food-processing industry. In a pizza-cooking application hot-air jets at 200°C can 
achieve heat-transfer coefficients of li — 75 W/m 2 • °C. Suppose the jets impinge 
on both sides of a pizza layer having a thickness of 1.2 cm at an initial uniform 
temperature of 25°C. How long does it take to reach a center temperature 
of 100°C? Take the properties of pizza as those of water (k = 0.6 W/m • °C, 
a= 1.5 x 10 -7 m 2 /s). 

4-147 A cold-storage building 16 x 35 m is built on a concrete slab having a thickness of 
15 cm, which is placed on a suitable insulating material in contact with the ground. 
During the start-up period the interior of the building is exposed to convection 
air with h — 20 W/m 2 • °C and T — — 15°C. The ground temperature may be taken 
as +15°C. The design objective is to achieve a steady-state temperature of 0°C 
at the inside surface of the concrete floor. Consider different insulating materials 
and thicknesses and recommend a selection that will achieve a cooldown within a 
reasonable period of time. For the design, take into account only the floor slab of 
the building. 

4-148 A press is to be designed to heat and bond plastic layers. A transient operation is 
proposed whereby a 30- x 60-cm steel plate will be heated to 100°C by condensing 
steam in internal channels. The plate will then be brought into immediate contact 
with two 2.0-mm layers of plastic that bond at 50°C. Assuming the plastic has 
the properties of polyvinylchloride, comment on the design and estimate the time 
required to achieve a bonding temperature. Be sure to state all assumptions clearly. 

4-149 A 2.0 -mm-thick sheet of polyethylene covers a 10-cm-thick slab of high-density 
particle board that is perfectly insulated on the back side. The assembly is initially 
uniform in temperature at 20°C. If the outer surface of the plastic is suddenly exposed 
to a constant heat flux of 1300 W/m 2 , estimate how long will it take for the insulated 
back surface to reach a temperature of 50°C. State your assumptions. 

4-150 Free convection in air at atmospheric pressure is found to experience a convection 
heat-transfer coefficient that varies as h — A(A7)", where AT is the temperature 
difference between the surface and the surrounding air, A is a constant, and n is 
some exponent. You are to devise a way to determine the constant and exponent 
in this equation by utilizing an experiment in combination with a lumped-capacity 
analysis. Consider a complex finned structure like that shown in Figure 2-13, where 
the mass, material of construction, and surface area can be determined. The structure 
is heated to a uniform initial temperature in an appropriate oven and then allowed to 
cool while exposed to room air at about 20°C. The initial temperature may be taken as 
about 200°C. The temperature of the structure is measured by a thermocouple device 
embedded within the structure and is displayed on a readout device. The structure is 
coated with a black paint so that it radiates as an ideal blackbody exchanging heat 
with a large enclosure according to Equation (1-12) with e— 1.0. Recall that the 
temperatures in this equation must be in degrees Kelvin. Write the finite -difference 
equation for cooling of the structure, taking account of both convection and radiation 
loss, and describe how experimental data for cooling of the body may be used to 
determine the values of the constant A and exponent n. 

4-151 A safe is to be designed to withstand a fire at 600°C for a period of one hour while 
the contents remain below a temperature of 160°C during this time. Both the inner 
and outer shells of the safe are to be constructed of 1 percent carbon steel with an 
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appropriate insulating material placed between. Select an interior volume for the 
safe and an insulating material which will withstand the temperatures. By a suitable 
analysis, determine the thickness of the shell and insulating materials needed to 
accomplish the design temperature objectives. 
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CHAPTER 




Principles of Convection 



5-1 I INTRODUCTION 

The preceding chapters have considered the mechanism and calculation of conduction heat 
transfer. Convection was considered only insofar as it related to the boundary conditions 
imposed on a conduction problem. We now wish to examine the methods of calculating 
convection heat transfer and, in particular, the ways of predicting the value of the convection 
heat-transfer coefficient h . The subject of convection heat transfer requires an energy balance 
along with an analysis of the fluid dynamics of the problems concerned. Our discussion in 
this chapter will first consider some of the simple relations of fluid dynamics and boundary- 
layer analysis that are important for a basic understanding of convection heat transfer. Next, 
we shall impose an energy balance on the flow system and determine the influence of the 
flow on the temperature gradients in the fluid. Finally, having obtained a knowledge of the 
temperature distribution, the heat-transfer rate from a heated surface to a fluid that is forced 
over it may be determined. 

Our development in this chapter is primarily analytical in character and is concerned 
only with forced-convection flow systems. Subsequent chapters will present empirical rela- 
tions for calculating forced-convection heat transfer and will also treat the subjects of natural 
convection and boiling and condensation heat transfer. 

5-2 I VISCOUS FLOW 

Consider the flow over a flat plate as shown in Figures 5-1 and 5-2. Beginning at the 
leading edge of the plate, a region develops where the influence of viscous forces is felt. 
These viscous forces are described in terms of a shear stress r between the fluid layers. 
If this stress is assumed to be proportional to the normal velocity gradient, we have the 
defining equation for the viscosity, 

du 

r = ii— [ 5 - 1 ] 

dy 

The constant of proportionality /r is called the dynamic viscosity. A typical set of units is 
newton-seconds per square meter; however, many sets of units are used for the viscosity, 
and care must be taken to select the proper group that will be consistent with the formulation 
at hand. 

The region of flow that develops from the leading edge of the plate in which the effects 
of viscosity are observed is called the boundary layer. Some arbitrary point is used to 
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5-2 Viscous Flow 



Figure 5-1 I Sketch showing different boundary-layer flow regimes on a 
flat plate. 



y 



x 




Figure 5-2 I Laminar velocity profile 
on a flat plate. 




designate the y position where the boundary layer ends; this point is usually chosen as the 
y coordinate where the velocity becomes 99 percent of the free-stream value. 

Initially, the boundary-layer development is laminar, but at some critical distance from 
the leading edge, depending on the flow field and fluid properties, small disturbances in the 
flow begin to become amplified, and a transition process takes place until the flow becomes 
turbulent. The turbulent-flow region may be pictured as a random churning action with 
chunks of fluid moving to and fro in all directions. 

The transition from laminar to turbulent flow occurs when 

UooX PUooX - ...5 

= >5x10 

v ii 



where 

u oo — free-stream velocity, m/s 
x — distance from leading edge, m 
v — \x f p — kinematic viscosity, m 2 /s 

This particular grouping of terms is called the Reynolds number, and is dimensionless if a 
consistent set of units is used for all the properties: 

UoqX 

Re*=— [5-2] 

v 

Although the critical Reynolds number for transition on a flat plate is usually taken as 
5 x 10 5 for most analytical purposes, the critical value in a practical situation is strongly 
dependent on the surface-roughness conditions and the “turbulence level” of the free stream. 
The normal range for the beginning of transition is between 5 x 1 0 5 and 1 0 6 . With very large 
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disturbances present in the flow, transition may begin with Reynolds numbers as low as 
10 5 , and for flows that are very free from fluctuations, it may not start until Re = 2 x 10 6 or 
more. In reality, the transition process is one that covers a range of Reynolds numbers, with 
transition being complete and with developed turbulent flow usually observed at Reynolds 
numbers twice the value at which transition began. 

The relative shapes for the velocity profiles in laminar and turbulent flow are indicated 
in Figure 5-1. The laminar profile is approximately parabolic, while the turbulent profile 
has a portion near the wall that is very nearly linear. This linear portion is said to be due 
to a laminar sublayer that hugs the surface very closely. Outside this sublayer the velocity 
profile is relatively flat in comparison with the laminar profile. 

The physical mechanism of viscosity is one of momentum exchange. Consider the 
laminar-flow situation. Molecules may move from one lamina to another, carrying with them 
a momentum corresponding to the velocity of the flow. There is a net momentum transport 
from regions of high velocity to regions of low velocity, thus creating a force in the direction 
of the flow. This force is the viscous-shear stress, which is calculated with Equation (5-1). 

The rate at which the momentum transfer takes place is dependent on the rate at which 
the molecules move across the fluid layers. In a gas, the molecules would move about 
with some average speed proportional to the square root of the absolute temperature since, 
in the kinetic theory of gases, we identify temperature with the mean kinetic energy of a 
molecule. The faster the molecules move, the more momentum they will transport. Hence 
we should expect the viscosity of a gas to be approximately proportional to the square root of 
temperature, and this expectation is corroborated fairly well by experiment. The viscosities 
of some typical fluids are given in Appendix A. 

In the turbulent-flow region, distinct fluid layers are no longer observed, and we are 
forced to seek a somewhat different concept for viscous action. A qualitative picture of the 
turbulent-flow process may be obtained by imagining macroscopic chunks of fluid trans- 
porting energy and momentum instead of microscopic transport on the basis of individual 
molecules. Naturally, we should expect the larger mass of the macroscopic elements of fluid 
to transport more energy and momentum than the individual molecules, and we should also 
expect a larger viscous-shear force in turbulent flow than in laminar flow (and a larger ther- 
mal conductivity as well). This expectation is verified by experiment, and it is this larger 
viscous action in turbulent flow which causes the flat velocity profile indicated in Figure 5- 1 . 

Consider the flow in a tube as shown in Figure 5-3. A boundary layer develops at the 
entrance, as shown. Eventually the boundary layer fills the entire tube, and the flow is said 
to be fully developed. If the flow is laminar, a parabolic velocity profile is experienced, as 
shown in Figure 5-3«. When the flow is turbulent, a somewhat blunter profile is observed, 
as in Figure 5-3 b. In a tube, the Reynolds number is again used as a criterion for laminar 
and turbulent flow. For 

hi in d 

Re rf = > 2300 [5-3] 

v 

the flow is usually observed to be turbulent d is the tube diameter. 

Again, a range of Reynolds numbers for transition may be observed, depending on the 
pipe roughness and smoothness of the flow. The generally accepted range for transition is 

2000 < Re rf < 4000 

although laminar flow has been maintained up to Reynolds numbers of 25,000 in carefully 
controlled laboratory conditions. 

The continuity relation for one -dimensional flow in a tube is 



m — pu m A 



[ 5 - 4 ] 
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5-3 Inviscid Flow 



Figure 5-3 I Velocity profile for (a) laminar flow in a tube and ( b ) turbulent tube flow. 



Uniform 

inlet 

flow 



(a) 




Laminar sublayer - 




(b) 



where 

m = mass rate of flow 
u m = mean velocity 
A — cross-sectional area 

We define the mass velocity as 

tit 

Mass velocity = G — — = pu m 

so that the Reynolds number may also be written 

Gd 

Re<* = — 

Equation (5-6) is sometimes more convenient to use than Equation (5-3) 

5-3 I INVISCID FLOW 

Although no real fluid is inviscid, in some instances the fluid may be treated as such, and it is 
worthwhile to present some of the equations that apply in these circumstances. For example, 
in the flat -plate problem discussed above, the flow at a sufficiently large distance from the 
plate will behave as a nonviscous flow system. The reason for this behavior is that the 
velocity gradients normal to the flow direction are very small, and hence the viscous-shear 
forces are small. 

If a balance of forces is made on an element of incompressible fluid and these forces 
are set equal to the change in momentum of the fluid element, the Bernoulli equation for 
flow along a streamline results: 

p 1 V 2 

— I = const 

P 2 g c 



[5-5] 

[5-6] 



[5-7a] 
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or, in differential form. 



dp V dV 

— + 

P 8c 



[5-76] 



where 

p — fluid density, kg/m 3 
p — pressure at particular point in flow. Pa 
V — velocity of flow at that point, m/s 

The Bernoulli equation is sometimes considered an energy equation because the V 2 /2g c 
term represents kinetic energy and the pressure represents potential energy; however, it 
must be remembered that these terms are derived on the basis of a dynamic analysis, so that 
the equation is fundamentally a dynamic equation. In fact, the concept of kinetic energy is 
based on a dynamic analysis. 

When the fluid is compressible, an energy equation must be written that will take into 
account changes in internal thermal energy of the system and the corresponding changes 
in temperature. For a one-dimensional flow system this equation is the steady-flow energy 
equation for a control volume, 

i i + - — v\ + Q = h + z — vf + ^ [5-8] 

2 g c 2 g c - 

where i is the enthalpy defined by 

i — e + pv [5-9] 



and where 

e — internal energy 
Q — heat added to control volume 
Wk — net external work done in the process 
v = specific volume of fluid 

(The symbol i is used to denote the enthalpy instead of the customary h to avoid confusion 
with the heat-transfer coefficient.) The subscripts 1 and 2 refer to entrance and exit conditions 
to the control volume. To calculate pressure drop in compressible flow, it is necessary to 
specify the equation of state of the fluid, for example, for an ideal gas, 

p — pRT Ae — c v AT Ai = c p AT 

The gas constant for a particular gas is given in terms of the universal gas constant SH as 



where M is the molecular weight and SH = 8314.5 J /kg • mol • K. For air, the appropriate 
ideal-gas properties are 

tf air = 287J/kg-K c p ^= 1.005 kJ/kg-°C c„, air = 0.718 kJ /kg • °C 

To solve a particular problem, we must also specify the process. For example, reversible 
adiabatic flow through a nozzle yields the following familiar expressions relating the prop- 
erties at some point in the flow to the Mach number and the stagnation properties, i.e., the 
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properties where the velocity is zero: 



To 

T 

po 

P 



1 + 





yKy- i) 



Po 

p 







where 



To, po, po — stagnation properties 

y — ratio of specific heats c p /c v 
M — Mach number 




a 

where a is the local velocity of sound, which may be calculated from 

a — y/ygcRT 



for an ideal gas. ' For air behaving as an ideal gas this equation reduces to 

a = 20.04577 m/s 



[ 5 - 10 ] 

[ 5 - 11 ] 



where T is in degrees Kelvin. 



EXAMPLE 5-1 



Water F]ow in a Diffuser 



Water at 20°C flows at 8 kg/s through the diffuser arrangement shown in Figure Example 5-1. The 
diameter at section 1 is 3.0 cm, and the diameter at section 2 is 7.0 cm. Determine the increase in 
static pressure between sections 1 and 2. Assume frictionless flow. 



Figure Example 5-1 




■ Solution 

The flow cross-sectional areas are 




rr(0.03) 2 

4 

jr(0.07) 2 

4 



= 7.069 x 10 -4 m 2 
= 3.848 x 10 -3 m 2 



t The isentropic flow formulas are derived in Reference 7, p. 629. 
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The density of water at 20° C is 1000 kg/m 3 , and so we may calculate the velocities from the 
mass-continuity relation 

m 

u = — 
pA 



U\ 



u 2 



8.0 

(1000) (7.069 x 10“ 4 ) 

8.0 

(1000) (3. 848 x 10-3) 



= 11.32 m/s 



= 2.079 m/s 



[37.1 ft/s] 
[6.82 ft/s] 



The pressure difference is obtained from the Bernoulli equation (5-7a): 

P2~P 1 _ 1 ,„2 .. 2 , 

— (u 1 Uj) 

P 2gc 



P2~Pl = 



1000 . 



-[(11.32)- — (2.079)-] 



= 61.91 kPa [8.98 lb/in 3 abs] 



Isentropic Expansion of Air 



EXAMPLE 5-2 



Air at 300° C and 0.7 MPa pressure is expanded isentropically from a tank until the velocity is 
300 m/s. Determine the static temperature, pressure, and Mach number of the air at the high- 
velocity condition, y = 1 .4 for air. 

■ Solution 

We may write the steady-flow energy equation as 

h=h + 7r- 

2gc 

because the initial velocity is small and the process is adiabatic. In terms of temperature, 



c p (T\ - T 2 ) = -*■ 

2gc 



(1005)000 -r 2 ) = 



(300) 3 



( 2 ) ( 1 . 0 ) 

T 2 = 255. 2°C = 528.2 K [491.4°F] 



We may calculate the pressure from the isentropic relation 



P2 _ 


(T 2 \ 


Yl(Y- 1) 

1 


Pi 


U/ 




P2 = 


(0.7) 


/ 528. 2\ 


V 573 ) 



3.5 



= 0.526 MPa [76.3 lb/in 3 abs] 



The velocity of sound at condition 2 is 

a 2 = (20. 045) (528. 2) E 2 = 460.7 m/s [1511 ft/s] 



so that the Mach number is 



u 2 300 

M 2 = — = =0.651 

2 a 2 460.7 
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5-4 I LAMINAR BOUNDARY LAYER 
ON A FLAT PLATE 

Consider the elemental control volume shown in Figure 5-4. We derive the equation of 
motion for the boundary layer by making a force-and-momentum balance on this element. 
To simplify the analysis we assume: 

1. The fluid is incompressible and the flow is steady. 

2. There are no pressure variations in the direction perpendicular to the plate. 

3. The viscosity is constant. 

4 . Viscous-shear forces in the y direction are negligible. 

We apply Newton’s second law of motion, 

E P __ d(mV) x 

x ~ dr 



The above form of Newton’s second law of motion applies to a system of constant 
mass. In fluid dynamics it is not usually convenient to work with elements of mass; rather, 
we deal with elemental control volumes such as that shown in Figure 5-4, where mass may 
flow in or out of the different sides of the volume, which is fixed in space. For this system 
the force balance is then written 

Y. F x = increase in momentum flux in x direction 

The momentum flux in the x direction is the product of the mass flow through a particular 
side of the control volume and the x component of velocity at that point. 

The mass entering the left face of the element per unit time is 

pu dy 



Figure 5-4 I Elemental control volume for force balance on laminar boundary layer. 
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if we assume unit depth in the z direction. Thus the momentum flux entering the left face 
per unit time is 

pu dy u — pic dy 



The mass flow leaving the right face is 



P 




dy 



and the momentum flux leaving the right face is 



P 




dy 



The mass flow entering the bottom face is 

pvdx 



and the mass flow leaving the top face is 



P 






dx 



A mass balance on the element yields 



pu dy + pv dx — p 




dy + p 





dx 



or 



du dv 
dx + dy 



[ 5 - 12 ] 



This is the mass continuity equation for the boundary layer. 

Returning to the momentum-and-force analysis, the momentum flux in the x direction 
that enters the bottom face is 

pvu dx 



and the momentum in the x direction that leaves the top face is 

( dv J \ ( du\ j 
p In + — dy J I u + — dy j dx 



We are interested only in the momentum in the x direction because the forces considered in 
the analysis are those in the x direction. These forces are those due to viscous shear and the 
pressure forces on the element. The pressure force on the left face is p dy, and that on the 
right is — [p + (dp/dx) dx] dy, so that the net pressure force in the direction of motion is 



dp 

dx 



dx dy 



The viscous-shear force on the bottom face is 



du 

— a — dx 
dy 



and the shear force on the top is 



p dx 



du 3 
dy dy 




dy 
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The net viscous-shear force in the direction of motion is the sum of the two terms: 



Equating the sum of the viscous-shear and pressure forces to the net momentum transfer in 
the x direction, we have 



Clearing terms, making use of the continuity relation (5-12), and neglecting second-order 
differentials, gives 



This is the momentum equation of the laminar boundary layer with constant properties. The 
equation may be solved exactly for many boundary conditions, and the reader is referred to 
the treatise by Schlichting [1] for details of the various methods employed in the solutions. 
In Appendix B we have included the classical method for obtaining an exact solution to 
Equation (5-13) for laminar flow over a flat plate. For the development in this chapter we 
shall be satisfied with an approximate analysis that furnishes an easier solution without a 
loss in physical understanding of the processes involved. The approximate method is due 
to von Karman [2] . 

Consider the boundary-layer flow system shown in Figure 5-5. The free-stream velocity 
outside the boundary layer is u 0 0 , and the boundary-layer thickness is <5. We wish to make a 
momentum-and-force balance on the control volume bounded by the planes 1, 2, A- A, and 
the solid wall. The velocity components normal to the wall are neglected, and only those in 
the x direction are considered. We assume that the control volume is sufficiently high that 
it always encloses the boundary layer; that is, H> 8. 



Net viscous-shear force = /i — - dx dy 

3 y z 





[ 5 - 13 ] 



Figure 5-5 I Elemental control volume for integral 



momentum analysis of laminar boundary 
layer. 






x 



IL, 




dx 



1 



2 
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The mass flow through plane 1 is 



r 



pu dy 



o 

and the momentum flow through plane 1 is 

r -H 



/ 



pu 2 dy 



The momentum flow through plane 2 is 






pir dy + — 
dx 



r 



pu 1 dy ) dx 



and the mass flow through plane 2 is 



f d ( f \ 

I pu dy-\ ( / pu dy) dx 

Jo ‘ dx \J o ' / 



[«] 



\b\ 



[c] 



[d\ 



Considering the conservation of mass and the fact that no mass can enter the control volume 
through the solid wall, the additional mass flow in expression (d) over that in (a) must enter 
through plane A-A. This mass flow carries with it a momentum in the x direction equal to 

u o o — ( f pu dy] dx 
o ' / 



dx 



The net momentum flow out of the control volume is therefore 



dx 



f. 



— I / pu A dy ) dx - ii-oo d - 



dx 



f, 



pu dy ) dx 



This expression may be put in a somewhat more useful form by recalling the product formula 
from the differential calculus: 

d( i](f>) = tj dtp + <p drj 



or 



rjdcp — d(p(f>) — (pdrj 



In the momentum expression given above, the integral 




is the cp function and Moo is the r; function. Thus 





dx 



[ 5 - 14 ] 



d 

dx 





dx 



The iioo may be placed inside the integral since it is not a function of y and thus may be 
treated as a constant insofar as an integral with respect to y is concerned. 
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Returning to the analysis, the force on plane 1 is the pressure force pH and that on 
plane 2 is [p + ( dp/clx ) dx]H. The shear force at the wall is 



— t w dx——p dx 




There is no shear force at plane A- A since the velocity gradient is zero outside the boundary 
layer. Setting the forces on the element equal to the net increase in momentum and collecting 
terms gives 



dp 



d 



-t w ~ — H= -p— / (woo - u)u dy 



dx 



dx 



/"< 



ditoc 

dx 



/' 



pu dy 



[ 5 - 15 ] 



This is the integral momentum equation of the boundary layer. If the pressure is constant 
throughout the flow. 



*=o=. 

dx 



du r 



-puoo ' 



dx 



[ 5 - 16 ] 



since the pressure and free-stream velocity are related by the Bernoulli equation. For the 
constant-pressure condition, the integral boundary-layer equation becomes 



f 



P dx' (Mc 



. , 3 u 

u)udy = T w = p — 

dy. 



[ 5 - 17 ] 



y=0 



The upper limit on the integral has been changed to 8 because the integrand is zero for y > 8 
since u = u 0 0 for y > 8. 

If the velocity profile were known, the appropriate function could be inserted in Equa- 
tion (5-17) to obtain an expression for the boundary-layer thickness. For our approximate 
analysis we first write down some conditions that the velocity function must satisfy: 



u — 0 



M — Mqo 




0 

II 

cd 


[«] 


at y = 8 


m 


at y = 8 


[c] 



For a constant-pressure condition Equation (5-13) yields 




at y = 0 



\d\ 



since the velocities u and v are zero at y — 0. We assume that the velocity profiles at various x 
positions are similar; that is, they have the same functional dependence on the y coordinate. 
There are four conditions to satisfy. The simplest function that we can choose to satisfy 
these conditions is a polynomial with four arbitrary constants. Thus 

u = C\ + C 2 V + C^y" + C/py 3 [ 5 - 18 ] 



Applying the four conditions (a) to (d). 
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Inserting the expression for the velocity into Equation (5-17) gives 
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Carrying out the integration leads to 



39 



3 M«c 



dx \ 280 ^ M °° / 2 8 

Since p and Uoo are constants, the variables may be separated to give 

140 fi 140 v 

8d8 — dx = dx 

13 pll oo 13 Moo 



and 



At x = 0, 8 — 0, so that 



140 vx 

13 Moo 



- const 



, vx 

3 = 4.64 / 

Mo 



This may be written in terms of the Reynolds number as 



where 
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[5-20] 



[5-21] 



The exact solution of the boundary-layer equations as given in Appendix B yields 

8 5.0 



Re 



1/2 



[5-21a] 



Mass F[ow and Boundary-Layer Thickness 



EXAMPLE 5-3 



Air at 27°C and 1 atm flows over a flat plate at a speed of 2 m/s. Calculate the boundary-layer 
thickness at distances of 20 cm and 40 cm from the leading edge of the plate. Calculate the mass 
flow that enters the boundary layer between x = 20 cm and x = 40 cm. The viscosity of air at 27° C 
is 1.85 x 10 -5 kg/m • s. Assume unit depth in the z direction. 

■ Solution 

The density of air is calculated from 

p 1.0132 x10 s 



RT (287)(300) 
The Reynolds number is calculated as 



■ = 1.177 kg/m 3 [0.073 lb,„/ft 3 ] 



(1.177) (2.0) (0.2) 

At x = 20 cm: Re=- -^- = 25,448 

1.85 x 10“ 5 

( 1 . 1 77) (2.0) (0.4) 

At x = 40 cm: Re = =— - = 50, 897 

1.85 x 10 -5 

The boundary-layer thickness is calculated from Equation (5-21): 

(4.64) (0.2) 



At x = 20 cm: 8 = 



At x = 40 cm: 8 = 



(25, 448) V 2 

(4.64)(0.4) 

(50.897) 1 / 2 



= 0.00582 m [0.24 in] 
= 0.00823 m [0.4 in] 
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5-5 Energy Equation of the Boundary Layer 



To calculate the mass flow that enters the boundary layer from the free stream between x = 20 cm 
and x = 40 cm, we simply take the difference between the mass flow in the boundary layer at these 
two x positions. At any x position the mass flow in the boundary layer is given by the integral 




pu dy 



where the velocity is given by Equation (5-19), 
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Evaluating the integral with this velocity distribution, we have 
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dy= -puooS 



Thus the mass flow entering the boundary layer is 

Am = |p«oo(^40 — ^20) 

= ( ^ ) (1 . 177) (2.0) (0.0082 - 0.0058) 

= 3.531 x 10“ 3 kg/s [7.78 x 10“ 3 lb m /s] 



5-5 I ENERGY EQUATION OF THE 
BOUNDARY LAYER 

The foregoing analysis considered the fluid dynamics of a laminar-boundary-layer flow 
system. We shall now develop the energy equation for this system and then proceed to an 
integral method of solution. 

Consider the elemental control volume shown in Figure 5-6. To simplify the analysis 
we assume 

1. Incompressible steady flow 

2. Constant viscosity, thermal conductivity, and specific heat 

3. Negligible heat conduction in the direction of flow (x direction), i.e., 

3 T 3 T 
dx < dy 

Then, for the element shown, the energy balance may be written 

Energy convected in left face + energy convected in bottom face 

+ heat conducted in bottom face 

+ net viscous work done on element 

= energy convected out right face + energy convected out top face 

+ heat conducted out top face 

The convective and conduction energy quantities are indicated in Figure 5-6, and the 
energy term for the viscous work may be derived as follows. The viscous work may be 
computed as a product of the net viscous-shear force and the distance this force moves in 
unit time. The viscous-shear force is the product of the shear-stress and the area dx, 

3 u 

u — dx 
dy 



